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In this thesis we prove norm-square localization formulas for two invariants of Hamiltonian loop group
spaces: twisted Duistermaat-Heckman distributions and a K-theoretic ‘quantization’. The terms in the
formulas are indexed by the components of the critical set of the norm-square || ¥||? of the moment map
¥ : M — Lg*. These formulas are analogous to results proved by Paradan ([48], [49], [50]) in the case
of Hamiltonian G-spaces. An important application of the norm-square localization formula (for the
quantization) is to prove that the multiplicity of the minimal level k representation in the quantization
Q(M, LF) is a quasi-polynomial function of k. This is closely related to the [@Q, R] = 0 Theorem of

Alekseev-Meinrenken-Woodward ([4]) for Hamiltonian loop group spaces.
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Chapter 1

Introduction

In this thesis we use a method called norm-square localization to study two invariants of Hamiltonian loop
group spaces: twisted Duistermaat-Heckman distributions and a K-theoretic ‘quantization’. A major
reason for studying these invariants is that they encode information about the symplectic quotients,
which are usually difficult to study directly. In the case of twisted Duistermaat-Heckman distributions,
this information consists of intersection pairings; while the K-theoretic ‘quantization’ encodes indices of
certain Dirac operators on the quotients.

An important class of examples of Hamiltonian loop group spaces are spaces of flat connections on
compact Riemann surfaces with boundary, modulo gauge transformations which are trivial along the
boundary. The moment map in these examples is simply restriction of the connection to the boundary.
Taking symplectic quotients recovers the well-known finite-dimensional moduli spaces of flat connections
on Riemann surfaces. The Duistermaat-Heckman measure that we study here encodes the Liouville
volumes of the moduli spaces (and more generally, intersection pairings). The K-theoretic quantization
encodes (via vanishing theorems for higher cohomology groups) the dimensions of spaces of holomorphic
sections of certain line bundles on the moduli spaces (given by the Verlinde formulas).

By norm-square localization (also often called non-abelian localization) we mean that certain geo-
metric data becomes localized near the set of critical points of the norm-square of the moment map
|#]|2. The usefulness of studying the norm-square of the moment map became apparent in the early 80’s
with the work of Atiyah-Bott [6] and the thesis of Kirwan [31]; in these applications, the norm-square of
the moment map was used as a Morse function to prove theorems about the cohomology of symplectic
quotients.

A paper of Witten [63] from the early 90’s used the norm-square of the moment map in a new way:
Witten studied pairings of Duistermaat-Heckman distributions with Gaussians on g*, and argued that
the resulting integral could be localized to a small open neighbourhood of Crit(||¢[|?). Moreover, the
dominant contribution to these integrals was from the component ¢~1(0) C Crit(||4||?), with the other
components giving lower order ‘corrections’. This picture was then worked out rigorously and in a quite
general setting by Paradan [48], [49]. Paradan derived a detailed norm-square localization formula for
twisted Duistermaat-Heckman distributions of proper Hamiltonian G-spaces (G a compact connected Lie
group); in this formula the contribution from ¢~1(0) captures the behaviour of the Duistermaat-Heckman
distribution near 0 € g*, with the other components of Crit(||4||?) giving ‘corrections’ supported away

from the origin. This could be thought of as a manifestation of the Morse stratification, with the
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Duistermaat-Heckman measure being assembled from the main ¢~1(0) contribution plus ‘corrections’,
analogous to the way the manifold itself decomposes into the open dense Morse stratum which flows
to the minimum ¢~ !(0) together with the higher Morse strata. Another approach to these norm-
square localization formulas was developed by Woodward [65], and more recently an approach based on
Hamiltonian cobordism techniques was introduced by Harada and Karshon [26].

Paradan [50] also studied a K-theoretic version of the problem: the G-equivariant index Q(M) of a
Dirac operator on a compact Hamiltonian G-space M. The idea in this case was to use the Hamiltonian
vector field of the function ||¢||? to deform the symbol of the Dirac operator, in the space of transversally
elliptic symbols. The vanishing set of this vector field coincides with the set of critical points of ||¢||%.
This leads to a norm-square localization formula for the index Q(M), as a sum of contributions from
the components of Crit(]|¢|?). The resulting formula for the multiplicities is a ‘discrete’ version of the
formula for Duistermaat-Heckman measures. It shares the key feature that the contribution from ¢~1(0)
captures the multiplicities for dominant weights near 0 € g*, with the other components of Crit(||¢||?)
giving ‘corrections’ supported away from the origin. This remarkable feature of the formula leads to a
proof of the quantization-commutes-with-reduction theorem, which asserts that the multiplicity of the
trivial representation in Q(M) equals the index for the reduced space Q(M//G) (suitably interpreted
when the quotient is singular). The principal challenge in proving this theorem is to explain why the
multiplicity of the trivial representation only seems to depend on a small neighbourhood of ¢~*(0)—
this is not at all clear from the Atiyah-Segal-Singer fixed-point formula for example. By contrast the
norm-square localization formula of Paradan is very well-suited to this purpose.

Many well-known results on compact Hamiltonian G-spaces have analogs for proper Hamiltonian LG-
spaces M (where LG is the infinite-dimensional loop group). These similarities are not entirely surprising
given the strong analogies between the geometry and representation theory of a compact Lie group G and
its loop group LG (c.f. [55]), combined with the existence of finite-dimensional symplectic cross-sections
(M6]). Examples of parallel results include the convexity theorem, Duistermaat-Heckman formulas, the
classification of multiplicity-free spaces, fixed-point formulas for an index-theoretic quantization, and a
[@, R] = 0 theorem, c.f. [46], [2], [5], [44], [32]. A further example, related to the norm-square of the
moment map, is the Kirwan surjectivity theorem for Hamiltonian LG-spaces of Bott-Tolman-Weitsman
([I4]). The Bott-Tolman-Weitsman proof proceeded roughly along the same lines as Kirwan’s proof,
applying ideas from Morse theory (with extra complications because M is infinite-dimensional) to the
norm-square of the moment map. The goal of this thesis is to derive versions of the formulas of Paradan
discussed above for Hamiltonian LG-spaces.

Important in studying Hamiltonian LG-spaces are certain finite-dimensional quotients, obtained by
dividing out the (necessarily free) action of the based loop group QG. These finite-dimensional quotients
are known as quasi-Hamiltonian G-spaces ([2]), and by now have an extensive theory (c.f. [43] for an
introductory overview). This theory plays a key role both in the definition and study of the invariants

considered below.

1.1 Summary of the thesis.

This introductory chapter contains some background material on Hamiltonian LG-spaces, quasi-Hamiltonian
G-spaces, the norm-square of the moment map, and notation. We now give a summary of the main results

contained in Chapters 2, 3, 4.
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Figure 1.1: The left-most image shows a single contribution to the norm-square formula for a certain
multiplicity-free Hamiltonian LSU (3)-space. The next two images show the sum of the first 6 (resp. 12)
contributions. Light gray indicates regions where the sum is +1, while black indicates regions where it
is —1.

Chapter 2.

The results of this chapter appeared in the paper [35]. Let ¥ : M — Lg* be a proper Hamiltonian
LG-space. We prove a norm-square localization formula for twisted Duistermaat-Heckman distributions
of a Hamiltonian LG-space. The formula expresses a twisted Duistermaat-Heckman distribution m on t
as a sum of contributions:

m= Z mg, (1.1)

BEW-B

where B indexes components of the critical set of ||¥[|2, and W = Ng(T)/T is the Weyl group. The
sum is infinite but locally finite, in the sense that the supports of only finitely many terms intersect
each bounded set. The terms of consist of a central contribution (from the critical value 0), and

correction terms supported in half-spaces not containing the origin.

The distribution m is defined by means of a certain finite-dimensional quotient M = M /QG. The
space M is a quasi-Hamiltonian G-space ([2]). We prove by applying Hamiltonian cobordism
methods to a covering space of the abelianization of this quasi-Hamiltonian space.

The Hamiltonian cobordism methods we use were first introduced by Ginzburg-Guillemin-Karshon
([21]), and extended to other types of localization formulas (including norm-square localization) by
Harada-Karshon (J26]). In the Harada-Karshon approach, the Hamiltonian G-space is found to be
cobordant (in a suitable sense) to a small open neighbourhood of the critical set, once the moment map
on the neighbourhood has been suitably polarized and completed. A norm-square localization formula
for twisted Duistermaat-Heckman measures then follows from Stokes’ theorem.

Using the terminology of Harada-Karshon [26], the term mg of can itself be described as a twisted
DH distribution for a polarized completion of a small finite dimensional submanifold near the part of
the critical set indexed by . Going further, we describe local models for the ‘polarized completions’
appearing in the Harada-Karshon Theorem, and use these to derive formulas similar to those of Paradan
([9]), expressing the contributions mg in terms of integrals of differential forms over submanifolds near
the corresponding part of the critical set; the final result is equation below. We do not make any
large claim of originality in our derivation of these detailed formulas; they follow also from applying the

results of Paradan or Woodward to the abelianization of the quasi-Hamiltonian space.
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Figure shows an example of the decomposition (1.1)) for the DH distribution of a multiplicity-free
Hamiltonian LSU(3)-space (example due to Chris Woodward). In this example the contribution from
0 vanishes, and the remaining terms in ([1.1)) are constant multiples (+1 relative to suitably normalized

Lebesgue measure) of indicator functions for half-spaces (see Chapter 2 for further discussion).

Chapter 3.

In this chapter we give a second proof of the norm-square localization formula proved in Chapter 2. This
second proof is much more combinatorial, and is inspired by recent work of Szenes-Vergne ([60]), which
explained how Paradan’s formulas could be obtained from combinatorial results on multi-spline functions
and partition functions. Key ingredients in this second proof are the abelian localization formula for
quasi-Hamiltonian G-spaces due to Alekseev-Meinrenken-Woodward ([5]) and a combinatorial formula
for multiple Bernoulli series due to Boysal-Vergne ([I5]). The main purpose of this chapter is as a
‘warm-up’ for the more complex ‘quantum version’ of this argument presented in Chapter 4.

The main result is a formula

m= Zmi°17 (1.2)
A

where the sum is over an infinite collection of affine subspaces (the so-called admissible subspaces). The
subspaces A are obtained by taking affine spans of images of fixed-point sets M*' in t, where tao C t
is the subspace orthogonal to A. The contribution mpAo1 vanishes unless the point S = pra(0) (the
orthogonal projection of 0 onto A) corresponds to a component of the critical set of the norm-square of
the moment map.

For A # t, the support mpAO1 is contained in a half-space, and coincide with those appearing in ,
although the description of them which emerges is somewhat different. The contribution mg‘ﬂ is given

by the formula

mR” = Eul(g/t.d,) > Y / e“Ber(vr,c; pra(7)) * H(ve; vk). (1.3)
ccMta FCC F

In simple cases, Ber(—) is a Bernoulli polynomial viewed as a distribution supported on the subspace
A, and H(—) is a convolution of Heaviside distributions.

We introduce a closely related distribution ma, such that mb” is obtained from ma by ‘taking
polynomial germs along A’. The formula for the inverse Fourier transform of ma (equation ) can
be identified with the abelian localization formula applied to submanifolds C € M** (or perhaps better:

the total space of the normal bundle v¢).

Chapter 4.

This chapter describes joint work with E. Meinrenken. We now take G to be (in addition) simple
and simply connected. The quantization Q(M, L) of a Hamiltonian LG-space M with level k; > 1
prequantum line bundle L is studied using methods analogous to those of Chapter 3, replacing the
abelian localization formula with an Atiyah-Segal-Singer-type fixed-point formula, and Bernoulli series
with Verlinde series (also known as rational trigonometric series). The strategy employed is inspired
by the already-mentioned work of Szenes-Vergne ([60]). A key aspect of this approach is to study the
behaviour of the quantization Q(M, L™) as the power n € N of the prequantum line bundle is varied.
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Figure 1.2: The left image shows a single contribution to the norm-square localization formula for a
multiplicity-free Hamiltonian LSU(3)-space (at level k = 2). The right image shows the sum of the first
6 contributions.

We begin by introducing and studying Verlinde series: these are combinatorial sums which appear in
the fixed-point formula for Q(M, L). (They appeared originally in the famous Verlinde formula [62] for
the dimensions of spaces of holomorphic sections of line bundles over the moduli spaces of flat connections
on Riemann surfaces; we comment on this briefly below.) We provide a proof for an unpublished result
of Boysal-Vergne on Verlinde series. This result is applied to a fixed-point formula for the quantization
due to Alekseev-Meinrenken-Woodward ([44], [4]), leading eventually to the ‘norm-square localization’
formula for the multiplicity function m : A* x N — Z of the quantization Q(M, L™), which is our main

result:

Theorem 1.1.1. The multiplicity function m : A* x N — Z for Q(M, L™) has a locally finite decompo-
sition
m = Z m(ip()l,
A

where A ranges over a certain infinite collection of affine subspaces of t*. The contribution mipOI vanishes
unless MPNU~Y(B) £ 0, where 3 is the nearest point in A to the origin. Furthermore qupOI 1s obtained

by taking ‘quasi-polynomial germs along A’ of a multiplicity function ma = F(Qa), where

e S S e L}

CCNTa FCCt Dr(7ro:t)

Qa(—, k) = ga(—, k)0, 1 is a distribution supported on T;Tan C T; the generalized function qa(—,k)
on TyTa takes the form of fized-point contributions for T,Ta-equivariant spin-c structures Sp.a.c on
submanifolds C C NT2, tensored with the Za-graded bundle Acn— ® Sve(v4).

In this theorem, M = M/QG is the associated quasi-Hamiltonian G-space, which has a group-valued
moment map ® : M — G, and N = & }(U) where U is a tubular neighbourhood of the maximal

torus. Ty is a certain finite subgroup of the maximal torus T depending on the level £ = nk;, and
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Ta = exp(ta) C T where ta is the subspace of t orthogonal to A. v € t* is a generic point near 0,
and v = pra(y) — 7. Sve(yk) denotes the symmetric algebra of the normal bundle vc, where the
latter is equipped with a complex structure such that the weights of the Ta action are 7X—polarized.
The notation, the properties of the spin-c structure Si A, c, and the meaning of taking ‘quasi-polynomial
germs’ along A will be explained in detail in Chapter 4. Note that near the beginning of Chapter 4, we
have included a list of symbols used in that chapter.

Our proof is modelled on the approaches of Paradan and Szenes-Vergne described above, and the
formula is analogous to Paradan’s formula for a compact Hamiltonian G-space.

Figure shows an example of the norm-square localization formula for a certain multiplicity-free
LSU(3)-space (the same example as in Figure [1.I). The right image shows the result of summing the
first 6 non-trivial terms. We discuss this example in detail in Chapter 4, Section [£:4 This simple
example already shows an interesting feature: there are 3 fixed-point contributions, each of which is
non-zero around 0 € A*. Passing to the norm-square localization formula, there is some cancellation
between these, and the contribution of ¥~1(0) turns out to be 0. This example suggests that the norm-
square localization formula is a more powerful tool (than the Atiyah-Segal-Singer fixed-point formula)
for detecting the local behaviour of the multiplicity function m.

Together with a Lie-theoretic inequality that we prove, Theorem implies that the multiplicity
of the minimal level k positive energy representation of LG in Q(M, L™) is a quasi-polynomial function
of k (or n). The latter result is closely related to the [@, R] = 0 Theorem for Hamiltonian LG-spaces.

The needed Lie-theoretic inequality is proved in Section of Chapter 4:

Theorem 1.1.2. Let G be simple and simply connected. Let k € t; be a vertex of the Stiefel diagram.

Let p be the half-sum of the positive roots of g and p, the half-sum of the positive roots of G Then

exp(r)-
hY (|61 = (p+ pr, K) > 0, (1.4)

where || - ||? is the norm defined by the basic inner product, and h" is the dual Cozeter number.

This inequality (and our use for it) is analogous to Paradan-Vergne’s ‘magic inequality’ ([51]), which
they used to prove a spin-c [@, R] = 0 theorem ([52]).

As motivation, let us comment briefly on the connection of these results with the [@Q, R] = 0 Theorem
and the special case of moduli spaces of flat connections (the Verlinde formula). For simplicity, assume
0 is a regular value of the moment map: in this case, the Alekseev-Meinrenken-Woodward [@Q, R] = 0
Theorem for Hamiltonian LG-spaces says that the multiplicity of the minimal level £ positive energy
representation in Q(M, L™) equals the (orbifold) index of the Dolbeault-Dirac operator on the reduced
space U~1(0)/G twisted by the (orbifold) line bundle L"|y-1(g)/G. Using the (orbifold) index formula it
follows that the latter is a (quasi-)polynomial function of n. Thus the [@, R] = 0 Theorem follows from
Theorems combined with an ‘asymptotic’ (k >> 0) [@, R] = 0 Theorem. The ‘asymptotic’
[@, R] = 0 Theorem is considerably less difficult to prove; one method (c.f. [37] for the Hamiltonian case,
with 0 a regular value) involves applying the principal of stationary phase to the fixed-point formula for
the index.

Let G be compact, connected, simply connected and simple. Fix a maximal torus T and positive

Weyl chamber t; C t. The Weyl denominator is a function on T' given by

Jt) =Y (e = ] 1-t

weW a€ER
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where W is the Weyl group, p is the half-sum of the positive roots Ry. For A a dominant weight, let
X be the character of the corresponding irreducible representation of G. Fix k > 1 and let A}, denote
the set of dominant weights p such that B(u,6) < k, where B is the basic inner product, and 6 is the
highest root. Use the basic inner product to identity g = g*. For each A € A} set

A
ty = exp (k—:_h/i/> eT.

Let ¥, be a compact Riemann surface of genus g and with b boundary circles. Fix i1, ..., up € Aj. The

data (X4, 1), = (p1, ..., ) define a symplectic space (possibly singular): the moduli space M(Xg 5, 1)
of flat connections on the trivial G-bundle over ¥, ;, with holonomy around the i*" boundary circle in
the conjugacy class of exp(u;/k). The Verlinde formula gives the dimension Q(M (X4, 1)) of the space

of holomorphic sections of a prequantum line bundle on this space:

QUM (Zg, ) = [Thon 177 Y TP (82) -+ X (£2).

AEAS

The left side of this expression turns out to equal the index-theoretic quantization of M(3, p, ) that we
have been discussing (this is a consequence of a non-trivial ‘vanishing theorem’ for the higher cohomology
groups, due to C. Teleman). On the other hand, the right side can be obtained from the fixed-point
formula for the quantization of a certain quasi-Hamiltonian G-space (equivalently, Hamiltonian LG-

space). This quasi-Hamiltonian G-space is relatively simple: it is the product
M=G%* xCi x--Cp, Ci =G -exp(ui/k).

The G-action is the diagonal G-action by conjugation, and the moment map is a product of g group
commutators (for G29) with inclusion maps for the conjugacy classes C;. (For some hint as to how
the right side of the Verlinde formula is related to a fixed-point formula on M, note that the factor
|J(tx)| 729 is similar to the denominator of the Atiyah-Bott fixed-point formula, for the normal bundle
v(T?9,G?9) ~ T?9 x (g/t) to the fixed-point set 7?9 of ¢) in G?9.) Thus the Verlinde formula follows
from the fixed-point formula for the quantization of the quasi-Hamiltonian G-space M, together with
the [@, R] = 0 Theorem. For more details see [44], [4].

Finally, a few remarks about some confusing aspects of the proof of Theorem It is important
to consider the behaviour of the quantization Q(M, L™) as a function of the power n of the prequantum
line bundle. L" is a level k = nk; line bundle, which means that the infinitesimal action of LG (the
basic central extension of LG) on L™ is related to k = nk; times the moment map ¥ : M — Lg* by
the usual Kostant condition. This implies that, for example if m € M7, then a phase factor of the form
t*¥(m) appears in the index formula. On the other hand, for the Verlinde series that appear in the index

formula, the polyhedral cones on which they coincide with quasi-polynomials are of the form

U tex{} ct xN, (=k+h",
£eN

where h" is the dual Coxeter number, and ¢ is a polyhedral subset of t*. The appearance of the shift by
the dual Coxeter number is fundamental, and can be traced back to the fact that h" is the level of the

spin representation of LG.
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The ‘discrepancy’ between k and ¢ = k + h" initially appears to be a problem for implementing the
Szenes-Vergne strategy ([60]); it seems possible that for small k, this discrepancy could lead to extra
wall-crossing that would destroy quasi-polynomial behaviour. There are also some extra phases in the
index formula, coming from the spin-c structure being used. It took some time to understand how one
could proceed: it was useful to think of these differences as additional shifts (similar to the shifts by
negative roots, which are the main source of difficulty for the case of Hamiltonian G-spaces, c.f. [60]).
For example, the ‘discrepancy’ between k and £ = k+h" could be thought of as an extra shift by —h" .
This change in viewpoint helps, and one finds in the end a somewhat complicated expression involving
all the various shifts, which nevertheless satisfies the needed inequality.

Another initially confusing aspect is the presence of fixed-point submanifolds F' C M whose stabilizer
Tr C T is disconnected. In this case, phase factors appear in the index formula which cannot be
expressed in terms of the moment map(s). Which terms appear in the sum for a given level k depend
on the intersection Ty N Ty, which will also vary with k. We keep careful track of these effects, but they
turn out to make little difference to the argument, essentially because these sources of variation (with
k) are quasi-polynomial already. For example, in case the stabilizer T is discrete, the corresponding
contribution mgr (A k), A € A*, k € N to the multiplicity function is a quasi-polynomial function of A
and k, and so ends up being grouped with the contribution from ¥~1(0) in the norm-square localization

formula.

1.2 Notation in the thesis

Throughout, G will denote a compact, connected Lie group with Lie algebra g. Fix an Ad-invariant
inner product (denoted - or B(—,—)) on g. Let T be a maximal torus with Lie algebra t C g, and
W = Ng(T)/T the Weyl group. We say that a function f on t is W-alternating or W-anti-symmetric if
forw e W, w- f = (—1)I*lf, where |w]| is the length of the element w € W. If H D T is a maximal rank
subgroup with Lie algebra b, there is a unique H-invariant complement h*, the orthogonal complement
to b for any invariant inner product on g. Let A C t denote the kernel of the exponential map exp : t — 7.
The dual lattice A* = Hom(A,Z) C t* is the real weight lattice. The real roots form a subset R C A*.
Fix a positive Weyl chamber t, and let R denote the positive roots. This choice determines a complex
structure on t* (hence also an orientation). Using the inner product, t+ ~ g/t.

Let M be a G-manifold. Let D’(M) denote the space of distributions on M, that is, the dual of the
space of compactly supported smooth functions C55 . (M). A superscript G will denote the G-invariant

comp

elements, for example, C° (M), D'(M)Y, etc. Given X € g, define a vector field X s on M by

comp

d
Xm(m)=—| exp(—tX)- m.
dt],_g
The map X — X is a Lie algebra homomorphism.
Throughout this thesis, a (possibly degenerate) Hamiltonian G-space (M,w, ¢) is a G-manifold M
equipped with a closed 2-form w, and a G-equivariant map ¢ : M — g* satisfying the moment map

condition:

U(Xar)w = —d{o, X), X eg. (1.5)

We will make extensive use of the Cartan model for equivariant cohomology, which we briefly recall.
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Let Q¢(M) = (2(M) @ Pol(g))¥, where Pol(g) = Sg* denotes the polynomial algebra on g (with the
coadjoint action of G). Let Hg(M) = ker(dg)/im(dg) where the equivariant differential d¢ is defined
by

(dga)(X) = (d = «(Xn))a(X).

The two conditions (1) w is a closed 2-form, and (2) the moment map condition (|1.5), can be combined

into a single equation dgwg = 0 where
WG(X) =W = <¢7X>

is an equivariant 2-form.
Apart from equivariant forms with polynomial dependence on g (described above), in some places
we use forms with more general dependence on g. An equivariant differential form with C°°-coefficients

is a smooth G-equivariant map defined on some neighbourhood of 0 € g:
a:U— Q(M), 0ecUcCuy.

Usually « will be either polynomial (the equivariant symplectic form wg (X)) or analytic (equivariant
extensions of characteristic classes appearing in the Atiyah-Singer index theorem). The equivariant
differential d¢g is defined as above.

In a few places we use forms a with generalized coefficients (respectively, tempered generalized
coefficients), meaning that o defines a G-equivariant map Cg5,,,(g) — (M) (respectively, from the
Schwartz space for g to Q(M)). We do not really use any deeper results about forms with generalized
coefficients (c.f. [33] for a development of this topic), but as convenient means for expressing the
norm-square localization formulas and related formulas. Various operations defined on certain classes of
functions/distributions extend in a natural way to the corresponding classes of equivariant differential
forms. The most important example for this thesis is the Fourier transform, defined on the class of

equivariant differential forms with tempered generalized coefficients by duality:

(Fla), f) = (e, F()) € QM),

where « is a form with tempered generalized coefficients, and f is a Schwarz function.

1.3 Hamiltonian LG-spaces and q-Hamiltonian G-spaces

Let LG denote the Banach Lie group consisting of maps S' — G of a fixed Sobolev level s > 1, with
group operation given by pointwise multiplication, and let Lg = Q%(S?, g) denote its Lie algebra (c.f.
[55]). We define Lg* to be the space Q!_;(S!,g) of g-valued 1-forms of Sobolev level s — 1, where the
pairing with Lg is defined using the inner product on g, and integration over the circle. Identifying Lg*
with the space of connections on the trivial G-bundle over the circle, we have the affine-linear action of

LG by gauge transformations
g-&=AdyE —dgg™".

Definition 1.3.1. A Hamiltonian LG-space (M, w, V) is a Banach manifold M with a smooth LG-

action, equipped with a weakly non-degenerate, LG-invariant 2-form w, and an LG-equivariant moment
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map ¥V : M — Lg* satisfying
L(&M)w = 7d<\I]a€>7 5 € Lg

Let QG C LG denote the subgroup consisting of loops based at the identity e € G. This subgroup acts
freely on Lg*. Hence, by equivariance of ¥, QG also acts freely on M.

1.3.1 The norm-square of the moment map.

2m
I = 5- [ 1@

where |£(6)| denotes the norm on g. Given a Hamiltonian LG-space (M, w, ¥), the norm-square of the

For € € Lg*, let
240,

moment map is the G-invariant function
@) : M — R.

The following result gives a description of the critical set of || ¥||2.

Proposition 1.3.2 (c.f. [14]). Let ¥ : M — Lg* be a proper Hamiltonian LG-space. We have a
decomposition
Crit(|[]*) = G- [ MPn o~ (B) (1.6)
peB

where B ={B € t IMP NU~Y(B) £ 0} C t7 is discrete.

We make some brief remarks to motivate this result. If m € M is a critical point of ||¥||?, then,
by equivariance of ¥, ¢ := W(m) must be a critical point of the restriction of || - ||? to the QG orbit
QG - & C Lg*. Let g € G be the holonomy of the connection &, and let P, ;G denote the space of paths
v :[0,1] — G of Sobolev class s having fixed endpoints v(0) = e, v(1) = g. QG acts on P, (G by left
multiplication. For v € P. ,G, let E(v) denote the energy of the path:

B(y) = / ()1 (1) .

There is an Q2G-equivariant map
Hol: QG - £ — P, 4G,

the holonomy of the connection (using the trivialization S' x G of the bundle), and under this map
I]1* = E(Hol(¢)), (eNG-¢C Ly

The critical points of the energy functional on P, ;G are smooth geodesics (for the bi-invariant metric)
from e to g, c.f. [13]. Tt follows that Hol(§) = exp(t&) with £ € g C Lg* a constant connection.
We have
0= dp||¥]|* = 2(d ¥, &) = 2(Ert)wim-

By weak non-degeneracy of w, énq(m) = 0, which shows that m € M& N ¥=1(¢). Since ||¥|? is G-
invariant, the decomposition (|1.6) in terms of a subset B C t! follows. Using properness of ¥, it can be
shown that B is discrete.
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1.3.2 Q-Hamiltonian G-spaces and the Equivalence Theorem.

The left (resp. right) invariant Maurer-Cartan forms on G will be denoted 6% (resp. ). The Cartan

3-form 7 is a bi-invariant closed 3-form on G given by
n= 150" -[6%,6"].
It has an equivariant extension (for G acting on itself by conjugation)
na(X) =n—30"+6%)- X, Xeg

Definition 1.3.3 ([2]). A quasi-Hamiltonian (g-Hamiltonian) G space is a G-manifold M, together with

a G-invariant 2-form w and a smooth G-equivariant map ® : M — G satisfying
dew = —®* g, (1.7)

and such that ker(w,,) Nker(d,,®) = {0} for all m € M. If this last minimal degeneracy condition is

not satisfied, then we refer to M as a degenerate q-Hamiltonian G-space.

Remark 1.3.4. If p = % Za€R+ «, the half-sum of the positive roots, is a weight of the group G, then M
is automatically even-dimensional and orientable [5] (for example, this happens if G is the product of a
simply connected group and a torus). In any case, from now on we take M to be a connected, oriented,

even-dimensional g-Hamiltonian G-space.

According to the Equivalence Theorem 8.3 in [2], there is a 1-1 correspondence between compact g-
Hamiltonian G-spaces and proper Hamiltonian LG-spaces. Let ¥ : M — Lg* be a proper Hamiltonian
LG-space with 2-form wpy. The corresponding g-Hamiltonian space ® : M — G fits into a pullback
diagram

M2 Lg*
lHol lHol (1.8)
M2 @
The vertical maps are quotients by the free action of the group of based loops QG. In [2], a primitive
w € Q%(Lg*)LC of Hol*n is constructed, such that

wi=wpm +¥'w (1.9)

is QG-basic. Thus w hence descends to a G-invariant 2-form on the quotient M. By construction it
satisfies

de = 7(1)*77Ga

and (M,w, ®) is a g-Hamiltonian G-space.

For later use, define the (possibly singular) T-invariant closed subsets
X =0"4T)c M, X =01t c M.

Restricting the pullback diagram (|1.8)) shows that X is the fibre product of X with t C Lg*.



CHAPTER 1. INTRODUCTION 12

1.3.3 The Cross-section Theorem.

Let g € T, and let G, be the centralizer of g, with Lie algebra g,. Since G, D T', g, has a unique
G g-invariant complement gj. There exists a slice for the conjugation action near g, that is, an Ad(G,)
invariant open neighbourhood Uy of g in G4 such that there is a G-equivariant diffeomorphism onto an
open subset of G:

G x¢g, Uy = Ad(G) - Uy, [h,x] = hah™ .

Let ® : M — G be a g-Hamiltonian G-space, and let

This is a smooth G 4-invariant submanifold. Moreover, G - Y, is an open subset of M and
G-Y,~G xq, Yy, (1.10)

as G-spaces. By Proposition 7.1 of [2], Y, is a g-Hamiltonian G4-space, with the pullback of the 2-form
and moment map.

In fact, the cross-section Y, can be made into a Hamiltonian G4-space. If the chosen open neigh-
bourhood Uy, is sufficiently small, then the image of the map g’1<I)|yg is contained in a neighbourhood

of e € G on which the exponential map has a smooth inverse log sending e to 0 € g. Let

bg :=log(g Py, ).

The pullback of the Cartan 3-form 7 to Uy, is exact. The standard de Rham homotopy operator for a
vector bundle V' is given, up to a sign, by pulling back the form under the scalar multiplication map
[0,1] x V — V, followed by integration over [0,1]. Applying the standard homotopy operator for the

vector space gq to (gexp)*n one obtains a Gg-invariant primitive w of (g exp)*n. Then
Wy =w — ¢ .
satisfies dwgy = 0.
Theorem 1.3.5 ([2]). (Y, wgy, ®q) is @ non-degenerate Hamiltonian G 4-space.
For use later, note that it follows from the construction and the fact that ¢5n = 0, that
tjw = 0. (1.11)

In the important special case when G is simple and simply connected, maximal slices for the G-action
on itself by conjugation are easy to describe explicitly (we will use this in Chapter 4). Let o be an open
face of the fundamental alcove. The stabilizer G, of g under the adjoint action is the same for all
g € exp(o) and is denoted G,. The corresponding Lie algebra is g,. Since G, D T, g, has a unique

G,-invariant complement gf;. The set

Uy, = Ad(Go) - | exp(7),

TOO0
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where the union is over the set of faces of the fundamental alcove whose closure contains o, is a slice
for the conjugation action. The corresponding cross-section is denoted Y, = ®~!(U,). Similarly, for
each element w of the Weyl group, one defines G, to be the stabilizer of any point in exp(wo). One
has a slice U, defined as above, and a corresponding cross-section Yy, = ® 71 (U, ), which becomes a
non-degenerate Hamiltonian G,,,-space.

As a result of equation , the normal bundle

v(Yy, M) ~ Y, x g

We orient the even-dimensional subspace g;- compatibly with the orientation provided by the Liouville
form on the symplectic submanifold Y, and the orientation on M. Note in particular that when
ggl = {0}, an orientation is just a sign +1. Let g,/t denote the unique T-invariant complement of
tin ggﬂ Hence

¢ = (9,/0) @ gl

Orient g4/t compatibly with the orientation on ggl and the orientation on t- determined by the positive
roots. Let Eul(gy/t, X) € Pol(t) denote the T-equivariant Euler class for the oriented T-equivariant
vector bundle g,/t — pt. It is given by

Eul(g,/t. X) = sgn(g)(—=1)Re+! T (e, X),

a€Ry +

where R, 4+ C Ry is a set of positive roots of g4, and sgn(g) = £1 is a sign depending on g (determined

from the orientations).

1.3.4 Abelianization.

This subsection describes the ‘abelianization’ of a g-Hamiltonian G-space ® : M — G, a construc-
tion introduced in [39] Section 3.2. This is a rough analog, for q-Hamiltonian spaces, of converting a
Hamiltonian G-space into a Hamiltonian T-space by projecting the moment map to t*. Consider the

Ad(T)-equivariant smooth map r : T x t+ — G
r(t, X) = texp(X).

For a sufficiently small ball B = B.(t") around the origin in t*, the map r restricts to a T-equivariant
diffeomorphism
r:TxB = U,

onto a tubular neighbourhood U of T in G. Let wp : U ~ T x B — T (respectively 7 1) denote the
projection onto the first factor (respectively, second factor). Let N = ®~1(U) C M, and define a smooth
map &, : N — T by

b, =77 0.

The pullback of the Cartan 3-form 7 to U is exact (its pullback to T" vanishes). Applying the standard
de Rham homotopy operator for the trivial bundle U ~ T x t& — T to the pullback of 1 to U, one

IWe avoid using t since we use this to denote the T-invariant complement in g.
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obtains a T-invariant primitive v,. Let N := ®~1(U) C M. By construction, the 2-form
Wq = W — (I)*'Yav

satisfies dw, = 0.

Theorem 1.3.6 ([39] Proposition 3.4). (N,w,,®,) is a (degenerate) q-Hamiltonian T-space, called the

abelianization of M.

For later use, note that it follows from the construction and the fact that ¢7.n7 = 0 that
t7Ya = 0. (1.12)
Let A be the fibre product N x7 t, and ¢ : N/ — t the corresponding map:
@
N —— ¢t
Jexp lexp (1.13)

N 2o,

The covering map exp : N — N is the quotient by the action of the integral lattice A. Pulling w, back
to NV, we obtain a (degenerate) Hamiltonian T-space (N, exp* wg, ¢). Since N is an open subset of M,

N and N both inherit an orientation. For use later, note that we have an Ng(T')-equivariant map
g/t = TyL o@oexp:N—)g/t’:tL.

Comparing to pullback diagram (1.8)) shows that the subset X = U=1(t) C M of the corresponding
Hamiltonian LG-space, can be identified with the subset exp~(X) C A/, thus X is the fibre product of
X with t.



Chapter 2

Duistermaat-Heckman measures and

Hamiltonian cobordism

In this chapter we prove a norm-square localization formula for twisted Duistermaat-Heckman distribu-
tions of a Hamiltonian LG-space.

We briefly outline the contents of the sections. In Section 1 we summarize results of Harada-Karshon,
with small modifications needed for our purposes. As we rely on these results heavily, for completeness
we have included brief outlines of the main proofs at the end of the chapter, in Section In Section 1
we apply the Harada-Karshon Theorem to the (degenerate) Hamiltonian T-space described in Chapter
1: the covering space of the abelianization of the quasi-Hamiltonian G. This yields a (rather inexplicit)
norm-square localization formula. To obtain more explicit formulas as in [48], [49], we explain how
to compute the contributions in cross-sections. This takes some work, which is carried out in Section
Section contains examples. The final three sections contain additional background material,
including proof of an abelian localization theorem for total spaces of vector bundles used in Section

and some comments related to (non-)smoothness of the critical set.

2.1 Harada-Karshon approach to norm-square localization

In this section we describe a version of the Harada-Karshon (H-K) Theorem [26]. We restrict ourselves
to the case that the localizing set Z is a smooth submanifold. This avoids some complications and has
the appealing feature that the contribution from a component Z; C Z is especially simple to describe: it
is the twisted DH distribution of any polarized completion of a tubular neighbourhood of Z;. Only the
smooth case is used in Section as we eventually use a perturbation to ensure a smooth localizing set
(some discussion of the situation when Z is not smooth is included in Section[2.6). A small difference—
needed later on in Section between our setting and that in [26], is that we work with a moment
map which might only be proper when restricted to the support of the equivariant cocycle o used to
twist the Duistermaat-Heckman distribution. This explains why additional conditions on the support
of o appear in the statements. Because of these differences and also for completeness, the proofs are
outlined in Section the interested reader should also consult the original paper [26] for a detailed
treatment.

For £ € g*, we write £(0) for the directional derivative on g* in the direction . This extends to a map

15
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p € Pol(g) = Sg* — p(9) from polynomials on g to constant-coefficient differential operators on g*. An
equivariant differential form o € Qg (M) can be decomposed as a sum o = ), appr where ay, € Q(M),
pr € Pol(g). Let ¢ : M — g* be a smooth map. We define a linear map C*(g*) — Q(M) by

foa(=0)fodi=3 ard" (pr(-0) ).
k

For a couple of arguments it will be convenient to use equivariant currents. Let C(M) denote the space
of currents on M, that is, the dual to the space Qcomp(M) of compactly supported smooth differential
forms. The space of equivariant currents is Cq(M) = (C(M) ®@Pol(g))“. Assuming M is oriented, Q(M)
can be identified with a subspace of C(M), and the above definitions extend naturally to Co(M).

2.1.1 Twisted Duistermaat-Heckman measures.
Throughout this section, (N, w, ) will be an oriented, possibly degenerate, Hamiltonian G-space, that
is, an oriented G-manifold N, equipped with a closed, equivariant 2-form

wa(X) = w = (¢, X), Xcg

Let a € Qg (N) be a closed equivariant differential form, or more generally, a closed equivariant current.

We are interested in an invariant of the 4-tuple (N,w, ¢, @), the a-twisted Duistermaat-Heckman
distribution, DH(N,w, ¢, a) € D’'(g*). These distributions were introduced by Jeffrey-Kirwan [28], and
contain information about cohomology pairings on symplectic quotients. In the case that « is compactly

supported, DH(N, w, ¢, @) can be defined in terms of its Fourier coefficients. For X € g,

(DH(N,w, ¢, ), e~ 2™ (X)) ::/ v 20 X) oy (210 X). (2.1)
N

Note that the integrand is closed for the differential dor;x := d — 2mit(X ). More generally we define
DH(N,w.6,0),1) = [ e“a(-0)f o0, (2.2)
N

for f € ngmp(g*). To ensure that the integral exists, we require that ¢ be proper on the support of «.
When the integral (compare to (2.1))

o(X) = / e 2mH 0 X) o (210 X))
N

defines a tempered generalized function, then DH(N,w, ¢, @) is the inverse Fourier transform of ¢(X).
In the case that o = ), axpy is an equivariant current, the above integral (2.2 should be interpreted
as a sum of pairings between currents «y, and forms e* ¢*(pr(—9) f). The DH distribution DH(V,w, ¢, @)

can also be expressed in terms of push-forwards of currents:

DH(N,w, ¢, 0) = Y pr(0)u (e ) P,
k

Theorem 2.1.1. Let (N,w, @) be an oriented Hamiltonian G-space. Let a1,as be closed equivariant

currents, and suppose a; — ag = dg 8 for some equivariant current 3. Assume that ¢ is proper on the
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support of a1, o, 8. Then
DH(N,w, ¢,a1) = DH(N, w, ¢, as).

Proof. We must show DH(N,w, ¢,dgf) = 0. If 8 is not compactly supported, let {p;} be a smooth
G-invariant (locally finite) partition of unity on N with p; compactly supported. For f € Cg,,,(97),
supp(B) N supp(¢* f) is compact, so intersects the supports of only finitely many of the functions py.
Therefore for all but finitely many &

(da(prpB))(=0)f o ¢ =0,

so that the sum can be brought outside the integral:

<DH(NaW7 (ba dGﬂ)v f> = Z<DH(N,OJ, ¢a dG(pkﬁ))a f>

k

Since this holds for any f € Cg5,,,(g") we conclude

DH(N,w, ¢, dgB) = > DH(N,w, ¢, da(px)),
k

and each pg 3 is compactly supported.
So assume 8 is compactly supported, in which case DH(N,w, ¢,ds/3) is a compactly supported
distribution. Let X € g. Using the formula for the Fourier coefficients (2.1))

<DH(N7 w, (ba dGﬁ)7 6_27ri<"X>> = / ew_Qﬂi<¢’X>d2ﬂixﬂ(27TiX)
N

= / domix (B(2mi X )ew~2m(9:X0)
N

:O7

where the last line follows by Stokes’ theorem. O

Remark 2.1.2. It is not true in general that if [w1 — ¢1] = [wa — ¢2] in Hg(N) then the corresponding

Duistermaat-Heckman measures are equal (even for N = R?). Theoremm gives a sufficient condition.

Remark 2.1.3. Later we will consider Duistermaat-Heckman distributions with the twisting cocycle
involving a G-equivariant Thom form for the normal bundle to a submanifold. One use of Theorem
will be to show that the resulting distribution is independent of the choice of Thom form. Let
t:S < N be an oriented G-invariant submanifold (without boundary), which is closed as a subset of
N. Let a € Qg(N) be an equivariantly-closed differential form. Let D be a tubular neighbourhood of
S, and suppose ¢ is proper on supp(a) N D. Let g, 75 be G-equivariant Thom forms for the normal
bundle v(S,N) ~ D, viewed as forms on N with support contained in D. By the Thom isomorphism

theorem between cohomology of S and cohomology of D with compact vertical supports,
TS — ng = dGﬂv
for some 8 with compact vertical support in D. Theorem [2.1.1] gives

DH(N, w, ¢, 7sa) = DH(N, w, ¢, T5a).
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In the limit as the support of 74 is concentrated to S we obtain a current. Let dg be the closed equivariant

current defined by S,
<6S777> = /SL*,'L ne Qcomp(]\/v)-

The difference dg — 75 is again exact (in Cg(N)). For example, a dg-primitive is

5= /0 B; ((E)7s) dt,

where € is the Euler vector field on v(S, N) with flow ®;, and «(€) denotes contraction. From the formula
one sees again supp(3) C D, hence by Theorem

DH(N,w, ¢, 7sa) = DH(N,w, ¢, dsa).

The right-side can be identified with DH(S, t*w, t*¢, 1* ).

2.1.2 Taming maps and polarized completions.

Definition 2.1.4. A taming map v : N — g is a smooth G-equivariant map. A bounded taming map is

one for which the map v is bounded. A taming map v defines a vector field vy on N by

un(p) := (v(p))N(P), p € N.

The localizing set or critical set of v is
Z:={p € Nlon(p) = 0}.

We make the convention that the elements of ¢(Z) C g* will be referred to as critical values.

An example of a taming map is obtained from a G-invariant inner product - on g. Using the inner

product to identify g and g*, we can take v to be the moment map itself. The localizing set for v = ¢ is

Z=G- |J Nno (B

Betr.

If w is non-degenerate, the localizing set coincides with the set of critical points for the norm-square of
the moment map [31].
An important reason for introducing taming maps is that they are a convenient way to prove that a

map is proper, as a result of the following simple Lemma.

Lemma 2.1.5 (J26], Lemma 2.9). Letv be a bounded taming map on a G-manifold N, and let ¢ : N — g*

be a continuous function. Suppose {(p,v) is proper on a closed subset S. Then ¢ is proper on S.

Definition 2.1.6. Let « be a closed equivariant differential form on a Hamiltonian G-space (U,w, ¢).
Let v be a taming map with smooth localizing set 1 : Z < U. Suppose that (¢, v) is proper and bounded
below on Z Nsupp(a). A v-polarized completion of (U,w, ¢, ) is a Hamiltonian G-space (U, @, $) with
w—¢) =150 — &)7 and such that <q~5, v) is proper and bounded below on the support of a.

In other words, gz~5 is an extension of ¢|z such that (gg, v) is proper and bounded below on the support of

Q.
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Definition 2.1.7. Let N be a G-manifold, Z a G-invariant submanifold, and U a G-invariant open set
in N. We say that U can be smoothly collapsed to part of Z if there is a smooth G-invariant submanifold
7' ¢ ZNU and smooth G-equivariant map p : [0,1] x U — U such that

1. po is the identity map on U,
2. pl(U) C Z/,
3. p(Z')C Z' for all t € [0,1].

Mainly we will use G-invariant tubular neighbourhoods U O Z, which are clearly examples of the
definition above. But for an argument in Section [2.2.5]it is convenient to have this slightly more flexible

definition.

Remark 2.1.8. The definition says that the identity map py = Idy and the map p; (which factors through
Z'"), are connected by a smooth, G-equivariant homotopy p. In particular, if ag, a1 are closed equivariant
differential forms on U whose pullbacks to Z’ are equal, then «g, a; are cohomologous. H-K [26] work

with a similar condition.
The next result is the main result on ezistence of polarized completions, and the uniqueness (under

conditions) of the resulting DH distribution. For completeness we have included a proof in Section

Lemma 2.1.9 ([26] Proposition 3.4, Lemmas 4.12, 4.17). Let o be a closed equivariant differential form
on an oriented Hamiltonian G-space (N,w,®). Let v : N — g be a bounded taming map with smooth
localizing set Z. Let U D Z Nsupp(«) be an open subset that can be smoothly collapsed to part of Z.
Suppose that (¢, v) is proper and bounded below on Z Nsupp(«). Then

1. There ezists a v-polarized completion (U, &, $) of the restriction (U,w|v, dlu, alv).

2. Suppose v;, Z;, (Ui,@i,éi), 1 = 0,1 are two sets of data satisfying the above conditions, and such

that vg, v, agree on the support of a. Then

DH(Ula a}la &17 Oé) = DH(U07 (:}07 (50; Oé).
Note that Lemma implies that ¢ is proper on the support of a|y, hence DH(U, @, o, ) is defined.

2.1.3 The Harada-Karshon Theorem.

Definition 2.1.10. Following [26], in the setting of Lemma [2.1.9) we define
DHY(N, w, ¢, ) = DH(U,&, 6, a). (2.3)

If Z =10UZ; and U = UU;, where U; is an open G-invariant subset that can be smoothly collapsed to
part of Z;, define
DHY (N,w, ¢,a) = DH(U;, @, ¢, ).

We have
DHY(N,w, ¢,a) = Y DHY (N,w,¢,a).
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The right-hand-side of is stable under various changes (which justifies the notation): according
to Lemma [2.1.9] it is independent of the choice of open U and the choice of v-polarized completion.
There is flexibility to modify the taming map v away from the support of a. Also, if the properness
condition in Theorem holds, then a can be replaced by a cohomologous form o’.

We can now state the main theorem of [26]. For completeness we have included a proof in Section

Theorem 2.1.11 (J26], Theorem 5.20). Consider the setting of Lemma . Suppose further that
(¢, v) is proper and bounded below on the support of a. Then

DH(N,w, ¢,a) = DHY(N,w, ¢, a). (2.4)

Remark 2.1.12. This result is related to earlier work on the subject, in particular the work of Paradan [48],
[49] and Woodward [65]. As examples, one might look to Proposition 3.3 in [48] (a general localization
result) and Proposition 2.9 in [49] (a formula for the contribution of a smooth component of the localizing
set, in terms of a twisted DH distribution for a tubular neighbourhood U D Z). Theorem 5.1 in [65] is a
norm-square localization formula, expressed in terms of twisted DH distributions of small submanifolds

around the critical set.

The condition that v be bounded can be relaxed. If v is unbounded, but is bounded on a neighbour-
hood ¢; : N; < N of each component Z; of Z, then we can extend the definition:

DHYZ (N,w, ¢, ) := DHY (Ny, 1]

i 7

W, 1 P 1 ).

The flexibility noted in Definition [2.1.10| holds in this setting. It is also often possible to apply Theorem
2.1.11| (notably for the case v = ¢, which can be unbounded):

Corollary 2.1.13. Consider the setting of Theorem|2.1.11}, except that v may be unbounded. Suppose
however that the subset ||v||>(Z) C R is discrete, and set Z,. = Z 0 (||v]|*)~1(r). Then

DH(N,w, ¢,a) =y DHY (N,w,6,0). (2.5)

Proof. Since |[v]|?(Z) C R is discrete, it is possible to find a smooth, positive, non-increasing function
f € C>®(Rx>q), constant near each r € R such that Z, # (), and vanishing sufficiently rapidly at
infinity, such that the modified taming map v’ = f(||v]|?)v is bounded. The localizing sets for v, v are
the same, and Theorem can be applied, which gives the right-hand-side of except for v'.
Since f(||v]|?) is constant near each Z, # 0, the condition that (U,,@,, ¢,) is a v/-polarized completion
is equivalent to it being a v-polarized completion, since we can take U, sufficiently small that f(||v||?) is

’

constant on U,. Thus DHZ (N,w,¢,a) = DHy (N,w, ¢, ). O

The following application of Remark will be useful in Section 2.

Lemma 2.1.14. Let (N',w, ) be an oriented Hamiltonian G-space, and « a closed equivariant differ-
ential form. Let v: S < N’ be an oriented G-invariant submanifold (without boundary), which is closed
as a subset of N'. Let D be a tubular neighbourhood of S, and suppose ¢ is proper on supp(a) N D. Let

7s be a G-equivariant Thom form for the normal bundle v(S,N') ~ D, viewed as a form on N’ with
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support contained in D. Let v : N' — g be a bounded taming map with smooth localizing set Z, such

that Zs := SN Z is also smooth. Suppose {¢,v) is proper and bounded below on Z Nsupp(a) N D. Then
DH}, (V' ,6, 70) = DHY, (S, 1", "6, 1").
Proof. The left-side is given by
DHY (N, w, ¢, sa) = DH(U', @, 6, Ts@),

for a suitable v-polarized completion (U, @, gz;) Since ¢ is proper and bounded below on Z Nsupp(a)ND,
and v is bounded, (Z) can be taken to be proper and bounded below on supp(a) N D (c.f. construction of
¢ in Section . Using Remark we can replace 7g with the current dg:

DH%(Nla w, ¢7 TSQ) = DH(U/a (Z), q;a 5Sa) = DH%(N/’W7 ¢, 55&). (26)

Let Ug be a G-invariant tubular neighbourhood of Zg in S, and let U be a G-invariant tubular neigh-
bourhood of Ug in N’. Note that U contains Z N supp(dsa) = Zg N supp(a). Moreover, U can be
smoothly collapsed to part of Z (first collapse U to Ug, then collapse Ug to Zg). Let (U,of),gzg) be a
v-polarized completion of (U, w, ¢, dga). Thus

DHY (N', w, ¢,0sa) = DH(U, &, ¢, dga) = DH(Us, t*@, 1" ¢, 1" ), (2.7)

where the second equality follows because dg is the current defined by S. As Ug can be smoothly

collapsed to S and (Us, t*@, t*¢) is a v|s-polarized completion of (S, t*w, t*¢, *«) we have
DH(Us, 1*@, 1" ¢, 1" ) = DHY_ (S, *w, "¢, " ). (2.8)

Combining (2.6)), (2.7, (2.8) gives the result. O

2.2 Norm-square localization formula

In this section we apply the Harada-Karshon Theorem to (A, w,, ¢) to obtain a norm-square localization
result for Hamiltonian LG-spaces (or equivalently, for g-Hamiltonian G-spaces). In the later subsections,
local models for the polarized completions are described, and these are used to derive more explicit
formulas for the contributions. Through most of this section, we identify t and t* using an invariant
inner product on g. We use notation introduced in Section 3 of Chapter 1 for the g-Hamiltonian space

M, its abelianization N, the Hamiltonian covering space (N, exp* wq, @), and so on.

2.2.1 Twisted DH distributions for a g-Hamiltonian space.

The twisted DH distributions that we study in this paper are not the same as those defined in [5]
(which are conjugation-invariant distributions on the group G), but are closely related to them by an
induction-type map. We briefly indicate the relation in remark below. The type of DH distribution
considered here was first introduced for q-Hamiltonian spaces in [39], where further results about DH

distributions of this kind can be found. The idea of using a smooth cut-off form, playing the role of
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a Poincare dual to a possibly singular subset, appeared in a paper of Jeffrey-Kirwan (see Section 5 in
[27]).

To a G-equivariant cocycle a € Qg (M), we will associate a A-periodic, W-anti-symmetric distribution
m® on t ~ t*. The distribution m® is intended to represent the a-twisted DH distribution of the T-space
X = ¥~1(t) C M, the only problem being that the latter might not be smooth. To deal with this, we
work instead with the slightly larger space N' D X, together with a cut-off form 7o supported near X
that plays the role of a Poincare dual to X.

Recall from Chapter 1, Section [I.3:4] U is a T-invariant tubular neighbourhood of T in G. Without
loss of generality, we can take U to be Ng(T)-invariant, where Ng(T') is the normalizer of T in G. Let
7 denote a T-equivariant Thom form for the vector bundle 7y : U ~ T x t+ — T, with compact support
supp(7) C D where D is a smaller tubular neighbourhood of T such that D C U. Let 7y = exp* ®*r.
The twisted DH distribution that we will study for the remainder of the chapter is

[e3

m® := DH(N, exp* wq, @, Tar - exp™ ).

(In the future, pullbacks by exp will be omitted from the notation.) This is well-defined since ¢ is
proper on exp~(®71(D)) which contains the support of 7. It is independent of the choice of tubular
neighbourhood U D T and of the choice of 7 by Theorem The distribution m® is alternating under
the action of the affine Weyl group Wog = W x A; this follows from the G-equivariance of the cocycle
«, and the behaviour of the Thom form 7 under the action of the normalizer Ng(T') of T in G (for g,
a representative of w € W, the pullback g% 7(X) is cohomologous to (—1)I*l7(w™! - X)).

If U is transverse to t so that X is smooth, then 7xr is Poincare dual to X, and it follows (similar to
Lemma that m® = DH(X, exp* wq, ¢, exp* a), where the orientation of X is determined by the
orientations of A/ and t*.

As already mentioned, the main reason for introducing the twisted DH distributions m® is that
they encode certain cohomology pairings on reduced spaces—see [39] for the exact relation. As an
example, consider the distribution m (o = 1), and assume ® has a non-trivial regular value. In this case
m = fdvol; for a A-periodic, W-anti-symmetric function f, which is polynomial on the chambers of an
affine hyperplane arrangement in t (and dvoly is the measure induced on t by the inner product). If £ € t

is a regular value of ¢ and g = exp(§) is a regular element of T' (i.e. G4 =T, then

vol(8~ (exp(€)/T) = i A,

where d is the size of the generic stabilizer of the fibre ®~1(exp(¢)) and vol(T') is the volume of T with

respect to the metric induced by the inner product.

Remark 2.2.1. We briefly indicate the relation of m® to the more usual G-invariant twisted Duistermaat-
Heckman distributions; see [39] sections 4, 5 for a more detailed discussion. Consider first the case of a
G-equivariant cocycle a on a proper Hamiltonian G-space (N,w, ¢). Let ¢y and ¢ be the components
of ¢ with respect to the orthogonal direct sum g = t@t+. Let U C N be the inverse image under ¢, of
a small ball B around the origin in ¢, and let 7y be the pullback to U of a T-equivariant Thom form
with support contained in B. We have the following relation between twisted Duistermaat-Heckman
distributions

DH(U,w, ¢¢, Tu - &) = Rg(DH(N, w, ¢, o)), (2.9)
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where Ry is an isomorphism
Rg . Dl(g*)G N D/(f*)W7anti.

Up to a constant normalization, this map is the inverse of the dual map to the isomorphism

f € Cgc?mp(g*)G — f IS H <Oé7 —> c Cg;’mp(t*)W—anti.

a>0

(Any W-anti-symmetric smooth function can be divided by [[,.q(a, —), and the result extends to a
smooth G-invariant function.) The distribution DH(U, w, ¢, 77 -«) therefore carries the same information.
In the case of the Hamiltonian T-space N above, we are in a situation in which the left side of is
defined, but the right side is not, as the G-space IV does not exist.

The relation between m®, viewed as a W-anti-symmetric distribution on 7', and the conjugation-
invariant distributions studied in [5] is similar. Assuming (for simplicity) that the half-sum of the

positive roots p is a weight of GG, the relation is given by an isomorphism:
Rg: D'(@)% — D'(T)"W—",
Up to a constant normalization, this map is the inverse of the dual map to the isomorphism

FeC(@)E = (fl,) - 3 (~1)We,, € 0 (D)W,
weWw

given by restriction to 7', followed by multiplication by the Weyl denominator.

2.2.2 Application of the Harada-Karshon theorem.

The map ¢ : N' — t* introduced in the previous section is T-equivariant, hence defines a taming map.
However, the localizing set for this taming map need not be smooth. To get around this problem, we

perturb the taming map by a small ‘generic’ vector v € t, letting
v=0¢ —.

Then (¢, v) = ||6]|*> — (¢,~) is proper and bounded below on the support of 7 (its behavior at infinity
is dominated by the ||¢||? term). We will explain what we mean by ‘generic’ in the next section, but it
will imply that the localizing set

Z={vny=0}CN

has some desirable properties: Z will be smooth, and each component Zg = NB=7 N ¢~ (B) of Z will
intersect the corresponding cross-section Yy, g = exp(f) in a smooth compact submanifold Zg. This will
lead (eventually, in Section to a more explicit formula for the contribution, in terms of an integral
over Zg and not involving the Thom form 7.

We have shown that the 4-tuple (N, w,, @, Tarar) equipped with the taming map v satisfy all the
conditions required in the Harada-Karshon Theorem (see also Corollary , which gives the

following ‘norm-square localization formula’.

Theorem 2.2.2. Let @ : M — G be a q-Hamiltonian G-space, and let ¢ : N — t be the covering space
of its abelianization, as above. Let v = ¢ —y for a generic vector y. Let Tar be the pullback of the Thom
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form. Then
DH(V, wa, ¢, Tarer) = DHZ (N, wa, ¢, i) (2.10)

It will take some work to extract a more explicit description of the right-hand-side of this equation.
As a first step, note that
z=JNne 1 (B),
Bet

where
Bi=p—n.

We will refer to the set
Zg=N"n¢ ()

as the B-component of the localizing set (it might not be connected).

2.2.3 Relation to ||¥]?.

By taking the support of the Thom form 7 to be sufficiently small in the ‘“vertical’ (t%) direction,
we can assume that 7, vanishes identically on each component of Zg which does not intersect X =
exp~}(®7(T)), so that these components give trivial contribution to (2.10). Recall that X can be
identified with the set W~!(t), inside the corresponding Hamiltonian LG-space M, and ¢|x = ¥|x.
Under this identification

ZzNnX =M NU(B). (2.11)

If v = 0, this simplifies to
Z5NX = MPNITL(B).

By Proposition [[.3.2] the latter is non-empty iff 2 € W - B, where B indexes components of the critical
set of ||[||2. Thus if v = 0 then the non-trivial contributions to the norm-square localization formula
(2.10) are indexed by the set W - B. More generally if v # 0 is small and generic, then the localizing set
Z can be viewed as a kind of desingularization (c.f. [48], [49]) of the intersection of X with the critical
set of || ¥||2. We next explain this in more detail.

Let t5, s € § index the sub-algebras of t which arise as infinitesimal stabilizers of points in IV E| Each
connected component of A% is mapped by ¢ into an affine subspace A C t which is a translate of the
orthogonal complement to t;.

In this way, we obtain a periodic collection W of affine subspaces A. For example, for t, = 0 we
obtain A = t. For A € W, let ta be the subspace orthogonal to A (this is one of the sub-algebras
ts, s € S); this is a rational subalgebra, in the sense that Ta := exp(ta) is closed. Let tX denote the
orthogonal complement to ta; the affine subspace A is a translate of tx.

For an affine subspace A and point x € t, let pra(z) € A denote the orthogonal projection of = onto
A. Since ta, A are orthogonal, prp(y) = 8 = ' = 3/ — v € ta. Thus there is a decomposition

Zy= | N2ne'(®), (2.12)

pra(v)=8

n our case, S is finite, since M is compact. The discussion here goes through more generally however, see [48], [49].
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the union being indexed by a subset of WW. Taking the intersection with X we obtain

ZenX= |J ML) (2.13)
pra(v)=8

In particular, the critical values of v = ¢ — v are contained in the set

{pra(v)|A e W}

Likewise, W - B is contained in the set
{pra(0)|A e W}.

For each 8 € W - B, introduce the set

S(B) == {pra(v)|A € W,pra(0) = 5}.
Since W - B is discrete, if v is sufficiently small, the finite sets S(8) are disjoint.

Proposition 2.2.3. If v is sufficiently small and ' € t is such that Zg N X # 0, then 5/ € S(B) for
some B € W - B.

Proof. By (2.13), Zs N X is non-empty iff there is a A € W such that prp(y) = 8’ and
M A3 £,

Let B = prp(0). Each component C' C M' N ¥~1(A) is mapped by ¥ onto a closed set in A. By
adjusting v, we can make 3’ = pra(7) as close as we like to 5 = pr(0), and so ensure that 8’ € ¥(C)
= B € ¥(C). Tt follows that for v sufficiently small,

MAEATHBY # D= M2nEHB) # 0.

And thus g e W - B. O

The non-trivial contributions in (2.10]) are indexed by the set of 5’ € t for which Zg N X # (). The
Proposition shows that, for v sufficiently small, this set is contained in the disjoint union of the finite
sets S(B), B € W - B. If we define

mg= Y DHY (Vw6 va),
Bres(B)

then (2.10) yields the norm-square decomposition described in the introduction:

DH(WV,wa, ¢, i) = Y mg. (2.14)

BEW B

Remark 2.2.4. The H-K results can also be applied to vy = ¢ directly (without perturbing by ), with
Z1 = {(v1)n = 0} possibly singular. See the discussion in Section where we explain that the norm-

square contributions for v, are the terms mg in the formula above. In particular this implies that the

terms are W-anti-symmetric: w,mg = (—1)4®)m, 4.
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2.2.4 Genericity conditions.

Let 5 € t, and g = exp(f). The root space decomposition for the infinitesimal stabilizer g, is

gy = t° © P ga, (2.15)
Rg

where R4 consists of those roots o € R such that g* = e2m{@B) = 1 je. such that (o, B) € Z. The
Stieffel diagram is the affine hyperplane arrangement in t consisting of all H, , = {¢ € t|{a, ) = n}
where o € R, n € Z. Let o be an open face of the Stieffel diagram. It follows from that for 8 € o,
the infinitesimal stabilizer geyp() D t is independent of 3; we denote it by g,

In order to derive a more explicit formula for the contribution, it will be convenient to choose 7 (the

center of the decomposition) sufficiently generic, similar to [48], [49].

Proposition 2.2.5. There is an open dense set (the complement of a periodic hyperplane arrangement
in t) of points v € t such that for all A, A" € W and all open faces o of the Stieffel diagram we have

1. A" C A = pra(y) #pra(v).
2. pra(y) €0 = A C (o).
Here (o) denotes the affine extension of o.

Remark 2.2.6. The first condition was introduced by Paradan ([48], around Proposition 6.9; see there
for more discussion); we will see that it ensures that the localizing set for v = ¢ — v is smooth. The
second condition is an additional one, see Proposition |2.2.10, The second condition will ensure that the
intersection of each component of the localizing set with a cross-section is compact: let Zz = N Eﬂ(b_l (B)
(where 8 = 3 — ), we will show that

Zp = 25N Yy, g = exp(B),
is contained in X = ¥~1(t*), hence is compact.

Proof. Since A’ has lower dimension than A, one can perturb « to ensure pra(y) # pra/ (7). Likewise
in the second condition, if A is not contained in (o), then A N (o) has strictly smaller dimension than

A, and so a small perturbation of v will ensure that pra(v) ¢ o. O

Definition 2.2.7. We say that v € t is generic if it is in the open dense set described in the previous

proposition.

Proposition 2.2.8. Let v € t be generic. Then the union (2.12)) is disjoint. FEquivalently, for all
p € N'aN¢g~L(B), the stabilizer of p in t is exactly ta. Thus tx acts locally freely on N*2 N ¢~1(B).

Proof. If p € N'*2a N ¢~1(B) had larger stabilizer, then 3 = ¢(p) would be contained in some A’ € W
with tA/ D ta = A’ C A. In this case, pra(y) = pra/(y) = B, which contradicts the genericity

assumption. O

Corollary 2.2.9. Let y € t be generic, 3 = pra(y). Then B acts with non-zero weights on the normal
bundle v(N*' ,N)|z,.
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Proof. Without loss of generality assume Z3 is connected and let C' be the component of N'*4 contain-
ing Z3. Suppose 8 acts trivially on a non-trivial subbundle v/ of v(C,N). Then a slightly enlarged
submanifold ¢’ ¢ NP containing C' can be found, with TC'|c = TC @ v/'. Since ta acts non-trivially
on v/, the generic infinitesimal stabilizer of C’ is strictly smaller than ta, and thus there is a A’ € W
properly containing A. Since 8 € ta/, pra/(v) = 8, and N2 N~ 1(B) D N2 N¢~1(B). This contradicts
Proposition 2.2 O

Proposition 2.2.10. Let v € t be generic, A € W,  =pra(7), and g = exp(B). Let o C t be the open

face of the Stieffel diagram containing 3, and let g, be the corresponding infinitesimal stabilizer. Then:
1. The centralizer of ta in go is t.
2. There is a slice U, around g for the conjugation action of G' on itself, such that U;A =UsNT.
3. Let Y, = ®=Y(U,) be the corresponding cross-section. Then Y;A cCX=0"YT).

Proof. The root space decomposition for g, is:

g(g = t(c ©® @ Ja-
al,€Z

Suppose the root space g, C g¢ is fixed by ta. Then:
ale €Z and ali, =0.

Let o9 be the subspace parallel to o which passes through 0. Then «|y, is a fixed integer, hence must
be 0. Thus
a(og +ta) = 0.

But A is contained in the affine extension of o. This implies that the subspace ta orthogonal to A
contains og-. Therefore
oo + tA = t7

and a = 0. We have thus shown that g!» =t as desired.

Recall gy = g, is the Lie algebra of G;. The first statement shows that the centralizer Cq, (TA) = G;A
has Lie algebra t, and thus its identity component is T'. Since g € T', we can choose a slice U, around
g sufficiently small that it only intersects the identity component 7' of G;A, hence U, ;A = Uy NT. That

Y 2 € X = & (T follows from equivariance of the moment map ®. O

Remark 2.2.11. We will further assume that U, is chosen sufficiently small that exp restricts to a
diffeomorphism on each component of exp~! (U, N T) C t. Considering the pullback diagram (.13, we
can identify U,NT with the unique component of exp~! (U,NT) containing 8. Similarly, the cross-section
Y;A is identified with the corresponding subset of X C N. By taking U, smaller if necessary, we can
assume that the only translate of t5 in W which meets U, N T is A = 8 + tx, and thus qb(Yg‘A) C A.

Corollary 2.2.12. In the setting of Proposition[2.2.10] and making the identification in Remark[2.2.11),

(Y2, wa, d) is a (non-degenerate) Hamiltonian T-space.

Proof. By Proposition [2.2.10[ and Remark [2.2.11} Y;A C X. It follows that the restrictions of ¢ and

¢q+ [ agree, where ¢, = log(exp(—f)®) is a Hamiltonian moment map for the cross-section. Moreover,
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by equation ([1.12)), the pullback of w, to Y;A agrees with the pullback of w. By equation (1.11) this
also agrees with the pullback of w, (the 2-form for the cross-section). As w, is symplectic, YgtA is a

non-degenerate Hamiltonian 7T-space. O

Proposition 2.2.13. In the setting of Corollary and Remark|2.2.11), B is a regular value for the

restriction of ¢, viewed as a map into A:
¢: Y;A — A.

The intersection Zg = ZgNYy = Y;A N¢~! is a smooth compact submanifold.

Proof. By Proposition m the stabilizer of each point in Y2 N ¢~1(8) € N** N¢~'(B) is exactly
ta. Since Y;A is a non-degenerate Hamiltonian T-space, it follows that § is a regular value of the
restriction of ¢, when the latter is viewed as a map into A. Since Y4 C X = ®~1(T), the level set Z5

is compact. O

Remark 2.2.14. Shrinking U if necessary, 3 is also a regular value for the restriction
p:N'2ng 1 (A) = A.

(This is an open condition.) This implies that the level set N'*4 N ¢~1(3) is smooth. Hence for generic

v, the critical set Z is smooth.

2.2.5 Reduction to cross-sections.

Recall that the contribution of a critical value 5 € t to the norm-square localization formula (2.10]) is
DH%, (N, wa, ¢, Tn ). (2.16)

By definition, this is a twisted DH distribution for a small tubular neighbourhood of Z5 in N. In this
section we relate this to a twisted DH distribution for a small tubular neighbourhood of Zg := Z5NY,
inside a cross-section Yy, g = exp(f8). When 7 is generic, the level set Zg is smooth and compact by
Proposition This will lead to a more explicit formula for in the next sections.

Let us briefly motivate the method used to reduce to a computation inside a cross-section Y.
Recall that 7xr is the pullback of an equivariant Thom form for the vector bundle T x t+. We can split
t* into a direct sum t- = g, & (gy/t). The normal bundle to Y is isomorphic to Y, x gy by taking
tangents to the ggl—orbit directions. Using this observation, we replace 75 with a product of forms, one
of which is a Thom form for v(Y,, N), and then apply Lemma

Let g € T, let U, C G4 be a slice around g for the conjugation action, chosen sufficiently small as in
Proposition Recall that g,/t denotes the unique 7-invariant complement to t in g4, oriented as
described in Chapter 1. The T-equivariant smooth map r: (U, NT) X (g4/t) — G given by

r(h,X) = hexp(X),

restricts to a T-equivariant diffeomorphism on a small neighbourhood of (U;NT') x {0}, and in particular
induces an isomorphism
Uy NT) x (gq/t) ~v(UyNT,Uy).
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Figure 2.1: Neighbourhood of U’ in G.
View the torus T as pointing perpendicular to the
page. U’ is a small open ball in T around g, U =
7' (U') is the gray region. The region inside the
dashed-line border is U, ~ U, X g;-.

U/

Let 7(gg/t) € Qr(Uy) be a T-equivariant Thom form for (U, NT, Uy) (viewed as a form on Uy), chosen
such that its support is contained in D (recall supp(r) C D where D is a tubular neighbourhood with
D C U, and 7 is the Thom form that we had chosen for 77 : U — T'). The pullback of 7(g,/t, X) to T
is Eul(g,/t, X) € Pol(t).

Consider the map c: Uy X g;- — G given by

c(u, X) = exp(X)uexp(—X).

This map is T-equivariant for the adjoint action of 7" on Uy, g;-, and G. It is a smooth surjection onto
the open subset Adg(Uy). Restricting ¢ to a sufficiently small neighbourhood of U, x {0}, we obtain a
diffeomorphism onto an open tubular neighbourhood U, of U, in G. This gives an identification of the
normal bundle

v(Uy, G) ~ Uy % gy

We orient ggL as described in Chapter 1. Let
mg Uy = Uy

be the map obtained by inverting ¢ on U, and projecting to the first factor. Let T(g;-) € Qr(Uy,) be
a T-equivariant Thom form (viewed as a form on U, using the map c), chosen such that supp(7(g;) -
757(gg/t)) C D. The pullback of 7(g;) to T is Eul(g,, X) € Pol(t). Setting Yy = ®~'(U,) we have a
pullback diagram:
Vg —— Uy
lwg lﬁg (2.17)
Y, —— U,
By choosing a smaller ball U" C U, NT around g and shrinking the initial U (adjusting 7 and D as

well) if necessary, we can ensure that
o (U) = U C U,.

See Figurem It then makes sense to restrict the equivariant forms 7, 7;7(gy/t), T(g;-) to the common
open set U.
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Lemma 2.2.15. The restrictions to U of 7 and T(g;-) - m,7(8g/t) are T-equivariantly cohomologous.
Moreover, a T-equivariant primitive B € Qr(U) for the difference can be taken with support contained
im DNU.

Proof. The restriction 7(g, )-7;7(gg/t)| is in the same cohomology class with compact vertical supports
as 7|y (both are ‘Poincare dual’ to U N'T in U). To see this, note that the T-equivariant cohomology of
U N D with compact vertical supports is generated by 7 (as a Pol(t)-module), and pull-back to Y N T
is injective (the bundle 7y : U N D — U N T is T-equivariantly diffeomorphic to (U NT) x t*+, the base
U NT is contractible). We have

L}(T(g;‘,X) 'W;T(gg/f,X)) = Eul(g;‘,X)Eul(gg/t,X) = Bul(tt, X),

where the last equality follows because we chose the orientations on ggL, gg/t such that the product
orientation agrees with the orientation on t- determined by the positive roots. This is the same as the
pull-back of 7(X), hence the two forms correspond to the same class in T-equivariant cohomology of

U N D with compact vertical supports. O

Let ® : M — G be a g-Hamiltonian G-space, Y, = <I>_1(Ug) a cross-section, with U, as in Proposition
Consider a component Zz C Z. Via the covering map exp : N' = N (see ), we make various
identifications: Zg is identified with a subset of ®~!(U) C N, ¢ (hence also v) can be viewed as a map
L (U) — t, and 7 is identified with ®*7. By Lemma and the flexibility in Definition
Tx = ®*7 can be replaced with the cohomologous (on ®~* (1)) form ®*7(g;) - 77 (gy/t). Therefore the

contribution of 8 to the norm-square formula is given by:
DH%B (Na Wa, ¢7 - TN) = DH’UZ;; (Na Wa, ¢7 « - (I)*T(g;_) : T(gg/t)) (218)

Let
Zg=Z3NYy =Y no " (B).

In the previous subsection we showed that for generic v, Zg is smooth.
Theorem 2.2.16. The contribution from B € t to the norm-square formula is equal to
DH%ﬁ (Yy NN, wq, ¢, - D*71(g,/t)).
(We have omitted pull-backs to Y, NN from the notation.)
Proof. By equations , , the contribution of 8 to the norm-square formula is
DHZ, (N, wa, ¢, - D*7(gy) - 7(g4/1))-

By equivariance of ®, the normal bundle to Y, in M is isomorphic to Y, x g;-, and the pullback of the
Thom form ®*7(g;) is a T-equivariant Thom form for this vector bundle. Let N = ®~*(U/), and note
that v is bounded on N’ (we are using the identification of N’ with a subset of N to view v as a map
N’ — t). Applying Lemma with S = N'NY,, 79 = @*T(g;-) (and with o - ®*7(gy/t) in place of

a) gives the result. O
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2.2.6 Polarized completions.

Theorem [2.2.16] expressed the contribution of a critical value 8 to the norm-square localization formula
as
DHY, (Y NN wa, b, - @°7(ge /1), Zs =Yy N¢~'(B) (2.19)

where Y, is a cross-section for the g-Hamiltonian space M near g = exp(3). Let Ug be a small tubular
neighbourhood of Zg inside Y; N N. To compute , we must construct a v-polarized completion
(Us, @, ¢) of (Us,wa, ¢, ®*7(gy/t)a). In detail: it suffices to find a 2-form & and moment map ¢ on Usg,
which agree with w, and ¢ (respectively) on the localizing set Zg, and such that

is proper and bounded below.

To keep the notation simple, assume that a single sub-algebra ta contributes to the disjoint union

Zg= |J Yprne ().

pra(v)=8
(In the general case, the arguments here and in the next subsections are applied separately to each
sub-algebra ta which contributes.) The normal bundle splits into a direct sum

v(Zp,Yy) = v(Z5,Yy2) & (Y2, Yy)|z,. (2.20)

By Proposition ¢(Y;A) C A and f is a regular value for the restriction of ¢ viewed as a map
into the affine subspace A = 8 + (t5)*. By the Ehresmann fibration theorem, a neighbourhood of the
level set Zg = Y 2 N ¢~ 1(B) inside Y4 is diffeomorphic to B x Zg, where B. denotes an e-ball around
0 € (t5)*, and ¢ = B + pry, where pr; denotes projection to the first factor B.. Hence, shrinking Ug
if necessary, we obtain a local model for U BtA. This, together with the splitting of the normal bundle
(2.20), give a local model for Ug.

Choose a connection 6 € Q'(Z3) ® tx for the tx-action on Zg (recall Ta acts locally freely on Zg).
Let

q:Zsg— Zg/T

be the quotient map, and let weq be the symplectic form on the reduced space Y;A /T = Zg/T. We
equip (t5)* X Zg with the 2-form
q"wrea + d(pry, 0). (2.21)

Proposition 2.2.17. There is a T-equivariant diffeomorphism
o Bex V= Ug,
where B denotes an e-ball around 0 € (t5)*, and
Y= V(Y;A, Yoz,

o is such that Yo(Be X Zg) = U;;A and intertwines ¢ with pry + B on this submanifold. Furthermore,
the pullback of the 2-form w to Zg coincides with the pullback of the 2-form in equation (2.21) to Zg.
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Remark 2.2.18. Recall that by Corollary (Y;A,wa,@ is a non-degenerate Hamiltonian T-space.
The coisotropic embedding theorem provides a description also of the symplectic form on a small neigh-
bourhood of Zg = Y N ¢~1(B) inside Y, 2. Tt follows that ¢)o can be chosen to also intertwine the
2-forms w on U ;A with the 2-form given in equation (restricted to B. x Zg). We will not need
this fact, because the definition of polarized completions only requires that the 2-forms agree on the

localizing set Z, which holds in any case.

Referring to Proposition [2.2.17] the construction of the polarized completion below is organized as

follows:

1. Construct @, ¢ on (t5)* x V (extending the 2-form (2:2I) and moment map pr; + 3) using minimal

coupling. The resulting é will involve the ‘polarized’ weights of the ta-action on V.

2. Choose a T-equivariant diffeomorphism
Y (tx)" x V= Us.

This diffeomorphism will agree with ¥ on {0} x V, but be such that ¥((t5)* x Zs) = UgA (instead
of Yo(Be x Zg) = UEA). This is the ‘completion’ step.

3. Show that (¢, 1*v) is proper and bounded below on (t5)* x V. Using ¢ to identify (t5)* x V with

Ug, this will complete the argument.

Construction of @ — ¢ on (t§)* x V.

Let m: V — Zg denote the projection map. Recall that, as a consequence of the genericity assumptions,
B € ta acts with nonzero weights on V. Let a, € th, k=1,...,n be the (distinct) weights with signs
fixed by the condition

(a,B) <0,

and let

o = —oy, k=1,...,n.

V can be equipped with a complex structure such that the (distinct) weights of the ta-action are

aji,..,a,. In fact, this condition determines the complex structure up to homotopy. Let V ~ CV
be a fibre of V. Choosing a hermitian inner product on V, we obtain a reduction of the structure group

of V to U(V) = U(N). Let P denote the corresponding T-equivariant principal U(V')-bundle. Thus
V=P XU(V) V.

Let wy be the standard symplectic form on V. The action of U(V') is Hamiltonian; let ¢y : V' — u(V)*
be the moment map. The Ta-action on V induces a linear map a : to — u(V'), and the composition
a* o ¢y is given by

a*ogy(z) = -7 |zlay, (2.22)
k

where z = Y z;, is the weight-space decomposition.
At this stage, it is convenient to choose a complementary subtorus T to Ta (tx itself might not be

integral). The exact choice is not important. We can, for example, choose T such that T = Ta x TA
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(= T/Ta ~ T4). We thus have two splittings t = tn @t = ta @ t)y, and this canonically determines
an isomorphism (tx)* ~ (t)* (both can be identified with the annihilator ann(ta) C t*).

Next choose a T-invariant connection o on P. Since tx acts locally freely on Zs, while ta acts
trivially, TA also acts locally freely on Z3. The connection can thus be chosen such that the induced
vector fields Xp, X € t), are horizontal; the connection 1-form o € Q'(P) @ u(V) is then t)-basic. The

T-equivariant curvature of o is by definition:
Ry =dro+ i[o,0] = R— p € Q5(P) @ u(V)

where R = do + 3[o,0] is the ordinary curvature, and p(X) := o(Xp) is the moment map of the
connection ¢ (c.f. [40]). This vanishes for X € t,, while for X € ta, pu(X) is the constant function
—a(X) € Q°(P) @ u(V).

Consider the composition
Quony(V) = Qrxuy (P x V) = Qr(P xyny V) = Qr(V),

where the first map is simply pullback. The second map is the Cartan map, defined by substituting
the T-equivariant curvature for the u(V') variables, followed by using the connection o to project the
resulting form to its horizontal part (the result is U(V)-basic and descends to the quotient). The Cartan
map is a homotopy inverse to the pullback map Q7 (P xy vy V) = Qryxpvy (P x V) (c.f. [40]). Applying
this composition to wy — ¢y we obtain a (‘minimal coupling’) T-equivariant 2-form wmin — @min o0 the
total space of V:

Wmin = Hhor(wyv) — (Pv, R), Pmin = —(Pv, 1)

Here IIy,,, denotes the horizontal projection operator for the connection o. Since pu(X) = —a(X) for
X € ta (and vanishes for X € t},), dmin is given by the same formula (2.22)), where now | - | denotes the
hermitian inner product on V. Since o is t)\-basic, the 2-form wy,y is t)-basic.

We define the ‘total’ T-equivariant 2-form wy — ¢y on V by
Wy = Wred T Wmin, ¢V = B + ¢min-

We summarize with a Theorem.

Theorem 2.2.19. On the local model
Umod = (ti)* xV,
there is a closed T-equivariant 2-form w — gg,

wi=wy + d<p1"1, 9) = Wred T Wmin + d<pI‘1, 9>’

$:=dy+pry =07 |zl +pry,
k

where wy — ¢y is a closed T-equivariant 2-form on V. Its basic properties are:
- The pullback to the base (t5)* X Zg C Upod 18 Wred + d{pry, 0) — (pry + B).

- The pullback to V is wy — ¢v. Pulling back further to Zg gives wyeq — B.
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- wy is TA-basic, d{pry,0) is Ta-basic.

- ¢y takes values in t, pry takes values in (t5)*.

The diffeomorphism 1.
Recall that the diffeomorphism vy identified Ug with a neighbourhood
B xV C (t5)* xV = Upoa.

Under pullback
(V59)|Boxzy = P11 +

and consequently

(V5v)|B.xzs = Pry + 8 — 7 =pr; + B.
Let f: (tx)* = Be be the diffeomorphism
29
f&) = \/TW7
and define
=g o (f xId) : Unea = (t3)* x V 5 Up.
Then

(V") |y xz, = F7Pr1 + B

Note that | f*pry| < e.

34

(2.23)

Proposition 2.2.20. With notation as above, and assuming the neighourhood Ug is chosen sufficiently

small, (Umod, @, @) is a Y*v-polarized completion of (Umod, ¥*wq, v*@).

Proof. By Proposition [2.2.17] Theorem [2.2.19] and using the fact that (f x Id) restricts to the identity

on Zg, it follows that the T-equivariant 2-form @ fé agrees with w, — ¢ on Zg. It remains to check that

<q?>, Y*v) is proper and bounded below. Write
¢*U = f*prl +B+ UI)

where v'| (1)« z, = 0 by (2.23) (v is the error term).

For any € > 0, we can ensure that |v'| < € by taking the tubular neighbourhood Ug of Z3 to be

sufficiently small in the direction normal to UéA ~ B, x Zz. Decompose v’ into components,

v =)+ € ta @ .
Let z € V and £ € (tx)*. We have

Yu(z,8) = (&) + B+vh(2.6) + vi(2,€),
Hz ) =E6+B—m) _|alay.
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Thus

(6,070)(=,6) = | A+ <s,v1>] (B —m )l (o B+ vp)-

(Note that some terms vanish because they involve pairings of elements of ta with elements of (t5)* or

the reverse.) We examine each of the three terms in turn:

1. If we take € < i¢, then
(& v < gelél-
el¢)?

VIHEP

goes to infinity as |£| goes to infinity.

Thus the first term is dominated by as |£| goes to infinity. It is therefore bounded below, and

2. The second term is bounded by a constant:
(B, 4" v)| < 1Bl(e +[B] +€).
3. Recall that (ay , ) < 0. For the third term, we take ¢ sufficiently small that for each k =1, ...,n,
—m{ay,B+vy) > € >0,
for some constant ¢’ > 0. Then the third term is non-negative for all z,£ and
—r 3 el B+ ) > €,

which goes to infinity as |z| goes to infinity.
Since (¢, ¥*v) is bounded below and goes to infinity as |(z, £)| — oo, this completes the proof. O
As explained at the beginning of this section, using ¥ to identify Us with Upeq = (t5)* x V, we obtain

a v-polarized completion of Ug.

2.2.7 Explicit formulas.

Recall that the contribution of 8 to the H-K formula for DH(N, wq, @, Tarc) is the twisted Duistermaat-
Heckman measure

DH(Umod7 (:), &7 (I)*T(gg/t)a)a

where Upod, LZJ,Q; are described in Theorem [2.2.19 In this section, we derive an explicit formula for this
contribution. Paradan [48], [49] obtained the same type of formula using different methods. Woodward
[65] also obtained similar formulas. The calculations in this section show how these expressions can be

recovered from the Harada-Karshon Theorem.
Additional notation.

- X,(,Y, € will denote elements of ta, th, t5, (t5)* respectively. (We distinguish between elements of t

and t* in this section, as this will make the presentation clearer.)

- The top degree part of the form e(%?) ¢ Q(Umoda) has a decomposition (determined up to scalar

multiples) into a product dvol(¢) - v where dvol(£) is a volume form on (t5)*. In coordinates dvol(¢) =
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1
déy -+ d&g, v = (—1)§d(d_1)91 ---@4. Tt is convenient to fix such a decomposition, and let vol(Th)

denote the induced volume of T (using the canonical isomorphism (tx)* ~ (t))*).

- Let @ € Qr, (Z5/TA) denote the image of a cocycle @ € Qr(Uyyoq) under the composition of restriction
to Zg followed by the Cartan map for Zg — Zg/TA (c.f. [40], or the discussion in Section [2.2.6]). This

composition implements the Kirwan map at the level of cocycles.

Orientations. The reduced space Zg/T) is a symplectic orbifold, which we orient using its Liouville
form. We orient (tx)* using dvol(¢), and the fibres of Zg — Zg/T4 using v. The product orientation
on (t5)* x Zg then agrees with the orientation induced by the 2-form on the base (t5)* x Zs (which is
symplectic near Zg x {0} by the Coisotropic Embedding Theorem). The orientation of the vector bundle
V — Zg is fixed by requiring the total orientation to agree with that of Uyeq (an open subset of the
symplectic manifold Yy). The resulting orientation on V might not agree with the orientation induced

by the complex structure on V for which the weights are o, . The difference is a sign € = %1.

Lemma 2.2.21 (c.f. [61]). We can replace ®*7(g4/t) - o with the pull-back to Upoa of ®*Eul(gy/t) - @

without changing the result, that is,
DH(Upnod, @, ¢, ®*7(g,/t)) = Eul(gy/t,d)DH(Upmod, @, ¢, @).

(Recall g = exp(f) and Eul(g,/t, &) is a polynomial on t; see Chapter 1.)

Proof. As shown in the previous section, ¢ is v-polarized. Since v|y, is bounded,  is proper. Therefore
by Theorem we can replace ®*7(g,/t)a with any T-equivariantly cohomologous form. Since
pry, : Umod — Zg is a vector bundle, the pullback map L}ﬁ is homotopy inverse to pr*ZB. Moreover, the
Cartan map for the locally free T\ action on Zg is homotopy inverse to the pullback map Q. (Z5/ThA) —
Qr(Zg). This shows that we can replace ®*7(g4/t) - @ with the pullback of its image under the map
Q(Umoa) = Q(Z3/T)) given by pullback to Zs followed by the Cartan map for Zg — Z3/TA. Recall
that 7(gg/t) is a T-equivariant Thom form for the trivial vector bundle with fibre g,/t over an open
subset U of T, its pullback to T" being Eul(g,/t). Since Zg C ®~!(T'), the pullback of ®*7(g,/t) to Zs
equals the pullback of Eul(g,/t). Finally it is immediate from the definition of DH distributions that for
any polynomial p,
DH(Unoa, &, ¢, pa@) = p(8)DH(Unod, @, ¢, @).

Let
m := DH(Upnoq, @, ¢, @).

For the remainder of this section, we will focus on computing m, and replace the factor Eul(g,/t, 0) only

at the very end.

Lemma 2.2.22. m is a tempered distribution. Its pairing with a Schwartz function f is given by

(m, f) = /(H)*dvol(g) [ e rena-ags oo,

Proof. By definition,
mfy= [ at-o0fed (224)
(tX)*xV
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Recall that the (£5)* component of ¢ is pr; : (£X)* XV — (tX)*, so that |p(z, €)| > |€]. Also, (4(€, 2), B) >
C|z|2 + D for some constants C' > 0, D. Combining these facts shows that |¢(z, )| > C'(|€| + |z|?) + D’
for some constants C/ > 0,D’. Tt follows that the integrand is rapidly decreasing on U,,,q for any
Schwartz function f, and m is tempered.

We have

& — v HEF) dE0)

*

Only the top degree part dvol(¢) v of e{?:9 contributes to the integral over (tx)*.
theorem to re-write (2.24]) as an iterated integral. O

Then use Fubini’s

Lemma 2.2.23. The ta-Fourier transform of m is a generalized function on ta X (tﬁ)* given by

(Fia (m), fX) = /

(ta

dvol(€) / / a(2miX ey CriX)HER £(X €)dX.
)* VY Jta

In this expression, f(X, &) is a Schwartz function on ta x (tX)*, and dX is a smooth translation-invariant

measure on ta.

Proof. Using ¢ = (¢y,pr;) : Umod — th X (£5)%,
f{A (f dX) o (;5 = / f(X’ prl)e_%i(‘b"’X)dX.
ta

By the previous lemma

(Fia(m), fdX)

= / dvol(f)/ vev T OG0 Fiu (fdX) o b
(tx)* 4

:/(t

vol(©) [ verren) [ aemin) f(x, e e Nax
)* 1%

A ta

O

For the next result, let so denote the locally constant function on Zg, whose value on a component is
the number of elements in the stabilizer for the action of T\ on that component. We will make use of a
T-equivariant form with tempered generalized coefficients Eul%l(V) introduced by Paradan [48], [49]—a
definition is provided in Section [2:4]

Theorem 2.2.24 (compare [49] equation (4.57)). We have

(T
m— M(jﬁ * a(ac)]-'t;l (Eulﬁl(]}7 27TiX)) ew"ed+<§’F>dvol(§).
Zg/T  SA

Proof. Lemma [2.2:23] can be written more concisely as the equality:

Fra(m)(X,€) = / @(2mi X )pewv @TX)HET)
1%

with the understanding that the integrand should be smeared with a Schwartz function f(X,£) on

ta X (t5)* times a smooth translation invariant measure dX on ta, before the integral over V is performed.
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With the exception of v, the forms in the integrand are dr,-cocycles: indeed, @ and e@V)Ta are dru-
cocycles; as F is the pullback of the closed form df on Zz C VIa (¢ F) is also dr,-closed. Thus,
to apply Corollary we just need to check a certain polarization condition. This condition (with
exponent a = 2) is satisfied because of the polarization of the weights (a,;,B) <0,k=1,..,n used in
the construction of ¢. Therefore, the integral over the fibres V — Z3 can be computed using Corollary
243
Fum)(X)= [ dvol(¢) ua(mX)ewred*2“<ﬁvx>+<f»F>Eu1§1(v, 2miX).
Zp
All the forms in the integrand are T'A-basic except v (the Euler form is T\ -basic because the connection
o that we chose on V was TA-basic). Integrating over the fibres of ¢ : Zg — Zg/Th = Zg/T we have
vol(T'A)

gV = .
SA

(There is no sign, because the fibres are oriented using v.) Hence,

(T, .
Fi,(m)(X) = / M@(Qm’X)e‘”red*QWZ(ﬁ,X>+<§’F>Eu1:1(V, 2miX)dvol(§).
Z[—;/T SA B
Now take the ta-inverse Fourier transform. O

It follows from Theorem [2.2.24] that the contribution is polynomial in £ (the exponential el&F)
truncates at finite degree). For a € t}, the Heaviside distribution H, has support R>oa and is defined
by

Haif)= [ fltayat
0
In Section we briefly describe how to compute the inverse Fourier transform of the form Eulgl(V)

(c.f. [23], [18], [48], [49] for further discussion). Recall that ajf = —a; , k = 1,...,n denote the distinct
weights of the ta-action on V, with signs such that (o), 3) > 0. The end result is

/ n Tk 4
m=e / VOI(TA)a(aC)éﬁ «[TH™ =) (- > cm(vk)Hga) ereat (& 1) gyol (€). (2.25)
Zs/T o OF *

S
A >0 m=1

where ¢, (V) is the m! Chern class of Vi, ry is the complex rank of V;. The product over k and
exponents £, m, r; in this expression denote convolution. The sum over ¢ truncates after finitely many
terms. The constant ¢ = +1 is +1 iff the orientation induced by the complex structure on V for which

the Ta weights are o, ..., o, agrees with the original orientation on V.

Equation ([2.25)) is a finite sum of terms of the form

cp(9c)ds + [ [ H kdvol(€),
k=1

where ¢ is a constant (obtained by integrating a differential form over Zz/T), p is a polynomial, and

N, > 7. We can see explicitly that m is supported in the closed cone 8+ (tx)* +R20af +--+Rsoa.

Finally, we put back the factor of Eul(g,/t,J) to obtain an explicit formula for the contribution from
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[ to the norm-square localization formula:
DHY (Y, N N, wq, ¢, i) = Eul(g,y/t, d)m. (2.26)

with m given by equation ([2.25) above.

2.3 Examples

Here we give two examples: the 4-sphere (a g-Hamiltonian SU(2)-space), and a certain multiplicity-free
g-Hamiltonian SU (3)-space due to Chris Woodward.

2.3.1 The 4-sphere.

The g-Hamiltonian structure on S* can be constructed by gluing together two copies of a ball in C2 (a
Hamiltonian SU(2)-space) along their boundaries, analogous to the way the 2-sphere (a Hamiltonian
U(1)-space) can be glued together from two copies of a ball in R? (also Hamiltonian U(1)-spaces). See
[5] for details.

Identify t* ~ R in such a way that Z is the weight lattice. Using the basic inner product to identify
t ~ t*, the fundamental alcove is the closed interval [0,1]. We use notation as in the main part of the
paper: ® is the SU(2)-valued moment map, ®, : N — T = U(1) the abelianization, N the covering
space of N with moment map ¢ : N’ — t* ~ R, etc. The covering space X of X = ®~1(T) (inside N)
is (topologically) an infinite line of 2-spheres, with each sphere touching its two neighbours at the poles
(“beads on a string”), the poles being sent by ¢ to Z C R. The poles are precisely the (isolated) T-fixed
points (they correspond to points in S* which are fixed by all of SU(2)). The space A is a 4-dimensional
non-singular “thickening” of X.

Let m = DH(WN, wq, ¢, 7) € D' (t*); according to the discussion of Section this can heuristically
be thought of as the (untwisted) Duistermaat-Heckman measure of X. Choose v € (0,1) =: 0. The
standard cross-section Y, is the finite cylinder X N ¢~1(0,1), which has Duistermaat-Heckman measure
1p,1jdx where 15 denotes the indicator function of the subset S, and dz denotes Lebesgue measure. The
work of Sections 2.3—2.6 implies that the central contribution to the norm-square localization formula
is polynomial times Lebesgue measure and agrees with the DH measure of Y, near . Therefore, the
central contribution is

m, = ldz.

(A second way to see this is to use the correspondence between m and volumes of reduced spaces, the
reduced space ®~1(exp(y))/T being a point.) Note that this, together with the anti-symmetry of m
under the affine Weyl group (generated by reflections in the lattice points Z), determines m on R \ Z.
The correction terms mg come from the T-fixed points (the maximal torus is 1-dimensional, so there
are no other subtori). Consider, for example, the critical value = 0. The corresponding part of the
critical set is a single point p := Z3 = ¢~1(0), and 8 = 0 — v < 0. The contribution mg is supported
in the half-space Sz > 0 < = < 0. The local normal form constructed in Section isV =1T,M.
By construction, the cross-section around p € M is isomorphic to an open ball in C?, as a Hamiltonian
SU(2)-space. Using the induced complex structure 7, M ~ C?, the weights of the U(1) C SU(2) action

are +1,—1. To get the correct contribution, we flip the complex structure on the second copy of C so
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Figure 2.2: First 5 terms for the 4-sphere.

that the weights of the U(1) action are both +1 (they must have negative pairing with 3), and so the

moment map is:
¢(21,22) = =m(|z1]* + |22]*),

while the 2-form is the standard symplectic 2-form for C? (since we reversed the complex structure on
one of the copies of C, this 2-form induces the opposite orientation from the 2-form of the cross-section).

The DH measure of this local normal form is
—H 1 xH 1 =21 dz.

Here H_; is the Heaviside distribution equal to 1 on (—o0,0), and the factor of e = —1 appears because
the orientation on V = T, M induced by the complex structure for which the weights are both +1 is
opposite the original orientation.

To obtain the norm-square contribution, the last step is to apply the differential operator Eul(g/t, 9)
(this takes into account the effect of the Thom form), which in this case is 72% (since the unique

positive root is & = 2 with our normalization). And so the contribution is:
my=—2- 1(,00’0](1.2?.
Taking additional critical points into account produces new corrections in a similar way:

C% — 1= 2 Lo =2 L) +2- T(coo1) + 2 Ljgo) — - -
2.3.2 A multiplicity-free g-Hamiltonian SU(3)-space.

Figureshows the moment map image ¢(N') corresponding to a certain multiplicity-free q-Hamiltonian
SU(3)-space M. This example is due to Chris Woodward (c.f. [64], [65] where a similar multiplicity-
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Figure 2.3: A multiplicity-free g-Hamiltonian SU(3)-space. On the right, the sum of the contributions
from a,b,c is shown.

free Hamiltonian SU(3)-space is discussed). See also Chapter 4, Section where we outline one
construction of this example.

The triangle indicated with a bold border is the fundamental alcove, and the smaller shaded triangle
inside is the moment polytope of M. The Duistermaat-Heckman measure is 0 away from the moment
map image, while inside the image, its value (relative to a suitably normalized Lebesgue measure)
alternates between +1 (it is anti-symmetric under the action of the affine Weyl group). The three facets
of the moment polytope correspond to three submanifolds fixed by 1-dimensional subtori of T'. Each of
these fixed-point submanifolds is (topologically) a 2-torus. Note in particular that the vertices of the
moment polytope do not correspond to T-fixed points—this is an example of a q-Hamiltonian space with
no T-fixed points whatsoever.

Also shown in Figure |2.3] are the critical values which are closest to the origin. In this case we can
choose 7 = 0, and the central contribution is identically zero. We next determine the contribution from
the critical value 8 = a lying in the fundamental alcove. Let to C t be the subalgebra generated by 3
(the direction orthogonal to the wall A), and let ’ci be its orthogonal complement. We have a direct
sum decomposition t* = ti @ (t£)*.

As usual, let N denote the abelianization. The critical set Zg = @, (exp(3)) N N* is (topologically)
a circle inside the 2-torus N*2. According to the discussion in Sections 2.3—2.6, the contribution can
be computed using the local normal form: V x (t5)*. Since M is multiplicity-free, the cross-section is

4-dimensional, and so V =~ Zg x C. Therefore the local normal form is
Vx (t3)* ~ S x C xR.

The weight of Ta on the rank 1 complex line bundle S' x C is 1.
According to equation (2.26)), the contribution mg is

mg = 5/; * (Hl & dVOl(f)),
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where ¢ € (t5)*, dvol(€) is normalized Lebesgue measure on (t5)*, and H; is a Heaviside distribution
on t. The contributions from the critical points b, ¢ are Weyl reflections of the contribution from a,
and also have the opposite sign (—1), coming from the factor Eul(g,/t, 0). The sum of the contributions
from a, b, ¢ is shown in Figure Adding the contributions from more critical values produces similar

additional corrections.

2.4 Abelian localization

The abelian localization formula in equivariant cohomology goes back to the well-known papers of
Berline-Vergne [11] and Atiyah-Bott [7]. In this section we give a proof of a version of abelian localization
used in the main part of the paper. This version appeared first in [54], and a generalization was proved
in [48], [49). We ouly treat the special case of the total space of a vector bundle, although it is not
difficult to combine the cobordism methods with the vector bundle case here to obtain more general
results. Let H be a torus with Lie algebra . Let m : V — Z be an oriented, even-rank, H-equivariant

vector bundle over a compact oriented base Z, such that V¥ = Z.

We will want basic bounds on the growth of differential forms along the fibres of 7 : V — Z. Choose
an inner product on the fibres, a metric on the base Z and a connection on ¥V — Z. The connection, inner
product on the fibres, and metric on the base, induce a metric on V. Let | - | denote the corresponding
norm on the fibres of TV, and we use the same notation for the induced norm on the fibres of AT*V.
We will say that f € C°°(V) is rapidly decreasing along the fibres if, for each p € Z and 0 # v € V,,,
the function ¢ — f(tv) is rapidly decreasing. Let dvol denote the Riemannian volume measure on V; it
has the property that the volume of the disc bundle of radius r is a polynomial in r of degree equal to
the real rank of the vector bundle V. We will say that a form n € Q(V) is rapidly decreasing along the

fibres if |n| is rapidly decreasing along the fibres; in this case 7 is integrable, and

’/ 17‘ S/\?ﬂdvol.
v v

Proposition 2.4.1. Let H,V,Z be as above. Let n be a differential form which is rapidly decreasing
along the fibres of m: V — Z. Let X = X1 +iXy € he and write W = 2miX. Suppose that VX2 = Z
and

dwn = (d — «(W))n = 0.

Then we have the following abelian localization formula:

/V” - /Z Eul()z, W)’

Proof. We adapt the argument in [25]. Since VX2 = Z, the weights of the H-action on the fibres of V
do not vanish on X5, and so do not vanish on W. It follows that Eul(V, W) is invertible. We consider

the integral
/ nEul™ (Y, W) (2.27)
zZ

Let 7 be a compactly supported H-equivariant Thom form for the vector bundle V. Using the defining
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property of the Thom form, we can re-write equation as an integral over V:
/Z nEul~ (Y, W) = /v nT(W)n*Eul~ (Y, W). (2.28)
T is equivariantly cohomologous to the pullback of the equivariant Euler form 7*Eul(V), hence
T — 7 Eul(V) = dnA,
where A € Qg (V). Equation becomes

/ nEul ' (V, W) = / n(dw A(W) 4+ 7*Eul(V, W))7*Eul ™1 (V, W).
z %

One way to obtain a suitable form A is by using the standard de Rham homotopy operator. This involves
pulling 7 back along the scalar multiplication map [0,1] x V — V), (t,v) + tv, and then integrating over
[0,1]. For A obtained in this way, the norms |A\(W)| and |dw A(W)| grow slowly along the fibres (in fact
both can be bounded by a constant). Since 7 is rapidly decreasing along the fibres, its product with
either dw A(W) or A(W) is again rapidly decreasing along the fibres. It follows that the integral

/ o Bl (V, W)dw A(W), (2.29)
2

exists, and vanishes by Stokes’ theorem.

For the remaining term, 7*Eul(V, W) cancels, and we obtain:

/Vn:/ZnEurl(v,W).

O

We now specialize somewhat. Let H,V, Z be as above. Let o be a bounded H-equivariantly closed
form on V. Let w — ¢ be a H-equivariantly closed 2-form on V. Suppose there exists a vector 5 € h such
that (1) VB = Z, (2) there is an open cone C of directions around 3 € b such that for ¢ € C, (¢, &) has
homogeneous growth along the fibres of 7, for some positive exponent (¢ is polarized). More precisely,

assume that there are constants C' > 0,a > 0, D such that for £ € C, |{] = 1 we have
(6,8 (v) = Clv|* + D.

The polarization condition implies that ¢ is proper, and moreover, that if f is a Schwartz function on b
then ¢* f is rapidly decreasing along the fibres of .

Since VP = Z , the weights of the H-action on the fibres of V do not vanish on 3. Consequently, the
form Eul(V, X —isB) is invertible for all X € b, s € R\ {0}. Following Paradan [48], we introduce the

following H-equivariantly closed differential form with tempered generalized coefficients:

Eul-'(V, X) := lim %
p s—0+ Eul(V, X — isf)

(The intended meaning of this expression is that the fraction should be integrated against a smooth

rapidly decreasing measure on b, before the limit is taken.) That this form has tempered generalized
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coeflicients follows from the fact that the generalized function

¢(x) = lim !

s—0+ T — 18

is tempered.

Theorem 2.4.2. Let H\V,Z,w — ¢,B,a be as above. We have the following equality of tempered

generalized functions on h:
/ a(2miX)ew IS X) — / a(27riX)e‘“_2’”<¢’X>Eu1%1(V,2m'X). (2.30)
v Z

(In this expression, the integrands should be paired with a rapidly-decreasing smooth measure on §

before the integrals over V, Z are performed.)

Proof. Let fdX be a rapidly decreasing smooth measure on ), with Fourier transform f . Write a =
>k kpr- Then

b

/ a(2miX)e? 2O f(X) dX = are s (pr(—0) f).
k

Since py(—03) f is a Schwartz function, its pullback by ¢ is rapidly decreasing along the fibres of w. It
follows that the left-hand-side of (2.30)) defines a tempered generalized function. Moreover, we have:

//a(27TiX)e‘”_2”<¢’ X)dX = // lim o(27i(X —isB))e“_2”i<¢’X_isB>f(X) dX,
v Jy b

s—0t

s—0t

lim /f(X) dX/a(2m‘(X—isg))ew—mwx-isﬁ)_
b y

s—0t

= lim /v /h a(2mi(X — isB))ew2ri@X~isB) ¢(X) dX,

Here, the second line follows from the dominated convergence theorem, since the integrand is rapidly
decreasing along the fibres of V and on §. The third line follows from Fubini’s theorem, using the fact
that e~27(#:X~isB) ig rapidly decreasing along the fibres (so that the decay of f(X) is no longer needed
to guarantee convergence of the integral over V). We can now apply the previous Proposition m
to the integral over V), since the integrand is rapidly decreasing along the fibres, and is closed for the
differential dyy, W = 27mi(X — is3). The result is:

. _ w—27i(p, X — zs,B}
/ / a(2miX)e? 2" HeX) F(X)dX = lim f )dX / a(2mi(X —ispB))e .
vy s—0+ Eul(V, 27i(X —isp))

Applying Fubini’s theorem and the dominated convergence theorem now in the opposite direction gives
the result. 0O

In order to directly apply Theorem [2.4.2]in the main part of the paper, we would need to have a version
of for the orbifold V/T\. Alternatively, we can slightly modify to work with basic forms on

V, which is what we do now.

Corollary 2.4.3. Let H,V,Z,w — ¢, 3, be as in Theorem , Let H' be a second torus acting on
V and commuting with H. Suppose the action of H' on the base Z is locally free, and that o, (w — @)
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are H'-basic. Let q :V — V/H' be the quotient map, and let v € Q(Z) be a form such that q.v = ¢, a

constant. Then we have the following equality of tempered generalized functions on h:

/a(27riX)ue‘”‘27Ti<¢’X> :/a(27riX)uew_2m<¢’X>Eu1%1(V,2m'X). (2.31)
v z

Proof. Since H' acts locally freely on the base Z, we can choose an H’-invariant connection o on
m:V — Z such that the vector fields generated by the H' action are horizontal. The connection 1-form
is then H’-basic, and thus the corresponding representative for the Euler form is H’-basic. We can also
take the Thom form 7 to be H’-basic (for example, using the Mathai-Quillen representative built using
o). The proof is now almost exactly the same: we repeat the proof of Proposition With nv replacing
7, and then repeat the proof of Theorem [2.4.2] with av replacing . The only step requiring modification
is the final step in the proof of Proposition we are left with the integral

/V nur*Bul ™t (V, W)dw A(W) = /v dW<mr*Eu11(V,W)/\(W)>u.

All forms in the integrand are H’-basic, except v (\ is basic if we use the de Rham homotopy operator,
for example). Integrating over the fibres of ¢ and applying the orbifold version of Stokes’ theorem on
V/H' shows that this integral vanishes. O

In the main part of the paper, we apply to the case H =T, H =T), w — ¢ = wy — ¢y, and
« is the Ta-equivariantly closed, Th-basic (in fact, T-basic) form @(X)e'&*) with ¢ € (tX)* fixed.

Finally, we describe briefly how to compute the inverse Fourier transform of Eul%1 (V)(2miX). Choose
a complex structure on V such that the complex weights a7, ..., o, of the H-action have negative pairing
with 3. The bundle V splits into a direct sum of weight sub-bundles Vj:

V=V
k=1

where H acts on Vj, with weight o € h*. As the Euler class is multiplicative, it suffices to give an ex-
pression for the inverse Fourier transform of Eu%1 (Vi) (2miX) (the full result will then be a convolution).

So assume V has complex rank r and that H acts on V by a single weight a~ € bh*.

Choose an H'-basic connection on V with u(V)-valued curvature R. One has
Bul(V, 2miX) = e det@(ﬁR —2mila”, X>),

where ¢ = 41 is a sign, equal to —1 iff the orientation on V induced by the complex structure is
opposite the original orientation on V. For example, if V is a (complex) line bundle, Eul(V,27iX) =

e(z — 2mi{a, X)) where = ¢1 (V). Set z = —2wi{a~, X) and expand the determinant

Eul(V,27iX) = ez" <1 + Z cm(V)zm>,

m=1



CHAPTER 2. DUISTERMAAT-HECKMAN MEASURES AND HAMILTONIAN COBORDISM 46

where ¢,,(V) is the m** Chern class of V. Inverting and expanding in power series:

Eul(V7l27riX) B zi 2 < - Z Cm(v)zm>e'

£>0 m=1

Thus

B ' s € _ - Cm(v) )e
Euly (V. 2miX) = o e, X —isB)) g ( = (2mifam, X —isB)m )

The sum over ¢ truncates since ¢, (V)" = 0 for ¢ larger than half the dimension of the base. Using the
fact that (o=, ) <0,

f_l(lim 1 ):H_a: ot
s—0t =27i{a—, X —isf)

where a™ = —a~ (note (a™, ) > 0) and H,+ denotes the Heaviside distribution defined by

(Hoo f) = / " dtf (o).

Since the Fourier transform of a product is the convolution of the Fourier transforms, we obtain

r £
f-l(Eulg(v,mm'X)) =eHl x> < =Y emV) ;’1) :

>0 m=1

Hence in general we have

n Tk 4
f—l(Eu%l(v, 2miX)) =€ [ | H' > (_ cm(Vk)H;”;r> :

k=1 £>0 m=1

The exponents and product over k in this expression denote convolution, and 7 is the complex rank of
V.

2.5 Hamiltonian cobordisms

In this section, we recall the definition of Hamiltonian cobordisms ([21],[22],[26] ), and then outline proofs

of some key results referred to in Section 1.

Definition 2.5.1. Let (N;,w;, ¢, ), i = 0,1 and (]\7,&2, b, &) be Hamiltonian G-spaces equipped with
closed equivariant differential forms. We say that (1\7 , W, <Z;, &) is a proper Hamiltonian cobordism between

(No, wo, 9o, o) and (N1, w1, ¢1,01) if ¢ is proper on the support of & and

5‘N:N0I_I(—N1), LBN((IJ—QS):(WO—¢0)U(W1—¢1), LZN&:aoual.

Remark 2.5.2. Note that the definition implies ¢; is proper on the support of a;, i = 0, 1.

Theorem 2.5.3 ([26] Lemma 5.10). In the setting of Definition[2.5.1]

DH(N()vav ¢07O[0) = DH(N17W17 (rbl?al)'
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Proof. Using the definition, the difference is a distribution m whose pairing with f € Cg5,,,(9%) is

(m, f) = / 1 (a(—0)f 0 B)

Let {Ug} be a locally finite open cover of g* by relatively compact sets, and let {pr} be a partition of

unity subordinate to this open cover. Define distributions my,

(e, f) = /N (6" pr) d(*a(~0) 0 §).

Then supp(my) C Uy, and it follows that m = >, my, (the sum is locally finite) and each my, is compactly

supported. To show my = 0 it suffices to show all of its Fourier coefficients vanish. For X € g fixed

(a7 27N0) = [ (G 0) d(eE 2006 2ri)
N

P / (3 pr) o(X ) (€526 X) G (2 X)),
N

where we have used (d — 27riL(XN))(e‘:’_zﬂi@’X)d(QmX)) = 0. The last line vanishes, because the

integrand has no top-degree part. O

The next result can be compared to Theorem [2.1.1

Theorem 2.5.4 ([26]). Let N be a G-manifold, and o a closed equivariant differential form on N. Let
v: N — g be a bounded taming map. Let w; — ¢;, i = 0,1 be two equivariant 2-forms on N. Suppose
that

1. [wo — ¢o] = [w1 — ¢1] € Ha(N)
2. {¢;,v) is proper and bounded below on supp(«), i =0, 1.
Then DH(N, wo, ¢o, @) = DH(N, w1, 61, ).
Proof. Write (w1 — ¢1) — (wo — ¢o) = dgn for some n € QL(N). Let W = N x [0,1], and pull back

all equivariant forms as well as v by pr; (pullbacks omitted from notation). Let ¢ be the coordinate on
[0,1]. Define &g = & — ¢ by
WG = (wo)a + da(tn).

We have ¢ = (1 — t)¢o + té1, and thus

(9,0) = (1 = 1) {0, v) + {1, ).

Since a convex linear combination of proper, bounded below maps is proper and bounded below, <q~5, v)
is proper and bounded below on supp(«). Since v is bounded,  is proper (Prop. [2.1.5). (W, @, o, a) is
the desired proper Hamiltonian cobordism. O

Remark 2.5.5. Recall (see remark[2.1.8)) that one situation in which the condition [wo — ¢o] = [w1 — ¢1] €
Hg(N) is satisfied, is if N can be smoothly collapsed to part of a G-invariant submanifold Z, and

vy (wo — o) = 1 (w1 — ¢1).
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The Harada-Karshon Theorem is proven by showing that IV is cobordant to a small neighbourhood
of the critical set Z. The main challenge in the cobordism approach ([21],[22],[26]) is to construct a
proper moment map on the cobording manifold. As already pointed out in Lemma when v is
bounded, (¢, v) proper and bounded below implies that ¢ is proper. The convenience of working with

the condition that (¢, v) be proper and bounded below comes from two point-set topology facts:

(A) A finite collection of proper, bounded below functions f; can be patched together with a partition
of unity, and the result is again proper and bounded below (|26], Lemma 3.5).

(B) For G compact, the G-average of a proper, bounded below function is again proper and bounded
below ([26], Lemma 3.6).

We next outline the proof of Lemma [2.1.9] which we break into ‘existence’ and ‘uniqueness’ parts.

Lemma 2.5.6 (‘existence’, [26] Proposition 3.4). Let (N,w,¢) be a Hamiltonian G-manifold, possibly
with boundary, and « a closed equivariant differential form. Let v : N — g be a bounded taming map
with localizing set ZE| Let Y D Z be a G-invariant closed set. Suppose that (¢,v) is proper and bounded
below on Y Nsupp(«). Then there exists a v-polarized completion (N, @, (Z)) of (N,w, ¢, ) such that O—¢
equals w — ¢ on a neighbourhood of Y.

Proof. Since (¢,v) is proper and bounded below on Y N supp(«), it is possible to find a G-invariant
open neighbourhood U O Y Nsupp(a) such that (¢, v) is proper and bounded below on U ([26], Lemma
3.8). Let Uy = (N \ supp(a)) UU (an open neighbourhood of Y'). Let p1,ps be a partition of unity
subordinate to the open cover Uy, N\ Y, and let f : N — R be any proper and bounded below smooth

function. Let

V' = p1(,v) + paf.

It’s clear that v’ agrees with (¢, v) on a neighbourhood of Y. Note that ¢’ is proper and bounded below
on U, by point-set topology fact (A). Also, ¢ agrees with f on N \ Uy, and so ¢|y\y, is proper and
bounded below. Since supp(a) C UU (N \ Uy) (a union of two closed sets), this proves that 1’ is proper
and bounded below on supp(a). Now set ¢ to be the G-average of ¢)'. By point-set topology fact (B),
1 is proper and bounded below on supp(a). Moreover v equals (¢, v) near Y.

Choose a G-invariant Riemannian metric g on N, and define a 1-form © on N \ Z,

g(va 7)

e = .
g(vn,vN)

Finally, let
W —¢=0c=wq+de((¥— (¢,0))0).
Since ¢ and (¢, v) are equal near Y, &g is defined on all of N and equals wg on a neighbourhood of Y.
And
($,v) =7

which is proper and bounded below on supp(«) by construction. (N ,&1,(/3) is the desired v-polarized

completion. O

2We do not require that Z be smooth here.
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Lemma 2.5.7 (‘uniqueness’, [26] Lemmas 4.12, 4.17). Let (N,w,¢) be an oriented Hamiltonian G-
manifold, and o a closed equivariant differential form. Let v;, Z;, (U;, &;, &1), 1=0,1 be two sets of data

satisfying the following conditions:
1. v; : N — g is a bounded taming map with smooth localizing set Z;,
2. U; is a G-invariant open set that can be smoothly collapsed to part of Z;,
3. <¢~>i,vi> is proper and bounded below on Z; N supp(«).

Suppose further that vy, v1 agree on supp(«). Then
DH(Uy, &1, ¢1, o) = DH(Uy, @, do, ).
Proof. Put U = Uy U Uy and
W = (U x [0,1])\ (U \ Uo) x {0} U (U\ U1) x {1}).

Pull back w, ¢, vg, v1, a along the projection U x [0,1] — U, and then restrict to W (pullbacks omitted

from notation). Using ¢ as a coordinate on [0, 1], let
v =(1—t)vg+ toy,

and let Z = {plvw(p) = 0} be the corresponding localizing set (it need not be smooth). Since v1,vg

agree on supp(«),
Vlsupp(a) = Vtlsupp(a) = V0lsupp(a)-
It follows that {¢,v) is proper and bounded below on supp(a) N Z. Let (W, &),(;3) be a wv-polarized
completion of (W, w, ¢, a) (using Lemma . Since v is bounded, q~5 is proper on the support of «.
Thus W is a proper Hamiltonian cobordism between the two boundary components Uy, U;. By Theorem
2.9.9!
DH(Up, @|vy, dlves @) = DH(U1, &|v, , e, , ). (2.32)

For i = 0,1, (U,-,cD|Ui,q~S|Ui) is a v|y, = v;-polarized completion of (U;,w, ¢, o). However, recall that U;
is a G-invariant open set that can be smoothly collapsed to part of Z;. Remark shows that in this
case, any v;-polarized completion has the same DH distribution. Hence, the result actually follows from
(12.32)). O

Finally, we outline the proof of Theorem [2.1.11

Theorem 2.5.8 ([26] Theorem 5.20). Consider the setting of Lemma[2.1.9 Suppose further that (¢,v)

is proper and bounded below on the support of a. Then
DH(N,w, ¢,a) = DHY(N,w, ¢, a).
Proof. Let U be a G-invariant tubular neighbourhood of Z, and put

W= (N x [0, 1)\ (N\U) x {1}), Y = (Zx[0,1]) U(N x {0}).
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Pull back the equivariant forms and v to N x [0, 1] and restrict to W (pullbacks omitted from notation).
By assumption, (¢, v) is proper and bounded below on Y Nsupp(«). Apply Lemma to obtain a
v-polarized completion (W, o, q~5) of (W,w, ¢, ), with & — 6 being equal to w — ¢ in a neighbourhood of
Y (in particular, near N x {0}). Then W is a proper Hamiltonian cobordism between (N,w, ¢, «) and
(U7GJ|UX{1}7$|UX{1},a|U). The result follows from Theorem and RemarkM O

2.6 Smoothness of 7

Here we discuss the role of the assumption (Lemma that the localizing set Z is a smooth sub-
manifold. The smoothness assumption leads to a particularly simple description of the contribution of a
component Z; C Z to : it is the twisted DH distribution of any v-polarized completion of a tubular
neighbourhood of Z;.

However, in general Z = {vy = 0} is not smooth. On the other hand, the cobordism used in the H-K
Theorem (see Theorem or [26] Theorem 5.20) does not use the smoothness assumption. Neither
does the ‘existence’ part of Lemma m, since, for example, for the ‘polarized completion’ (U,&),q;)
which is constructed (see Lemma or [26] Proposition 3.4), @ — ¢ agrees with w — ¢ on an open
neighbourhood of Z, and so also makes sense when Z is singular. The assumption only plays a role in
the ‘uniqueness’ part of Lemma [2.1.9] (see Lemma [2.5.7] or [26] Lemmas 4.12, 4.17). Thus, one obtains
a localization formula for the Duistermaat-Heckman distribution quite generally, but the contribution
DH(U;, ®, é, «) of a component Z; is not as simple to describe.

In the general case, one can use the polarized completion appearing in the proof of Lemma [2.5.6
Alternatively, to get hold of the contribution DH(U;, @, gi;, «), one can try to choose a new taming map
v’ on N’ := U; now with a smooth localizing set, and then apply the H-K Theorem to N’ obtaining a
new Hamiltonian cobordism from N’ to a collection of smaller open sets U j’ around the components Z§

of the localizing set for v’. Then

o~ T o v’ A Y
DH(N7W7¢7O‘)*ZDH ;(vaad)aa)
J

and the uniqueness part of Lemma [2.1.9 applies to the terms on the right side of the equation. In this
way one obtains a formula for DH(N,w, ¢, &) using a composition of Hamiltonian cobordisms.

In the case v = ¢ where ¢ : N — t* ~ t is the moment map for the action of a torus T, a suitable v’
on N’ = U; can be obtained by perturbing v to v’ = v — v, where 7 is a small ‘generic’ element of t (see
Section ??). The perturbation 7 can even be chosen independently for each component Z; of Z. This is
similar to the perturbation used by Paradan in [49].

To see that the Harada-Karshon Theorem applies to (N’ = U;, @, q~5, a) equipped with taming map
v’ = v — v (with 7 sufficiently small), one needs to check that (q@, v} is proper and bounded below on

s
N'Nsupp(«). The moment map ¢ of the polarized completion (N, @, (,ZNS) can be obtained from the proof

of Lemma 2.5.6}
d=6— W loIPen, (O, x) = LW EN) oy
g(vn,vN)

where g is a T-invariant Riemannian metric on N and v > ||¢||? is a smooth T-invariant function on N’
which is proper and bounded below on supp(a), and agrees with (¢,v) = ||¢||?> on a neighbourhood of
Z;. (Note that 1 — ||¢]|> = 0 on a neighbourhood of Z; = {v)y = 0} N N’, so it is not a problem that ©
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is not defined there.) Then

50) = 1 — (6,) + (0 — [|o|2) LA ).

(Bu0') == (917) + (0 Jol) S

In our case, the neighbourhood N’ = Uj is such that supp(a) N N’ is compact and N’ N {vy = 0} = Z;.
This implies that |(¢,7)| < C; and |g(vn,vn)| < Co are bounded on supp(a) N N7, and that g(vn,vy)
can be bounded below by a positive constant 0 < C3 < 1 on (N’ Nsupp(«)) \ supp(¢p — [|4]|?). Replacing
v with C3(Cq + 1)~ 1, we have

Cs 1

<¢,UI>Z¢—01—02+1¢202+1

Y —C

on N’ Nsupp(). This implies that <¢~>, v’} is proper and bounded below on N’ N supp(«).

Because of the ‘uniqueness’ part of Lemma [2.1.9] the formula obtained from the above composition
of Hamiltonian cobordisms is the same as that obtained from perturbing the taming map v = v — «
from the beginning, as we did in the main part of the paper. From this one can see that the terms mg
of are the same as the contributions obtained using the unperturbed taming map v = ¢.

Remark 2.6.1. Harada-Karshon work with a weaker condition: that a neighbourhood of the localizing
set Z admit a smooth equivariant weak deformation retract to Z E| This condition is appealing in that
it guarantees the ‘uniqueness’ part of Lemma An interesting question left open in [26] is whether

the localizing set Z in the case v = ¢ always satisfies this weaker condition.

3This is the same as what we have shortened to ‘smooth collapse’ (Definition [2.1.7]), except with Z’ not required to be
smooth.



Chapter 3

Duistermaat-Heckman measures and

Bernoulli series

In this chapter we derive a ‘norm-square localization’ formula for a Duistermaat-Heckman measure m on
t associated to a Hamiltonian LG-space (see Chapter 2 for background). The terms of the formula agree
with those in the formula proved in Chapter 2, but they are expressed in terms of ‘germs’ of piece-wise
polynomial functions convolved with multi-splines, rather than Duistermaat-Heckman distributions of
polarized completions. The method of proof is different: it is based on the abelian localization formula for
the distribution m (c.f. [B], [39], [1]) and a combinatorial ‘decomposition formula’ for multiple Bernoulli
series due to A. Boysal and M. Vergne ([15]).

As we will see, there is a close connection between the abelian localization formula for quasi-
Hamiltonian G-spaces and multiple Bernoulli series. Indeed, a collection of examples are related to
moduli spaces of flat connections on a compact Riemann surface having at least 1 boundary component.
In these examples, the twisted Duistermaat-Heckman distributions are essentially Bernoulli series, and
the norm-square localization formula coincides with the Boysal-Vergne decomposition formula. (These
examples are closely related to Witten’s formulas for intersection pairings on moduli spaces of flat con-
nections on Riemann surfaces.)

This chapter is fairly brief, as it is meant mainly as a warm-up for the analogous but more complicated

‘quantum version’ of the problem studied in the next chapter.

3.1 Multiple Bernoulli series

In this section we study a certain class of periodic distributions known as multiple Bernoulli series. They
were studied in depth by several authors, including [58], [I7], [I5], [9]. Part of the interest in these series
comes from their appearance in Witten’s formulas [63] for intersection pairings on moduli spaces of flat

connections on compact Riemann surfaces.

3.1.1 Lattices

We collect here some simple facts about lattices. Some of these facts will not be use until Chapter 4.

Let V be a finite dimensional vector space, and I' a lattice in V. Let V* be the dual vector space and

52
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I'* = Homg(T', Z) the dual lattice.

Proposition 3.1.1. Let W be a subspace of V' such that W NT is a full-rank lattice in W. Let ey, ..., g
be a Z-basis of W NT. Then eq,...,e; can be extended to a Z-basis of I.

Proof. The proof is by induction on the codimension, so it suffices to consider the case when W C V is
codimension 1. Let & € T'/W be a Z-basis for T'/W viewed as a lattice in V/W. Let v € T be a lift of
0. We claim that ey, ..., ex, v is a Z-basis for I. Indeed, suppose u € I' and let u € I'/W be its image in
the quotient. We have @ = nv for some n € Z. Therefore u —nv € W NI, and so can be expressed as

an integer linear combination of ey, ..., ex (as the latter forms a Z-basis for W NT). O
Definition 3.1.2. A subspace W C V is rational if W is cut out by elements of T'*.

Definition 3.1.3. An integral inner product B on (V,I") is one that takes values in Z when restricted
to I'. Equivalently, B*(T") C T'*.

Let B be an integral inner product, and W C V a rational subspace. Using Proposition [3.1.1] one

can easily show:
1. U c V is rational iff ' N U is a full rank lattice in U.
2. The dual lattice (T' N W)* is T* /Jann(W).
3. The orthogonal complement W+ is rational.

4. If pr: V — W is the orthogonal projection, then the isomorphism B” : W — W* identifies (Wnr)*
with pr(T™*).

Let H = V/I' (a torus). Suppose there is a second lattice E D I" and set
H,=("'Z/T C H.

The following result is used in Chapter 4.

Proposition 3.1.4. Let h € H and suppose there exists some £ such that h € Hy. Let ¢y be minimal
such that h € Hy,. Then the set of £ such that h € Hy is the set of positive integer multiples of {y.

Proof. Note that h € Hy iff h® € H,. The set of £ € Z such that h¢ € H; is clearly an ideal in Z, and ¢,

is the unique positive generator. O
The following version of the Poisson summation formula is used in this chapter as well as Chapter 4.

Lemma 3.1.5. Let I'* C A* be full rank lattices in V*, and let W C V be a rational subspace. Let d§
be Lebesgue measure on V, normalized such that the induced measure on T = V/A is normalized Haar

measure. Then we have an equality of distributions

Z eQTri(ME)df = Z 5U(§)

vel*Nann(W) Uel'/W

In this sum, U is understood as a coset v+ W for v € I, and the normalization for §y is fixed to be the
pullback of normalized Haar measure on the (possibly disconnected) group exp(I' + W) C T.
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Proof. View the left-hand-side as a periodic distribution on V', hence a distribution on 7' = V/A. The
Fourier coefficients of this distribution are 1 exactly for A € I'* Nann(WW) C A* and 0 otherwise. The
delta distribution on exp(T" + W) (using its normalized Haar measure) has the same Fourier coefficients.

Now pullback to periodic distributions on V. O

3.1.2 Definitions and piece-wise polynomial behaviour.

Let t be a vector space and A C t a lattice of full rank, and T" = t/A. Let B(—,—) = (—,—) be an
integral inner product on t. Throughout we use B to identify t >~ t*, and view both A and its dual lattice

A* as subsets of t. Let o = (au, ..., ) denote a list (repeated elements allowed) of elements of A* ® Q.

Definition 3.1.6. The multiple Bernoulli series associated to the data (t, A*, ) is the distribution on

t given by
—2mi(p, )
e
Ba() = 3 = —dma
“ ,\;* HaEa 27TZ<O[, )‘> ,
where the ' next to the summation sign indicates that the sum is over those A\ € A* such that the

denominator is not zero, and ma denotes the translation-invariant measure on t such that the induced
volume of the torus T = t/A is 1.

The distribution Bg is A-periodic. The inverse Fourier transform of By is the function By : A* — C
given by

1 : * _
BG(A): m lf)\éA \U{OZ—O}

0 otherwise.
Later on, it is sometimes convenient to view this as a delta-type distribution supported on A* C t.

By taking spans of subsets of a together with their translates by elements of A, we obtain a periodic
affine subspace arrangement in t. Following [I5], we refer to these as admissible subspaces. Let S =
S(a, A) denote the collection of admissible subspaces.

Suppose that a spans t*. Then the codimension-1 admissible subspaces form an infinite periodic

hyperplane arrangement, and we call the connected components of the complement the chambers.

Theorem 3.1.7 ([58], [17]). Suppose o spans t*. Then Bg is locally L' and the restriction of By to

each chamber is polynomial.

Let S C t be a rational subspace (S is cut out by elements of A*). For any translate A of S define
_ _ Ll
ap =as ={a € alae S}, ax=ag5 =a)ag.

Let tao = tg = S+ be the orthogonal complement to S relative to the integral inner product B, and let
Ta =Ts = exp(ts) C T be the corresponding subtorus. The translates A = Ax 4+ S of S by elements of
A are parametrized by the quotient A/S.

Proposition 3.1.8. The Bernoulli series B(ag) is a sum of distributions B(aa;A) supported on
translates A = Ax + S of S, where Ap € ANA. Thus

Blas)= Y Blaa;A). (3.1)

AeA/S
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Let 1 : S — t be the map t*(\) = A+ Aa. Let Bqo s be the (lower-dimensional) Bernoulli series defined
by the data
(t/ts, A" /ts, as).

Note that Be,s can be viewed as a distribution on S using the isomorphism t/ts ~ S determined by the
inner product. Then
B(QA; A) = L*ABaﬁs.

Proof. We have a short exact sequence
0—A"Ntg > A" = A" /ts = 0.

Choose representatives X' € A* for the elements of A*/tg. The linear functions aug are constant on
translates of tg. Hence a(N 4+ A) = a(XN) for A € A*Ntg, @ € ag. This means in particular that whether
a(N + ) is zero (i.e. whether A’ + X appears in the sum) depends only on A, not on A € A* Ntg. Thus

we can split up the sum over A* into an iterated sum

7271'1(# A7)

Bles)) = 3 T —ritary 2 ¢V

AEA*Nts

By the Poisson summation formula

Z 6_2”“’\>dmA Z oa(p

AEA*Nts A€A/S

where 0a := t2dmpns. This shows that B(ag) is supported on A 4+ S, the set of translates of S by
elements of A. If u = Aa + p’ is in the support, with Ax € ANA and p' € S, then e~ 2miAaN) = 1 since

elements of A, A* pair to give an element of Z. Thus on the support of the inner sum, the outer sum is
Ba,S (ﬂl)- O

Remark 3.1.9. A corollary of this result is that if S = span(@) then B,, is supported on the A-translates
of S.

If A = Aa + S is admissible, then by definition aug spans S. Thus Theorem [3.1.7] implies that
Ba.,s is locally L' and piecewise polynomial on S, more precisely, for each chamber ¢ of a hyperplane
arrangement in .S, there is a polynomial p such that p - dmans agrees with By g on c. It follows that

B(aa; A) agrees with a polynomial distribution on certain chambers in A.

Definition 3.1.10. If v € t is generic, then the orthogonal projection of v onto A, denoted pra (), lies

in the interior of one of these chambers and thus selects a polynomial distribution
Ber(aa;pra(y)) : A — C,

which agrees with B(aa;A) on the chamber containing pr (7). We will refer to Ber(aa;pra(y)) as
the polynomial germ of B(aa; A) at pra(7y).

For later reference it is convenient to record the inverse Fourier transform of B(aa;A): this is a
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distribution on t* ~ t defined by the equation
(F7'B(aasA), f) = (Blaa; A), F1f),

where F~1(f) is computed by the usual formula, integrating against the measure dm,. Under the

orthogonal direct sum decomposition t =S & tg, the measure dm, decomposes into a product
dmp = dmpns X dmA/S.

where dmy g is the normalized measure for A/S, viewed as a lattice in tg. The sub-lattice ANts C A/S
has finite index equal to |Ts N T4 | where Ts = exp(ts), Ta = exp(S). This also equals the volume of

Ts relative to the normalized measure determined by the lattice A/S. Thus
dmA/s = VOI(Ts)dm/\mtS. (3.2)
The measure dmy /s defines a pull-back operation for distributions ¢ on S:

(m5¢, f) = (@, (ms)« f)

where (mg). denotes integration along the fibres of the orthogonal projection 7 : t — S, using the
measure dmy /s.

Taking the push-forward by ¢, the inverse Fourier transform F~!B(aa;A) is obtained by pulling
back F~!Bg, g using 7%, and multiplying by a phase e?™Aa.7) where Aa € ANA. Thus F~'B(aa; A)

is supported on A* 4+ tg C t, and can be expressed as
f‘lB(aA; A)=b-5(A" + tg)

where §(A* 4 tg) is a delta-type distribution supported on A* 4+ tg C t defined by integration against
the measure dmantg on tg, and b is the function of A € A*, € € tg given by

TSOTL&, a,\) #0,a € aa
(A + &) = | s e (@A) (3.3)

0, otherwise.

Remark 3.1.11. If u € A* + tg, the decomposition p = A + & with A € A*, £ € tg is clearly not unique.
But elements of aa pair with elements of tg to give 0, while elements of A* pair with Aa € A to give an
integer, by definition. Thus equation is independent of the choice. Also we can replace Ay € ANA
with its orthogonal projection pa to tg = ta.

3.1.3 Boysal-Vergne decomposition formula.

Let & = (o, ..., a) be a list of elements of t* and suppose that v € tis polarizing for v, i.e. v satisfies
(aij,v") #0,i=1,...,n. For each o), € e, let o) = ey, where ¢, = £1 is such that (o), v*) > 0.
The multi-spline distribution H(a, ™) is defined by

<H(a77+)7f> =€ f(tlaf-k-}-tna:)d”t’ € = Hek'
Ri i
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Apart from the sign e, it is a convolution of Heaviside distributions H%h supported in the half-space

~T > 0. The inverse Fourier transform of Ha: is the distribution

. (6) = I :

1m - - dmA.
ok s—=0+ 2m<a;,§ —isyT)

(The meaning of this expression is that the fraction should be integrated against a smooth compactly
supported function before the limit is taken.) The inverse Fourier transform of H(a;~™) is therefore
. 1

H(o;~T =€ li .
(e597)(E) es—1>%1+ L 27rz'<a;:,£—i5'y+>dm1\

We are now ready to state the decomposition formula of [I5] for Bs. For this we need to choose
a sufficiently generic element v € t. To be precise, we require two conditions. First, that for each
admissible subspace A € S, the orthogonal projection pra(7y) of v to A lies in a chamber for B(aa; A)
(this implies that the distribution Ber(cea;pra (7)) is defined). Second, we require that v{ := pra (y) —v
be polarizing for the list X (this ensures that H(ax;vL) is defined).

Theorem 3.1.12 ([I5]). Let (t,A*, @) be data defining a multiple Bernoulli series B(cax), and let v € t
be generic. Then

B(a)= Y Ber(aa;pra(y)) = H(ax;v4)- (3.4)
AES(a,A)

Remark 3.1.13. This can be proved inductively using properties of Bernoulli series. If o spans t*, then
A = t is an admissible subspace, and its contribution is Ber(e; ), the polynomial on t which agrees
with By on the chamber containing . All other contributions are contained in half-spaces which do not
intersect the chamber containing ~.

In the simplest case when a = (), this reduces to the Poisson summation formula. Indeed, in that
the set of admissible subspaces is S = A, H = dg, Ber(aa;pra(y)) =90y where \=A e A=S.

3.2 Norm-square localization formula

In this section we derive a ‘norm-square localization’ formula for a Duistermaat-Heckman distribution

m on t associated to a quasi-Hamiltonian G-space (see Chapter 2 for more background).

3.2.1 Fixed-point expressions.

Let G be a compact connected Lie group. We identify the Lie algebra g with its dual using an invariant
inner product B(—,—) = (—,—). Let T C G be a maximal torus with Lie algebra t. Let A denote the
integral lattice, and A* its dual, the weight lattice. We assume the inner product is integral in the sense
that B(A,A) C Z. Let R denote the roots, and R a fixed set of positive roots. Let A, denote the
set of regular elements, that is, the subset of A € A* such that (A, a) # 0 for each root a. We equip g/t
with the complex structure such that the complex weights of the adjoint T-action are R ..

Let

Eul(g/t,€) = [[ —(a. ),

a>0
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be the T-equivariant Euler class of g/t viewed as a T-equivariant vector space over a point, using the
orientation induced from the complex structure on g/t determined by the positive roots.
Let (M,w, ®) be a quasi-Hamiltonian G-space. We consider the Duistermaat-Heckman distribution

on t given by the formula

w(I) )

Eul(g/t, —2mi)) L —2mi(A) i o )
Z ul(g/t, ~2mi Z /Eul VF,—27TZ/\)6 A (3:5)
AeAL, FCM>

Some comments on this expression:

1. The sum always converges in the sense of distributions. It defines a A-periodic distribution on t

(equivalently, a distribution on 7°), which is alternating under the action of the Weyl group.

2. For A € A’ the fixed-point subset M* C ®~1(T). The phase ®(m)?* is constant for m € F C M*

reg

and is denoted ®7}.

3. We could replace the sum over A, with a sum over all of A* since the pre-factor Eul(g/t, —2mi\)

reg
vanishes at all non-regular elements. The integrand makes sense for non-regular weights as well,

since ' C M* = ®(F) C G*, and A\ € A* defines a homomorphism G* — U(1).

Remark 3.2.1. Equation (3.5)) is a different expression for the same distribution m’ := DH(N, 7*w,, ¢, 7*7)
(with @ = 1, and 7 the quotient map N' — N = N /A) considered in Chapter 2. To see this recall that
the latter distribution was periodic, hence could be viewed as a distribution on the maximal torus T’

viewed in this way, its Fourier coefficients are given by
(m' ey) = / ¥ PN (—2miN), AeA”.
N

Using the equivariance properties under the action of Ng(T) (and the anti-symmetry of 7), this expres-
regs SO We can assume A € Af,,. On the other hand, the integrand is closed with
respect to the differential d_2x;), and so localizes to the fixed-point set of A. Since A € Af,, G* =
hence N* € ®~1(T). Tt follows M* = N*, and also that after pulling back to M?*, the Thom form can
be replaced with the Euler class of g/t. Thus

sion vanishes for A ¢ A’

w(I))\

Eul -2 —F. .

(m',ex) = Bul(g/t, =2mid) > /Eul (v —27iN) (3.6)
FcM>

Using the Fourier inversion formula

m = Z (m’,e,\>e_,\dmA
AEA*
we obtain equation . Equation was described in greater detail in Theorem 5.3 of [39] (it is
related to the abelian localization formula for g-Hamiltonian spaces in [5]). As explained already in
Chapter 2, morally this is a formula for the DH measure of ®~1(T), viewed as a periodic distribution
on t, and it in fact agrees with this in the case that ® is transverse to T. See Chapter 2 as well as [39]

for more details.

For each component F' arising in the expression (3.5) above, let tp denote the Lie algebra of its
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stabilizer in t, and Tr = exp(tp) C T. Choose a complex structure on the normal bundle vp; this can
be done for example by choosing a generic § € t, and using the almost complex structure on vg such
that the complex weights of the action of T pair positively with §. Let ap C t}, = A*/ t# denote the
list of weights on the normal bundle vr. We exchange the order of the summations in , to first sum

over orbit-types and then over weights:

wq)A
_ Eul(g/t, d,,) ) g 3.7
m=> mp  mp(n) = Eul(g/t P Eul(uF,—2mA)e s (3.7)

where the sum runs over A € A* N tx such that the weights of the Tr action on vg do not vanish on .
Equation (3.7) suggests that we define slightly more general multiple Bernoulli series, given by similar
sums but now involving also differential forms. We will be somewhat brief, as a similar development is

carried out in the next chapter. Define

—27i{p,\)

! (&
B(vp) = L —; . 3.8
r)= D Eul(vp, —2min) A/ G (38)
AEA*NtE

Taylor expanding Eulfl(VF, —2miA) in the curvatures, one sees that B(vp) is a finite linear combi-
nation of characteristic forms on F' with coefficients that are multiple Bernoulli series for the data of
the form (tp, A* Ntr, ak), where L = (¢4, ...,4,) is a multi-index, and by al we mean the list a with
elements repeated according to the multi-index L. The Boysal-Vergne decomposition formula (equation
(3-4)) can be applied to each of these ordinary multiple Bernoulli series, resulting in a expression for
B(vp).

In order to write the resulting formula in a relatively compact form, we generalize the definitions of
the distributions Ber(aa; pra(y)) and H(ok;y4) similar to (3.8).

Fix A C tp, an admissible subspace for . Then
aF:aF,AUaI%,A, apa ={a € alae A}

Let vp A be the sum of all weight sub-bundles whose weight is contained in apa. It is the sub-bundle

which is stabilized by ta. We have a direct sum decomposition
Vp =Vp A D VI{{A.

Then ap A and a#’ A are exactly the lists of weights on vp A and VI%’ A Tespectively.

Define B(vp a) similar to . Using a Taylor expansion in the curvatures, one defines B(vp a;A)
and Ber(vp a;pra(7y)) by applying the definitions from previous sections to the coefficients appearing in
the Taylor expansion (which are multiple Bernoulli series).

The definition of H (Vf,: A3YK) can be given in the same way. Alternatively, H (1/1{: A3YA) can be

defined as the Fourier transform of the form with generalized coefficients (c.f. [48], or Chapter 2):

€

I : 3.9
0+ Eul(vg 5, —2mi(\ — isYA)) .

where € = %1 is a sign relating the orientations of 1/1{:7 A induced by the complex structures for which the

list of weights are aup, af: respectively (in other words, e = (—1)* where k is the number of sign flips,
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when the weights are counted with multiplicity).

Proposition 3.2.2.

B(vp) = > Ber(vraipra(y) * H(vga, 74)- (3.10)
AeS(ap,A/ty)

We omit the proof, since a similar proof is given in the next chapter.
Note that B(vr) was defined with coefficients which are distributions on tg. Under the orthogonal

direct sum decomposition t = tg ® tl%, the measures dmy and dm /e satisfy
dmpy = dmy L X dmpyng
The measure dm ANt On t5 defines an integration along the fibres map
(7))« : Coomp(t) = Coomp (tF),

and by duality, a pullback map 7} on distributions. The pullback 7} B(vr) appears in (3.7).

3.2.2 Applying the decomposition formula.

We next apply to each contribution mp in . We are free to choose the center v of the decom-
position independently for each F'. The factor @f‘; means that the result will be translated compared to
(13.10]).

For each F', choose a point = € F, then ®(x) € T and ®} = ®(x)*. Choose a logarithm in t = t* of
®(x) € T, and let ¢ be the image of this logarithm under the quotient map

t — t*/ann(tp) ~ t/t5.

The result is independent of the choice of € F (by the moment map condition), but changes by an
element of A/t5 when the branch of the logarithm is changed.

Thus
>

AEA*NtR

o @he2miln)

where Ty, denotes translation by ¢r. To compensate for the translation by ¢r, we apply (3.10) to mp

choosing the center of the expansion (which we now denote v'), to be

7/ - 7¢F +7,
where ~ is a small perturbation to ensure that center 4’ is generic. This ensures that the terms in (3.10))

for Ty, B(vr) will be centred around « =~ 0. Applying (3.10), equation (3.11)) becomes

T <T¢F > Ber(wpaspra(v) # Hwpas (’V')Z)) :
A’ES(OLF,A/’(F)

We make a change of variables to incorporate the translation Ty, : translating the subspaces A’ by ¢p
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we obtain a new set Sp = S(ar, A/tr, dF) of affine subspaces A = A’ + ¢p. The translate
Ty Ber(vpar;pra (7))
is polynomial and supported on A = A’ + ¢, and agrees with the translate
TyeB(vpas A')

near the point
pra(7) + ér =pra(y).

This motivates the notation
B(VF,A§ A) = T¢FB(VF,A’; A/)

and

Ber(vp,a;pra(7)) i= TorBer(vears pras(v)).

Note also that v{ = pra(y) — v =74,
With this notation, equation (3.7) becomes

m= S Bulla/t9,) [ ¢ 3 Berlvmaipra(n) s HEaind). (3.12)
F AESE

(Here and below we omit 7} to simplify notation.)

3.2.3 Grouping the terms.

The next step is to exchange the order of the two summations ) ., > . From now on view the affine
subspaces A as subspaces of t, by taking inverse image under the orthogonal projection g : t — tp.
Terms in the sum are indexed by pairs (F,A) consisting of a fixed-point submanifold F C M, and an
affine subspace A € Sg. Let S be the union of all the collections Sp. Group the terms corresponding to
(F,A), (F',A’) together if A = A’ (= ta = tas), and F, F’ belong to the same connected component
C C M*'». Note that for such pairs, the projection pru(7) is the same (meaning that the ‘polynomial
germs’ are taken about the same point), as is the polarization direction 'yI.

For F C C C M', let vc denote the normal bundle to C' in M, and vp ¢ the normal bundle to F
in C. Clearly

L
VF.A = VF,.C, VEA = velr.

Exchanging the order of summation, equation (3.13)) becomes

m= Z mZO}C, (3.13)
A,C
where
micjlc = Eul(g/t,0,) Z /FGMBGI"(VF,c; pra(y)) * H(ve;vk). (3.14)
FccC

We make a few comments on equations (3.13)), (3.14]). The subspaces A € S correspond to ta-fixed-
point submanifolds of the associated Hamiltonian LG-space. The generic point 7 (near 0) is the center of
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the decomposition. There is a central contribution from A = t, which is polynomial. More generally, the
term Ber(vp,c; pra (7)) has coefficients which are polynomial distributions supported on A. H(vc;vX)
has coefficients which are multispline functions polarized by *yX = ya — 7. In particular, the coefficients

of the terms A # t are supported in half-spaces not containing ~.

3.2.4 A related distribution.

It is useful to consider a closely related distribution, defined by replacing Ber(—) with B(—) in equation
(3-14):

mac = Bul(g/t,8,) / ¢ Bupes A) + HveivL). (3.15)
FccC

Thus mpAO’IC is obtained from ma ¢ by taking ‘polynomial germs’ along A, around pr a (y)—more precisely,
replacing the piecewise polynomial distributions B(vp c; A) supported on A, with the unique polynomial
distributions Ber(vp,c; pra(7)) agreeing with them on a neighbourhood of pr(y) in A.

We next work out the inverse Fourier transform of ma ¢. Let A € A*Ntp and € € ta. Using equation

(3.3) we have

¢2mitna &) )
Eul(vp,c, —2miN)

FIBpo; AYN+€) = |[TaNTa| S(A* N tp +ta) (3.16)

for A such that (a, A) # 0, @ € aa, and is zero otherwise. Here 6(A*Ntp+1ta) is a delta-type distribution
supported on A* N tp + ta, defined using the measure dmang, on ta (see equation for example),
Tx = exp(tx), and pa = pra(0).

This expression defines a distribution on tg, supported on A* Ntr + ta. To obtain a distribution on
t, one must then push-forward under the inclusion tp < t (the pull-back 7} of B(vp) corresponds to

push-forward for the Fourier transform).

Remark 3.2.3. In general a point u € (A* Ntp + ta) can be expressed as a sum in more than one way.
Ifpu=A+&=N+¢€, then A\ — X € A*Nta. But for F C O, ®% = e2™i1a¥) for y € A* Nta. Thus the

expression above is independent of this decomposition.

Combining this with the inverse Fourier transform of H(—) gives the following,.

Theorem 3.2.4. Let A+ & € A* +ta. The inverse Fourier transform of ma ¢ is supported on A* +1ta,

and is given by

w(I))\ 2mi{pa,€)

Bul(g/t, —2mi(A +€)) > / CROC ITa NTAIS(A* N tp +ta).  (3.17)
F

o om0 Eul(vg, —2mi(A + € —isy}))
Here ep ¢ is the sign relating two orientations on vc (see equation (3.9))).

Proof. Since the inverse Fourier transform of a convolution is the product of the inverse Fourier trans-
forms, using the multiplicativity of the Euler class and equations (3.16)), (3.9), F~'ma c(A+ &) is given
by

e @) e2milhad)
Eul(g/t, —2 )\ + TANTAIO(A* Nty +t
ul(g/ i 9 F%Ls%0+ Eul(vp, —2mi(\ + & —isy ))‘ A A| ( FFta),
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where the sum over I C C is only over those F' such that A € (A*Ntg)\Uq, o {0 = 0}. Since ap A is the
list of weights on the normal bundle to F' in C, this condition means that F' is a connected component
of C*. (This is similar to the derivation of equation (3.7)), but in reverse.) O

Our reason for working out the inverse Fourier transform (Theorem is that one can now see
that ma ¢ takes the form of fixed-point contributions for an integral over C—or even better perhaps,
an integral over the total space of the normal bundle vc. Following this idea, one finds that ma ¢ is
essentially a Duistermaat-Heckman distribution for the total space v, twisted by the pullback of a Thom
form for the normal of the maximal torus 7" in G. In particular, by taking the support of this Thom
form sufficiently small, it follows that the non-zero contributions ma ¢ are labelled by critical points of
the norm-square of the moment map for the LG-space—this part of the argument is identical to that in

Chapter 1. This implies the corresponding vanishing results for the closely related distributions mio,lc,

_ pol
m= Z Mac
A,C

as a ‘norm-square localization’ formula. We do not pursue this in any more detail—the result is similar

and justifies referring to the formula

to the results in Chapter 1—since the developments in this chapter are intended mainly as a warm-up

for the analogous quantum version of this problem in the next chapter.



Chapter 4

(@, R] =0 and Verlinde Series

Let G be a compact Lie group with Lie algebra g, and (M,w) a compact Hamiltonian G-space with
moment map ¢ : M — g*. Suppose M has a G-equivariant prequantum line bundle L. Choose a
G-invariant almost complex structure on M which is compatible with the symplectic form. The index

of the Dolbeault-Dirac operator twisted by L defines an element
Q(M, L) :=index(Dr) € R(G).

The [@, R] = 0 Theorem (conjectured in [24], and proved in this degree of generality in [38], [45]) states
that

Q(M>L)G :Q(M//G7L//G)7 (4'1)

the multiplicity of the trivial representation in Q(M, L) equals the corresponding index for the symplectic
quotient ¢~1(0)/G (suitably defined when the quotient is singular).

An early approach of Meinrenken [37] to the [@Q, R] = 0 Theorem involved replacing L with L*¥ and
studying the limit & — oo using the stationary phase approximation. Using Ehrhart’s Theorem [19] and
the fixed-point formula, one shows that, at least for sufficiently large k, the multiplicity of the trivial
representation in Q(M, L¥) is a quasi-polynomial function of k (c.f. [37]). This allows the o(k~>°) errors
in the stationary phase approximation to be eliminated, leading to a proof of for L*, assuming k
is sufficiently large. To make this approach work for k& = 1, one would need to prove that Q(M, L*)% is
quasi-polynomial in k for all k > 1.

A powerful approach to the [@, R] = 0 Theorem was developed by Paradan [50]. The geometry
underlying this approach is strongly related to the norm-square of the moment map ||4||?. Paradan used
the Hamiltonian vector field for ||¢||? to deform the symbol of the operator Dy, to a transversally elliptic
symbol with support contained in a small neighbourhood of the set of critical points of ||¢||?. In this
way he obtains a formula for the multiplicities in Q(M, L), with terms labelled by the components of the
critical set of ||¢[|?. If 0 is a regular value of ¢, then the term corresponding to ¢~1(0) C Crit(||¢[?) is
quasi-polynomial, and the ‘correction’ terms labelled by other components of Crit(||¢||?) are supported
away from 0 € g*.

Szenes-Vergne [60] noticed that Paradan’s norm-square localization formula for Q(M, L¥) could be
derived from the Atiyah-Bott fixed-point formula using a combinatorial argument involving partition

functions. They explained how the resulting formula leads to a proof that Q(M,L*)¢ is a quasi-

64
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polynomial function of k, for all & > 1. Combined with the earlier approach of Meinrenken [37], this
provides possibly the most elementary known proof of the [@Q, R] = 0 Theorem for compact Hamiltonian
G-spaces. The goal of this paper is to carry out the first part of this strategy in the case of Hamiltonian
loop-group spaces.

Many well-known results for compact Hamiltonian G-spaces have analogs for proper Hamiltonian
LG-spaces (LG=the infinite dimensional loop group). Examples include the cross-section theorem, the
convexity theorem, Duistermaat-Heckman formulas, c.f. [46], [2], [5]. It is thus natural to ask whether
there is an analog of Q(M) and of the [@, R] = 0 Theorem for a Hamiltonian LG-space M. A definition
of Q(M) was proposed in [44], in terms of a push-forward in twisted K-homology from a certain finite-
dimensional quotient M = M/QG to G; the result can be viewed as a positive-energy representation of
LG via the Freed-Hopkins-Teleman Theorem. There is a [Q, R] = 0 Theorem in this context, proved in
[] by quite complicated means]T]

Let G be simple and simply connected, T' C G a maximal torus, and A* C t* the weight lattice. Let
U : M — Lg* be a proper Hamiltonian LG-space, with level k; > 1 prequantum line bundle L. Then
the level k quantization of M, denoted Q(M, k), is defined for each k = nk;, with n a positive integerﬂ
For convenience we define Q(M, k) to be zero when k is not a positive integer multiple of k;.

The level k irreducible projective positive energy representations of LG are labelled by the set A} of
dominant weights A satisfying B(\, ) < k, where 6 is the highest root and B is the basic inner product
(normalized such that B(a,a) = 2 for each long root «). Thus the multiplicities of the irreducible

representations in Q(M, k) are given by a function A}, — Z. We define the multiplicity function
m: A" xN—=Z

to be the unique function such that:

1. For A € A}, m(\, k) is the multiplicity of the irreducible representation labelled by A in Q(M, k).

2. The function m(—, k) is alternating under the shifted level & + h"-action of the affine Weyl group
Wag on A*, given by
(w,€) - A=w(A+p) — p+ (k+h")B(€),

where (w,£) € W x A = Wag, h" is the dual Coxeter number of g, and p is the half-sum of the
positive roots of g.

The critical set of the norm-square of the moment map is a disjoint union (c.f. [3I], [14]):

Crit(|v)?) = G- | MP nwi(p),
peB

where B C t} is a discrete subset. Our main result is a ‘norm-square localization’ formula for the
multiplicity function m(\, k), m : A* x N — Z of the quantization Q(M, k).

Theorem 4.0.1. The multiplicity function m : A*xXN — Z for Q(M, k) has a locally finite decomposition

_ qpol
m = g mua
A

INote that [4] appeared much earlier than [44]. In [4], Q(M) was ‘defined’ in terms of a fixed-point formula on M, and
the [@, R] = 0 Theorem was proved in that context.
2Note that Q(M, k) depends on L as well, although we suppress it from the notation.
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where A ranges over a certain infinite collection of affine subspaces of t*. The contribution m%‘ml vanishes

unless MPNU~Y(B) £ 0, where B is the nearest point in A to the origin. Furthermore qupOI 1s obtained

by taking ‘quasi-polynomial germs along A’ of a multiplicity function ma = F(Qa), where

e S S e L )

CcNTa FCCt Dr(rc,t)

Qa(—, k) = qa(—, k)dr, 1, is a distribution supported on TyTa C T. The generalized function ga(t,k)
on TyTa takes the form of fized-point contributions for T,Ta-equivariant spin-c structures Sp.a.c on
submanifolds C C NT2, tensored with the Za-graded bundle Acn— ® Sve(v4).

In this theorem, Ty is a certain finite subgroup of the maximal torus T depending on the level k, and
Ta = exp(ta) C T where ta is the subspace of t orthogonal to A. N is an open set in M of the
form N = ®~1(U) where U is a tubular neighbourhood of the maximal torus (the ‘abelianization’ from
Chapter 1). v € t* is a generic point near 0, and 'yJAr =pra(y) — - Suc(vg) denotes the symmetric
algebra of the normal bundle v¢, where the latter is equipped with a complex structure such that the
weights of the TA action are *yX—polarized. The notation, the properties of the spin-c structure Sy A c,
and the meaning of taking ‘quasi-polynomial germs’ along A will be explained in detail.

Our proof is modelled on the approaches of Paradan and Szenes-Vergne described above, and the
formula is analogous to Paradan’s formula for a compact Hamiltonian G-space. The result can be viewed
as a ‘quantum version’ of the norm-square localization formula for Duistermaat-Heckman distributions
studied in [35].

Recall that the level k irreducible positive energy representations of LG are labelled by dominant
weights A satisfying B(\, 0) < k, where 6 is the highest root, and B is the basic inner product (normalized
such that B(a,a) = 2 for each long root «). We refer to the level k representation labelled by A = 0
as the minimal level k representation. An important application of Theorem is to prove that the
multiplicity m(0, k) of the minimal level k representation in (M, k) is a quasi-polynomial function of k.
This follows from Theorem [4.0.1] together with an inequality for the Lie algebra of G, proved in Section

Theorem 4.0.2. Let G be simple and simply connected. Let k € t, be a vertex of the Stiefel diagram.
Let p be the half-sum of the positive roots of g and p,, the half-sum of the positive roots of Gexp(x)- Then

0[5 = (o + pr, k) 2 0, (4.2)

where || - ||? is the norm defined by the basic inner product, and h" is the dual Cozeter number.

This inequality (and our use for it) is analogous to Paradan-Vergne’s ‘magic inequality’ ([51]), which
they used to prove a spin-c [@, R] = 0 theorem ([52]).

We briefly summarize the contents of the sections. In Section 1 we study Verlinde series. These are
complicated discrete sums which appear in the fixed-point formula for Q(M). We provide a proof of
an unpublished result of Boysal-Vergne (c.f. [15] for the analogous result for Bernoulli series) giving a
kind of combinatorial ‘norm-square localization’ formula for Verlinde series (Theorem . Section 2
describes a mild extension of the result in Section 1 to Verlinde series that are differential form-valued.
Section 3 provides a short introduction to the quantization Q(M) of Hamiltonian LG-spaces M (or
equivalently, the corresponding finite-dimensional quasi-Hamiltonian G-spaces M = M /QG. The heart
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of the proof is contained in Section 4: the idea is to break the fixed-point expressions for Q(M, k) down
into their basic constituents—Verlinde series—apply the Boysal-Vergne formula, and then re-organize
the terms into the norm-square localization formula (Theorem . In Section 5 we deduce the quasi-
polynomial behaviour of Q(M, k) from the norm-square localization formula, combined with Theorem
for the Lie algebra of G.

Finally, we should mention that in forthcoming work with E. Meinrenken and Y. Song [36], we
construct spinor modules for Hamiltonian LG-spaces, and then study norm-square localization for LG-

spaces from a more analytic perspective.

Additional notation for Chapter 4. For « an affine linear function on a vector space t, we write
eq or e(a) for the exponential function e(a)(X) = e (X) = e?™(X). We write 1,5 : N — C for the
function 1,y5(¢) which is 1 if £ is congruent to 0 modulo p and is 0 otherwise.

If Ay, Ay are subgroups of an abelian group A, then we write A3/A; for the image g(As) under the
quotient map q: A — A/A;. As/A; is identified with the quotient group As/(A; N As).

For K a compact (possibly disconnected) Lie group, by mnormalized Haar measure we mean the
unique translation-invariant smooth measure on K whose total integral is 1. Such a measure determines

an isomorphism between generalized functions and distributions on K.

Throughout this chapter we take G to be a compact, connected, simply connected, simple Lie group
with Lie algebra g. Fix a choice of maximal torus 7' C G with Lie algebra t, and let W = Ng(T')/T be
the Weyl group. We have a triangular decomposition

g((::n—@t(c@n-‘rv

where ny (n_) is the sum of the positive (resp. negative) root spaces. Let A = ker(exp : t = T') be the
integral lattice. Since G is simply connected, A coincides with the coroot lattice. Let A* = Hom(A, Z)
be the (real) weight lattice. Let R C A* denote the roots, and fix a positive Weyl chamber t; and

corresponding set of positive roots R4. The fundamental alcove is
a= {X € t+|<9aX> < 1}7

where # denotes the highest root. The interiors of a, t; will be denoted @, t,. The half-sum of the

p=5 3 a

aER

positive roots is

Let B be the basic invariant inner product on g ~ g*, normalized such that B(a,a) = 2 for each
long root. The corresponding isomorphism g — g* is denoted B’, and Bf = (Bb)’l. It has the key
property that A € Bf(A*). For £ € N the quotient Ty := 7' Bf(A*)/A C t/A = T is a finite subgroup.
If G is simply laced then B*(A*) coincides with the coweight lattice, which is the set of elements of t

which exponentiate to an element of the center of G. The dual Coxeter number is given by
hY =1+ B(p,0).

In Sections 3 and 4, formulas appear involving positive integers k and ¢; k always refers to the level
of the prequantization (defined in Section 3), and £ = k 4+ h". Moreover k = nk; where k; € N is the
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smallest level for which M is prequantized, and n € N is the analog of the power of the prequantum line
bundle.
A partial list of symbols used in this chapter is included below, together with a brief description and (in

brackets) the subsection where the notation was first introduced (when applicable).

N positive integers {1,2,3, ...}

1,y indicator function for the subset {p,2p,3p,4p,...} CN

|S] number of elements in the finite set S

A element of the weight lattice A*

o list of affine linear functions (4.1.1)

a linear part of the affine linear function « (4.1.1)

ba phase €2™(0) (4.1.1)

€a, () exponential function e2™**(X) (4.1.1)

Va finite difference operator (4.1.3)

ann(W) W is a subspace of a vector space U, ann(W) C U* is the annihi-
lator of W

Vi), Vg Verlinde series (4.1.1)

P(a;yt) generalized partition function (4.1.4)

aa sub-list of affine linear functions with linear part parallel to A
(4.1.5)

ax complement of aa in a (4.1.5)

V(aa; A) Verlinde series for aa, restricted to UglA x {¢} (4.1.5)

Ver(oa; pra(y))

quasi-polynomial on UglA x {£} agreeing with V(aa; A) on cone
containing (pra(vy),1) (4.1.5)

S, S(a,E%) affine ‘admissible subspaces’ of the form A = £+ Ay where £ € =%,
Ag is a subspace through the origin in t* spanned by some subset
of the linear parts of the affine linear functions a (4.1.5)

V(v,b) differential form-valued Verlinde series (4.2.3)

P(v,b;~™T) differential form-valued partition function (4.2.2)

V(va,b; A) differential form version of V(aa;A) (4.2.3)

Ver(va, b;pra(7)) differential form version of Ver(aa;pra(y)) (4.2.3)

U: M — Lg* Hamiltonian LG-space (1.3)

B discrete subset of 3 € t; such that M? N U~1(3) # 0, indexes
parts of Crit(||¥|?) (1.2.1)

o:M—-d quasi-Hamiltonian G-space (1.3.2)

U tubular neighbourhood of the maximal torus ' C G (1.3.4)

Tr projection map U — T (1.3.4)

N inverse image ®~!(U), ‘abelianization’ of M (1.3.4)

Wq presymplectic form on N (1.3.4)

o, composition 77 o ®|x (1.3.4)

N fibre product t x7 N, A-covering space of N (1.3.4)

o induced map N' — t (1.3.4)

T quotient map N'— N = N/A (1.3.4)
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13}

7*L

s
L, det(S)

P

Sk

TSk

Ly, det(S)
ko + ¢

F

Tr

Tr

Tra

lpq

tra

tp

Pl

KFk (t) 1/2

)

Prk(t)

vp

vp

smallest positive integer such that M is prequantizable at level k;
(4.3)

power of the prequantum line bundle (4.3.3)

level of the prequantization k = nk; (4.3, 4.3.3)

dual Coxeter number of the simple Lie algebra g

the sum &k +h" (4.3.3)

the basic inner product of the simple Lie algebra g

isomorphism g* — g induced by B

inverse of B

finite subgroup ¢~*B*(A*)/A C T

regular elements of Ty, i.e. having stabilizer T under conjugation
by G

level k quantization of M, function defined on 7,°® (4.3.4)
multiplicity function for the quantization Q(M,k), related to
Q(M, k) by finite Fourier transform (4.3.4)

Ty, -equivariant prequantum line bundle on N (sometimes on M)
(4.3.3)

T-equivariant prequantum line bundle on A/, L = 7*L /A, moment
map k1¢ (4.3.3)

Ty,v-equivariant spinor bundle on N, also denoted Sy (4.3.3)
T-equivariant spinor bundle on A/, S = 7*S/A (4.3.3)
‘determinant line bundle’ Homeyg(S*, .S) for the spinor bundle S
(4.3.4)

spin-¢ moment map A — t* for 7S (1/2 times the moment map
for the determinant line bundle det(7*S)) (4.3.3)

Ty-equivariant spinor bundle on N, Sy = S ® L™ (4.3.3)
T-equivariant spinor bundle on N, 7*Sy /A = S (4.3.3)
‘determinant line bundle’ Homcya(Sy, Sk) for Sk (4.3.4)

spin-c moment map for 7*S; (4.3.3)

connected component of M?* for some t € T,°* (4.3.4)

stabilizer in T of F' (4.4.1)

identity component of T, also denoted Tro (4.4.1)

components of Tp, a =0,1,2, ... (4.4.1)

minimal positive integer such that Tp o N Ty, # 0 (4.4.1)
element of Ty, , NTy (4.4.1)

Lie algebra of T (4.4.1)

quotient map t* — t*/ann(tp) =t} (4.4.1)

phase factor for F' C M? in the Atiyah-Segal-Singer formula, at
level k (4.3.4)

the phase rp i (t)'/2 = ppi(t)detc(A(t)1/?) (4.3.4)

normal bundle to F in M (4.3.4)

sub-bundle of U on which tp acts with non-zero weight (4.4.1)
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/
Vp

OF
PF
Sp

of
fF,a(k)
A

ta

VF A, VF,C
V#,A

Y

pra(7)
A

C

vo

qpol
MAc

)

ma,c
Qa,c

[N

N
YA
SA
Sk.a,c
Liac
Aa

T-invariant complement to vp, vp & vy = vp (4.4.1)

element pry. (¢(2)) € (ANtp)* where z € F, and & is a lift of x
to N (4.4.1)

element pr(. (¢(2)) € (ANtp)* where z € F and 2 is a lift of x
to N (4.4.1)

element of (A Ntg)*, weight for Tr action on detc (7, N) where
z€F (4.4.1)

the sum pp — %sF —hVop e th (4.4.1)

differential form with quasi-polynomial dependence on k (4.4.1)
affine subspace in t of the form ¢ + £ + Ay where £ € A, Ag is a
subspace containing 0, and ¢ is a shift (4.4.2, and end of 4.2.3)
subspace orthogonal to Ay

sub-bundle of vp fixed by Ta (4.2.3, 4.4.2)

T-invariant complement to vp A in vp (4.2.3)

sufficiently ‘generic’ point near 0 € t (4.2.3)

orthogonal projection of v onto A

‘polarizing vector’ pra(y) — v

connected component of N72 with ®(C) C exp(A) (4.4.2)
normal bundle to C, restriction vo|p = I/}J;T,A (4.4.2)

contribution of the pair (A, C) to multiplicity function m (4.4.2)
modification of qup’(g (replace Ver(—) with V(—)) (4.4.3)

inverse Fourier transform of ma ¢ (4.4.3)

choice of point in (A — ¢p) N B°(A)/ann(tx), subspace A = Ag +
bp +Epa (44.3)

image of ¢ + {r A under quotient map t5 — t (4.4.3)

image of ¢ +h"¢p A under quotient map t} — t§ (4.4.3)

sum of y{-polarized weights of T on vc (4.4.3)
TyTa-equivariant induced spinor bundle on C (4.4.3)
determinant line bundle for S a ¢ (4.4.3)

intersection A N Ag where Ay is the subspace through 0 parallel
to Ag (4.4.3)

fibre product C' x1 A (4.4.3)

vector bundle v equipped with a complex structure such that
weights of T-action are yT-polarized (pair positively with the vec-
tor v1) (4.2.2)

symmetric algebra bundle of the complex vector bundle v(y%)
(4.2.2)

4.1 Verlinde Series

70

In this section we introduce Verlinde series (called rational trigonometric series in [59)]), the basic com-

binatorial objects which appear in the fixed-point expressions for the quantization of quasi-Hamiltonian
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G-spaces. These series originally appeared in the closely related Verlinde formulas [62]; special cases of
these series compute dimensions of spaces of holomorphic sections for line bundles over moduli spaces
of flat connections on Riemann surfaces. We describe their quasi-polynomial behaviour, giving a brief
exposition of Szenes’ residue formula, and then prove an unpublished result of A. Boysal and M. Vergne

providing a ‘decomposition formula’ for Verlinde series.

4.1.1 Definition and quasi-polynomial behavior of Verlinde series.

Consider 4-tuples (t,Z, A, &), where t is a finite-dimensional vector space of dimension r, A C Z are
full-rank lattices in t, and a = («y, ..., ay,) is a list of affine linear functions on t. (a will always denote
a list below, although we will occasionally use set notation.) The quotient T := t/A is a torus. For an

affine linear function «, we write @ = a — a(0) for the linear part and set b, = €27 thus:
a(§) = (@ €) +a(0), ) — o PTHEL),

We require that the « are rational, in the sense that the @ are elements of A*, and a(0) € Q.

Definition 4.1.1. The Verlinde series associated to a 4-tuple (t,Z,A, ) as above, is the function
Vo = V() : A* x N — C defined by

e—2mi(AE)

/
VaMWO)= D i@

ccl—15/A

The prime next to the summation symbol means that we only sum over elements £ € £~'=/A such that
the denominator does not vanish. We will refer to the natural number ¢ € N as the level. It is convenient
to define the trivial Verlinde series, Vjy = 0. Note that we have suppressed t,=, A from the notation, as

usually these will be clear from the context.

Remark 4.1.2. Taking into account the behavior of Verlinde series as the level ¢ is varied (which re-scales
the lattice Z) will play an important role. On the other hand, it is enough to prove certain results for

¢ =1, since changing ¢ just involves replacing = with the finer lattice ¢~ 1Z.

The quotient T, = ¢~1Z/A is a finite subgroup of the torus 7. Suppose we fix the level £. Then it
is clear from the definition that V4 (—,¢) is £=*-periodic, and thus descends to a function on the finite
group A*/(E*. We will refer to the set ((71=),c of elements & € 1= such that a(§) ¢ Z as regular
elements. Then Vg (—, ¢) is the finite Fourier transform of the function Vg, : £~'2/A = T, — C,

Va(§) = Mieme € (T Dy

0 else.
Definition 4.1.3. Let I" be a lattice in a vector space V. A function
f:I'=-C

is called quasi-polynomial if there is a sublattice IV C T of finite index such that f is given by a polynomial
on each coset of IV. More generally if f is quasi-polynomial and f; is some other function such that

f = f1 on some subset I'y C I', then we will say that f; is quasi-polynomial on I';.
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Remark 4.1.4. In some cases we will not mention the subset I'; explicitly. For example, one of the
main results of this chapter is that a function m(0, k) defined below is a quasi-polynomial function of
k. This function will only be defined for k of the form k£ = nk; where k; is a fixed positive integer
and n is an arbitrary positive integer. So in this case, what we mean more precisely is that there is a

quasi-polynomial function of k € Z which agrees with m(0, k) on the subset I'y = {k = nk1|n € N} C Z.

In [59], A. Szenes proved a remarkable residue formula for Verlinde series. We will not use the details
of the formula, but will use the quasi-polynomial properties of Verlinde series which follow as a corollary.
We give a brief exposition of Szenes’ formula in the next subsection.

Let (t,2, A, ) be a 4-tuple defining a Verlinde series. Let

Ua = {Z ti6i|0 <t; < 1}

This is called the zonotope of the list of elements c.
Consider the list @ = (ay, ..., @, ) of elements of t*. We obtain a periodic collection of affine subspaces
‘H in t* by taking translates by elements of Z* of all proper subspaces spanned by subsets of a. We will

refer to connected components ¢ of the complement of H in t* as chambers.

Theorem 4.1.5 (Szenes, [59]). Let (t,Z, A, ) be as above, and let ¢ be a chamber in t*. There is a

unique quasi-polynomial function on A* x N which agrees with V,, on the set

J e —DOa) x {£} c t* xN.

LeN

Remark 4.1.6. Suppose that the @ span t*. Then c¢ is a relatively compact polyhedral region containing
only finitely many elements of A*, so it would be meaningless to ask whether V,, is quasi-polynomial on
¢. On the other hand, the set Uyfc x {£} is an open cone in t* x N, so that if there is a quasi-polynomial
function agreeing with V, on this set, it is unique. If the @ span t*, then the regions in the theorem

above, as ¢ varies over the different chambers, give an open cover of t* x N.

Remark 4.1.7. Let f : N x A* — C be quasi-polynomial (i.e. there is a p € N such that f|,4py is
quasi-polynomial for each n € N). The function

(fVa)(/\aé) = f()‘vz)va(/\ag)

is quasi-polynomial on the same regions as in Theorem Two examples are: (1) f(¢) = 1,y, where
1,5(¢) = 1 for n congruent to 0 modulo p and 1,x5(¢) = 0 otherwise; (2) f(,£) = (‘™€) where  is
a root of unity and £ € A ® Q.

Remark 4.1.8. In Section we will express the multiplicity function m(\, k) for the quantization
Q(M, k) of a Hamiltonian LG-space in terms of translations of Verlinde series (with £ = k +h", h"
the dual Coxeter number of G). Our goal ultimately will be to show that m(0, k) is a quasi-polynomial
function of the level k. In the case G = SU(2), Szenes’ Theorem already implies this result. For
groups of higher rank, the situation is more complicated. This is related to the fact that m is expressed in
terms of translations of Verlinde series. These translations depend on the level k£, and hence a priori, as
k varies, there can be ‘wall-crossing’ between the different quasi-polynomial regions in Theorem It
seems that for higher rank groups this wall-crossing can indeed happen for the individual Verlinde series

appearing in the formula for m(\, k); the quasi-polynomial behaviour of m(0, k) will be a consequence
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of certain cancellations between the different Verlinde series.

4.1.2 Szenes’ Theorem.

In [59] (see also [58], [67]), A. Szenes proved a remarkable residue formula for Verlinde series, which
we give a brief exposition of here. Throughout this subsection, let (t,Z, A, a) be a 4-tuple defining a
Verlinde series Vi (A, £).

The constant term functional.

The formula in [59] is expressed in terms of iterated ‘constant-term’ functionals. For a meromorphic

function of a single variable f(z) on a neighbourhood of a point a € C, the constant term

is the constant term in the Laurent expansion of f(z) about the point a. Note that CT,—q(f) does not
change if we make a change of coordinates w = cz, ¢ € C*. The constant term can be computed by the
same methods used to compute residues. For example, if f(z) has a pole of order less than or equal to

n at a, then
1 d"

CT(f) = dan O(Z"f(z +a)).

More generally let W be a complex affine space of dimension r, and suppose a = (ay, ..., a,) is a list
of affine linear functions such that the intersection of the H,, = {ar = 0} is a single point p. Let f be

a meromorphic function on a neighbourhood p. The iterated constant term functional, denoted
iCT(f)
a

is defined as follows. The functions ay,...,a, determine a coordinate system zi,...,z, for the affine
space W in which p is at the origin. Thus f = f(z1,...,2:), and iCT4(f) is computed by taking a
sequence of 1-variable constant terms, while treating the other variables as auxiliary parameters. One
first treats 21, ..., z-—1 as auxiliary parameters and computes iCT, —o(f). The result can be viewed as
a meromorphic function of zq,...,2._1, and one proceeds inductively. More concretely, for sufficiently

large n we have

. 1o n 1 0" n
ICaT(f):a@ z:oZI "'m@zzozrf' (4.3)

In general this depends on the order aq,...,a, (the function f is allowed to be singular, so the order of

the partial derivatives matters).

The hyperplane arrangement A in t.

Let t be a real vector space. For o € a, let H, = {X € ta(X) = 0}. Let A denote the set of
affine hyperplanes which are translates of the H, by elements of A. This is a periodic affine hyperplane
arrangement in t.

For p € t, let A, be the subset of hyperplanes containing the point p. The set of vertices of A,
denoted vx(.A), is the set of points p € t such that NA, = {p}. The set vx(A) is invariant under A, and

we write vx(A/A) for a (finite) set of representatives of elements of vx(.A).
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If p € vx(A), we follow [59] in defining an orthogonal basis for A, to be a collection B, of r-tuples a
of elements of A, such that Na = {p}, and which is minimal with respect to the following property: for
any r-tuple b of elements of A, with Nb = {p}, there is a permutation ¢ € S, and an r-tuple a € B, such
that the complete flags determined by o(a) and b are the same. An equivalent definition can be found,
e.g., in [16], where it is shown that B, corresponds naturally to a vector space basis for the subspace of
simple fractions, in the ring of rational functions generated by the inverses of the affine linear functions
defining the hyperplanes in A,. There exists a simple algorithm for generating such a set By, c.f. [5§]
and [59] for further details.

Statement of Szenes’ theorem.

Choose representatives p € vx(A/A) and let B, denote an orthogonal basis of A,. For each hyperplane
in @ where a € B, choose a representative affine linear function a = @+ a(0) with @ € Z* (we also use
a to denote this collection of affine linear functions).

The lattice =* determines a normalized Lebesgue measure on t* such that t*/=Z* has volume 1; let
volg« (a) denote the volume of Oa with respect to this measure. Let ¢ denote a chamber of the hyperplane
arrangement H in t* (see Section for the definition of H). Let A € A* and ¢ € N. The data ¢, a,
A, £ define a meromorphic function T¢ o (A, £)(X) on W = t® C by the formula:

1 ComiAX Q2mit(e X 2riba(X
Tc,a()‘vg)(X) = . € ¢ ) Z ) H 2m€<a X)
V01: (a) ¢xeE*N(c+0a) a€a —¢

(One can check that for p € ¢, the set Z* N (14 Oa) does not depend on the choice of u, and thus equals
E*N(c+ Oa) for any p € ¢.)

Theorem 4.1.9 (Szenes [59]). Let (t,=E, A, @) be a -tuple defining a Verlinde series Vu (X, £). Assume
that the elements @ = (@, ..., a@,) span t* and are minimal in A*. Let f be the meromorphic function

on W =t® C defined by
1

f(X):W.

Let £ € N and A € b¢c — Oa. Then

o= Y 3 1CT( ca(\ e)f) (4.4)

pevx(A/A) aEB),
Example 1. Let t = t* = R with pairing given by multiplication, and let Z = A.

(i) Take 2 = Z and a; = {1}. Then H = Z* = Z and T; = ("'Z/Z ~ Z,. The open interval
¢ = (—1,0) is a chamber of H. Applying (4.4) to V1 := V() gives

Vi 0 =—£ -2 — 1, Ae(—L—-1,00nZ

(ii) Take = = 1Z and ay = {1,—1}. Then H = E* = 2Z and T; = (2()"'Z/Z =~ Zy;. The open
interval ¢ = (0,2) is a chamber of H. Applying (4.4) to Vo := V(az) gives

VoM 0) = 22 x4+ 1a2 - L Ae(-1,20+1)NZ,
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(iii) Take = = 17Z and a3 = {—1,a} where a(z) = —z + 3. As above, H = E* = 2Z and T; =
(20)71Z/7 ~ Zsp. The open interval ¢ = (0,2) is a chamber of H. In this case the set of vertices
(up to translation by A) is vx(A/A) = {0,1}, and thus Szenes’ formula for V3 := V(c3) has two

contributions. The contribution from the vertex 0 is

while for the vertex % we obtain

The result is
Va(A\, £) = (=0 4+ X — 1)daz(N), Ae(0,20+2)NZ.

We now explain why Theorem follows from Theorem [4.1.9] The restrictions in the statement of the
result are relatively minor. The condition that the @ are minimal elements of A* can always be achieved
by factoring:
1-z" =[] @A-¢2).
¢m=1

In case the @ do not span t*, Proposition (and Remark see below) show that the support
of Vi, is contained in the collection of affine subspaces H, which has codimension at least 1, and so
Theorem follows in this case (with the quasi-polynomial being 0). The non-trivial case is when the
@ span t*, which is the case considered in Szenes’ Theorem.

In order to compute the constant term functional (using for example (4.3))), one would first change

variables, setting X’ = X — p. In terms of the new variables, T; (A, ¢) f becomes

1 —omi(Ap)+2mit(e* p) [ —2mi(\X') 2mit(e*, X) 2mil(a, X') /
volz-(a) Z ‘ ¢ ¢ H 1 — u; te2mit{@X’) f(X +p) ).
- &*eE*N(c+0a) a a

L

Note that because a(0) € Q by assumption, the phase u,* = e2ma(0) is periodic in (. Tt is enough to

check quasi-polynomial behavior by checking on arithmetic subsequences of N, and so without loss of

14

generality, we can assume u_ " = u is a constant.

The meromorphic function T; (A, ¢)(X’) is in fact holomorphic on a neighbourhood of X’ =0 (a

2744

possible zero of the denominator 1 — ue?™(@X") is cancelled by the zero in the numerator 2mif(a, X')).

Thus when P

o 2mi(NX) 2mil(€" X) H - _W;e§226<67;/>
is expanded in power series about X’ = 0, only positive powers of A and ¢ will appear. Applying the
constant term functional (using e.g. (4.3])) to the expression in the brackets thus results in an expression
which is polynomial in X\,¢. The only other dependence on A, ¢ is from the exponential expressions,

e 2miAp)H2mil(€,p) which are quasi-polynomial.

4.1.3 Deleting a hyperplane.

In this subsection we describe the result of applying a finite-difference operator to V,. The result is

a sum of two less complicated Verlinde series. This will play a role in the proof by induction of the
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decomposition formula in a later subsection. Similar inductive arguments can be found in [15], [58], [59].

For an affine linear function o = @ + a(0), by = €2™*(0) define the finite difference operator:
Vaf(A) = f(A) = baf(A —a).
This has the effect of multiplying f(¢) (the inverse Fourier transform) by (1 — e27*(©),

Definition 4.1.10. Let (t,Z,A, ) be data for a Verlinde series, and let @ € a. The data for the
Verlinde series Voo, is (4,2, A, a\ ), where o \ o denotes the list obtained by removing one copy of «

from o.

If a contains exactly one affine linear function o vanishing identically on H, = {a = 0} C t, then
the sums V,Vq and V,\, differ by a sum over regular lattice points (modulo A) in the affine hyperplane
H,. The latter sum is a shift (by some {’ € =N H,) of a lower-dimensional Verlinde series for the vector

space Hg. More precisely, we have the following ‘deletion formula’.

Proposition 4.1.11. Let (t,Z,A, ) be a j-tuple defining a Verlinde series Vo, let a € a and set
H = Hg (a vector subspace). Let m: A* — A*/{@). Then

VaVa = a\a lee(*gl)ﬂ'*Va’a (45)

where o', p € N are defined as follows. If {'ENH, = 0 for all £, then set o = . Otherwise let p € N
be minimal such that p 12N H, # 0, and choose £ € p~'EN H,. Define Vy to be the Verlinde series
associated to the j-tuple

(HLENH,ANH,a),

where

o ={Blm +(B,¢)|B € a\ a}.

Remark 4.1.12. 1. The shift of the constant parts by (3, £’) is to compensate for restricting to H = Hg
instead of H,,.

2. Vi depends on the choice of £ € EN H,, but the product 1,ye(—¢")7*Vy does not.
3. {~'2N H, # () if and only if £ € pN.
4. If o contains a second affine linear function 3 vanishing identically on H,, then 8|z + (B,¢’) is

identically zero, and thus V- = 0 (no regular points to sum over at all).

4.1.4 Partition functions.

Let a be a list of affine linear functions on t. Fix a vector 4t € t such that (a@,v") # 0 for each « € a,
and let o™ = +pu,0, where j, = +1 is chosen such that o (@, vT) > 0. Let a~ be the sublist of « for
which g, = —1. We define P(a;yF) to be given by the expression

Pla;yT) = (H —ea) 1> enas

« a n>0
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where the series converges in the sense of generalized functions, hence P(a; ~T) can be thought of as a

periodic generalized function on t. It can be thought of as the ‘formal expansion’ of the function

1
Hl—ea
[e 4

in the direction y*. An equivalent definition (c.f. [23]) is as the periodic generalized function

. 1
Pla;y")(X) = i
(e 7)(X) 0+ L1 — e (X +ievt)

(meaning: take the limit e — 0 only after pairing with a test measure).
Definition 4.1.13. The Fourier transform of P(c;y") is a generalized partition function
P(a;yt): A* — C.
An alternate description is as follows (c.f. [23]). The elements @, ..., @, € & define a map
r:R" — t*, (al,...,an)HZaka;.

Let T, : t* — t* be translation by o = 3~ —@, and let u be the phase factor ], (—e~27*(©). Define
a distribution ¢ on R™ by

o= VRO,

meZi

where Z" = {(m1, ..., my) € Z"|my > 0}. Then
P(oyy") = uTy(r.p). (4.6)

Since the finite-difference operator V,, has the effect of multiplying the inverse Fourier transform by
(1 —eq), we see that for a € o
VaoP(a;7") = Pla— a7 ™). (4.7)

Another simple property is that multiplying P(c;yT) by an exponential has the effect of shifting the

constant parts of the affine linear functions « € a:
e(¢YP(a;yT) = P(a;yH), a={a+ @) aecal (4.8)

Note that P(a;~™) is supported in an acute cone contained in the half-space {4 > 0} C t* (we say
that P(a;~™) is v -polarized). Suppose 0 # 8 € A*, set H = Hg, and let

T A= A /(B) ~ (AN H)*

be the quotient map (we have used the natural identification H* ~ t*/{)). Note that if (3,7T) = 0,
then (1) v descends to a linear function on H* = t*/{3), and (2) = is proper on the support of P(c;yT),

so the push-forward m, P(a;~y") is defined. Moreover we have

1. P(a;y ") = Plalm;v™H), alg = {a|lgla € a} = {r(@) + a(0)|a € a}. (4.9)
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This follows from equation ([4.6]), since the map 7, for the elements 7(a™t) factors through ..

4.1.5 The decomposition formula.

Choose an inner product on t, which we use to identify t ~ t*. If v € t* and A is an affine subspace in

t*, let pra(y) denote the orthogonal projection of v onto A, and set y{ = pra(y) — 7.

Definition 4.1.14. Let S C t* be a rational subspace (S is cut out by elements of A). Let Ts be the
subtorus exp(ann(S)) C T = t/A. Define

as ={a € aja € S}, ar =a\ ag.
More generally, if A is a translate of S, we write A = S and define
ap = ag, ax = as.
The translates A = &a 4+ S of S by elements £o € E*, are parametrized by Z*/S.

Proposition 4.1.15. The Verlinde series V(ag) is supported on the collection of sets of the form
Uren LA x {£} = 12(S x N), (4.10)
where A € Z*/S runs over all translates of S, and 1™ : S x N < t* x N is the (‘shear’) embedding
B0 = (A Lea, D),

(the map depends on the choice of o € ANEZE*). Define V(aa,;A) to be the restriction of V(ag) to

(4.10), hence
V(as) = Z V(OLA;A>. (4.11)
A€E*/S

Let Vi g be the (lower-dimensional) Verlinde series defined by the 4-tuple
(tfanm(S),a(2), (M), @s),  gq:t— t/ann(S).

Then
V(OLA; A) = |Ts N Tg| LfVa)s.

Proof. Fix £ € N. Let U = ann(S) C t, and note that (t/U)* ~ S naturally. We have a short exact

sequence of finite groups
1—=TsNT, = 'ENU)/(ANU) = 7'E/A = q(071=)/q(A) — 1.

Choose representatives £, € (~1=/A for the elements of ¢(¢~'Z)/q(A). The affine linear functions ag
are constant on translates of U. Hence a(&, + &) = a(§,) for £ € {7'ENU, a € ag. This means in

particular that whether a(§, + &) is an integer (i.e. whether £, + ¢ is regular) depends only on &,, not
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on £ € {"'ZNU. Thus we can split up the sum over regular elements of /~!Z/A into an iterated sum

72771 X&q)

Z H e27rwz(§q) Z 6727”-0\,@'

£€(t—12NU)/(ANU)

The inner sum is
|T5ﬂTg| if Aed=*+ 5,

3 e—2miNE) _

E€(L—12NU)/(AND) 0 else,

since TsNTy = (('Z2NU)/(ANU) and (¢~1=Z)* = ¢=*. This shows that V(as)(—,¢) is supported on
A*N(¢=*+5), which is the set of translates £{a + .S of S by elements of /Z*. If A = XN+, N € A*NS
is in the support, then e~27(%éa-¢a) = 1 hence the outer sum is Vo s(\', £). O

Remark 4.1.16. A corollary of this result is that if S = span(&) then V,, is supported on the =*-translates
of S.

Recall that for each chamber of a hyperplane arrangement in S ~ (t/ann(S))*, there is a quasi-
polynomial function agreeing with Vs on some open cone in S x N (Theorem and Remark.
Since |T;NTs| = £4™(Ts)| Ty N Ts| is polynomial, it follows that V (ca; A) agrees with a quasi-polynomial
function on certain cones in 12 (S x N) = UglA x {¢}.

Definition 4.1.17. If v € t* is generic, then (pra(7y),1) lies in the interior of one of these cones and

thus selects a quasi-polynomial function
Ver(aa; pra(y U (A*NeA) x {£} = C,
¢
which agrees with V(aa; A) on the cone containing (pra (y), 1). We will refer to Ver(aa;pra(7)) as the
quasi-polynomial germ of V(aa; A) at (pra(vy),1).

Definition 4.1.18. Let & = S(a,E*) denote the collection of all affine subspaces in t* obtained by
taking =*-translates of subspaces spanned by subsets of @. A subspace A € S is called admissible. (This

terminology is used in [I5].)
Note that the points of =* are amongst the admissible subspaces. If & spans t*, then t* € S.

Lemma 4.1.19. Let (t,Z, A, ) be a 4-tuple defining a Verlinde series, and let A € S. Suppose o € a
has linear part @ € A. Let H = Hy and let w: A* — A* /(@) be the quotient map. Then

VaVer(aa;pra(v)) = Ver(aa \ a; pra (7)) — Lwe(—€ ) Ver(ag ay; m(pra (7)),
with o', &', p defined as in Proposition |{.1.11,

Proof. Assume &' € p~1=* N H,, and let S = A. Using the deletion formula (4.5,
VaV(as) = Vias \ a) = 1ne(=)m V((as)'),
where V((ag)’) is the Verlinde series defined by the 4-tuple

(H.ENH,ANH,(as)), (as) = {Blu + (B,£)|B € as \ a}.
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Since @ € S, B € S if and only if 7(3) € 7(S). It follows that
(as) = (&)n(s) = a;(sp o ={Blu+ B,)B e a\a}.

Restricting to UglA x {¢}, the left side becomes V.,V (aa;A), and the Verlinde series on the right side
become V(aa \ a; A) and V(o

™

(A3 m(A)) respectively. Thus
VaV(aa;A) =Viaa \ ;A) = 1ne(=E) 1V (al a) m(A)), (4.12)

Since the two sides of equation (4.12)) agree in particular on the open cone in UglA x {¢} contain-
ing (pra(7),1) used to define Ver(aa;pra (7)), the corresponding quasi-polynomial functions agree on
UelA x {¢}. O

We can now state the decomposition formula for Verlinde series. This is an unpublished result of A.

Boysal and M. Vergne (see [I5] for the analogous formula for Bernoulli series).

Theorem 4.1.20. Let (t,Z, A, ) be a j-tuple defining a Verlinde series, and let v € t* be generic.
Then

V(a) =) Ver(aa;pra(v)) * P(ax;7X)-
AEeS

(This is a convolution of functions on A*.)

The proof is by induction on the number of elements in the list a. For the base case a = ), S = Z*.

For A € Z* (a single point), Ver(aa;pra(y)) = V(aa; A), so the result follows from equation (4.11]).
The inductive step is based on the deletion relation (4.5)), which we recall here for convenience. Let
a € a, H= Hg and let 7 : A* — A* /(@) be the quotient map. Then

VaV(a) =V(a\ a)— 1ne(—=&) 7"V (a'), (4.13)

where V(') and ¢ are defined as in Proposition 4.1.11} either o’ = @ (if {2 N H, = ) for all £) or
there is a minimal p € N, ¢’ € p~!Z* N H, and V() is the Verlinde series defined by the 4-tuple

(H.ZENH,ANH,d), o ={Blg+ (B,£)|B € a\ a}. (4.14)

Now let V() denote the right-side of the Theorem. The argument splits into two parts: (1) proving
Vo(V(a) = V(e)) = 0 for each a € a (Lemma , and (2) showing that V(a), V(a) agree on
sufficiently many lattice points (Lemma .

In the proof of Lemma we use the inductive hypothesis, as well as some basic properties of

convolution:
L Va(f*9) = (Vaf) *g=f*(Vag),
2. eg(f*g) = (eef) * (ec9),
3. (7 f) x g =7"(f * (7.9))-

Lemma 4.1.21. For each a € a, Vo (V(a) — V(a)) = 0.
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Proof. The admissible subspaces S can be split into two subsets
S. = {Ala € A}, S, =8\8..
Then

VaV(a) =Y VaVer(aa;pra(7)) * Plax;vL) + Y Ver(aa;pra(7) * VaP(axivk).  (4.15)
Sa S

Consider first the sum over A € S/,. Notice that since @ ¢ A (for A € S.), Ver(aa;pra(7y)) can be
replaced with Ver((a \ a)a, pra(7y)), without change. By equation (4.7)),

VaP(axin}) = Plax \ a;7X) = P((a\ a)x;:73)-

Thus the sum over S/, becomes

> Ver((e\ a)a;pra(m)) = P((a\ @)x;7%)- (4.16)
5

Applying Lemma [4.1.19| to the first sum in (4.15)) we obtain

Y Ver(aa\ a;pra(y)) * Plei; k) = Lne(=€)m Ver(alayim(pra (1)) * Plex; k). (4.17)
Sa

Note that aa \ @ = (a\ @)a, and that for A € S, ax = (a\ a)x. Making these replacements in the
first term of (4.17) and combining it with (4.16)) we obtain

> Ver((a\a)a;pra(y)) * P((e\ @)x;:7%), (4.18)

where we have used S, US), =S = S(a,E¥).

The inductive hypothesis can almost be applied to (and the list o\ «v), except that the sum is
over a larger set of affine subspaces (S(a, E*) instead of S(a\ @, Z2%)). I A € S(e, %)\ S(a \ @, Z%),
this means that the elements of (& \ @) N A do not span A. Proposition (and Remark [4.1.16)
showed that if the linear parts of the affine linear functions do not span the vector space, then the
Verlinde series is supported on a subset of codimension at least 1, and consequently the corresponding
quasi-polynomial vanishes identically. We apply this to Va\q,s (see Proposition where S = A;
this equals V((a \ a)a;A) up to a (level-dependent) translation and constant multiple (Proposition
[4.1.15), and thus Ver((a\ @)a;pra(y)) = 0 for A € S(a, )\ S(a\ o, *). Dropping these terms from

equation (4.18)), we obtain

> Ver((a\ a)aipra() * P((a\ a)x;74).
S(a\a,E*)

This equals V(e \ ) by the induction hypothesis.

We still have to deal with the second term in (4.17). Applying two of the basic properties of convo-
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lutions, it becomes
— Lyne(=€)m" Y Ver(ery ayi m(pra(1))) * me(€) Plag;1X)- (4.19)
Sa
Using , e(¢’) shifts the constant terms of the affine linear functions:
e(€)Plakinh) = P@kivl),  a={8+(B.)Beal
Then using , the pushforward 7, simply restricts the affine linear functions to H = Hg:

mP(aa;vE) = P((6x)|u; m(vk))-

We have

(&x)ln = {Bln + (B.€)18 € ax} = (a)5(a).
where we have used the fact that @ € A in the second equality, and the definition of o’ (equation ([4.14))).
Equation (4.19) becomes

— Lyne(=€)m" Y Ver(eday: m(pra(m))) * PI(&)5ay: m(73))- (4.20)
Sa

The affine subspaces A € S, (that is, those containing the direction @) are in one-one correspondence
with the admissible subspaces for o/, via the quotient map 7 : t* — t*/(@). Thus (4.20]) can be written
as a sum over the admissible subspaces w(A) for @’. Applying the inductive hypothesis to a’, equation

(4.20) becomes
—1,ne(=&)m V().

Combining this with the other term, we have shown that
VaV(a) =V(a\ a) — Lne(=&)m*V(a') = V. V().
O

To complete the proof, we must show that V, and V, agree on a sufficiently large set of lattice points.
To streamline the discussion we work with fixed £ = 1 (one then replaces = with £71=). Let S = span(a)
be the span of the linear parts of the affine linear functions. Proposition showed that V(a) is
supported on the =Z*-translates of S. This is also true for f/(a) as all admissible subspaces are contained
in translates of S (the translates of S are the top-dimensional admissible subspaces), and see equation
for the partition functions, for example. The Z-linear combinations of the elements of & generate
a sublattice Za C A* N S. By Lemma [£.1.2]] it suffices to prove the following:

Lemma 4.1.22. V() and V(a) agree on a set of representatives for the Z& action on each Z*-translate

A of S.

Proof. Since pra,(7y) is generic in A’; the set

(pras(y) —Oea) NA", Oa = { Z 127}

0<t; < 1} (4.21)
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contains a set of representatives. Theorem shows that V() and Ver(aa/;pra (7)) agree on this
set (we are applying Theorem to Vs, from Proposition [4.1.15/here). Notice that P(ax,;vL,) = do,
hence the term Ver(aas;pra/ (7)) * P(ak,;vk,) agrees with V() on the set (pra,(y) — Oa) N A*.

On the other hand, the supports of all other terms in V(ax) are outside the set (pra,(y) — Oa) N A*.
To see this, consider an admissible subspace A C A" and let y* = pra(y) — pra/(7y) (this is an outward

normal vector for A viewed as an affine subspace of A’). Let m : A’ — R be the function

m(p) = (u—pra(7),7").
We have
Mlpess (-0 < D, =@, (4.22)
(@t <0

From equation (4.6]), recall that P(ak;vX) has a translation outward by
o= Z -
(ax)~

where (%)~ denotes the set of a € ax such that (@,7X) < 0. Since @ € S while v}, is orthogonal to

S, we have (@,74,) = 0 and thus

@k

a, k) = (@yT +vL) = (@)

Hence, thanks to the shift by o we have
supp Ver(aaipra (1) + Plogind)) € {m> 3 —@ .
(@y+)<0

Comparing with equation (4.22), this completes the argument. O

Example 2. Let t = t* = R with pairing given by multiplication, and let A = Z. We give the

decomposition formula for the examples

(i) Take 2 = Z = =* and a3 = {1}. The admissible subspaces A are t* and {n}, n € Z. The

decomposition formula for Vi = V(ay), oy = {1} about a center v € (—1,0) reads

Vi (A ) X o Ty~ 3

n>0 n<0

where §,(A) = §(\ — a).

(ii) Take = = 1Z = E* = 2Z. The admissible subspaces A are t* and {2n}, n € Z. Define functions

A, ifA>0
5y (\) = has 5o () =24 (=),
0, else.
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The decomposition formula for Vo = V(aw), as = {1, -1} about a center v € (0,1) is

Vo = (%62 — 0\ + %)\2 — %) _ Z%dgng Ty — 2285%5 xT_.

n>0 n<0

(iii) Take = = 7 = E* = 2Z. The admissible subspaces A are t* and {2n}, n € Z. The decomposition

formula for V3 = V(as), a5 = {—1,a}, a(z) = —x + 3 about a center vy € (0,1) is

‘/3 = ( —/ + A—1-— Z 2£(52ng * 1[2’00) + Z 265271( * 1(00’0])(522()\).

n>0 n<0

4.2 Differential form-valued Verlinde series.

In this section we define Verlinde series and partition functions which are differential form-valued. These
can be viewed as forms with generalized coefficients [33], although our use of the latter is only as
a convenient way of expressing a version of the Boysal-Vergne decomposition formula involving both

forms and Verlinde series.

4.2.1 Some characteristic classes.

To fix notation and conventions, we describe here the characteristic classes used in the paper (in terms
of their Chern-Weil representatives). Helpful references include [34], [8], [10].

The eigenvalues of a transformation A € SO(2n) can be +1 or else come in complex conjugate pairs
e* with 6 € [0, 7], hence detg(1 — A) > 0. For R € 50(2n) and A € SO(2n), the function

D(R) = detg (1 _ AeﬁR)

1/2 ig the positive square-

has a unique analytic square-root, denoted detﬂa/ 2 (1- AeﬁR), such that D(0)
root of detg(1 — A).

Let v — F be a G-equivariant oriented real Euclidean vector bundle of even rank, equipped with a
connection with curvature R € Q?(F,so0(v)). Let g € G be such that v9 = F, so g defines an element

A(g) = A,(g) € SO(v). Define

'Di(y) =Dr(v,g9) = -rkR(V)/Qdet%/Q(l . A(g)eLﬂR).

This can viewed as a power series in R with constant term irkR(”)/Qdetﬂlk/Q(l — A(g)) # 0, and thus has a
well-defined inverse. See also Remark below for a description of this form in terms of the ‘Chern
roots’.

Let v — F be now a G-equivariant complex Hermitian vector bundle, equipped with a connection
with curvature R € Q?(F,u(v)). Assume g preserves the complex structure, so g defines an element
A(g) € U(v). Define

DL(v) = De(v, g) = dete (1 - A(g)eﬁR).

The twisted Chern character is the form

Ch?(v) = Ch(v, g) = Trc (A(g)eﬁR).
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For a complex line bundle L,

Ch(L.g) = A" ®,  e1(1) = 5-R. Alg) € U()

with ¢1(L) the first Chern class.

It is convenient to have slight generalizations Chb(y, 9), D&(v, g) of these forms, involving an auxiliary
unitary transformation b € U(v) commuting with A(g). The definition is as above but with A(g) replaced
by bA(g).

For a unitary transformation A, we define A'/2 to be the unique square-root with all eigenvalues in
{e10 € [0,7)}, and A=1/2 = (AV/2)~1

Proposition 4.2.1. Let v — F be a G-equivariant complex Hermitian vector bundle with connection,
and suppose F' = v9 for some g € G. View v as an oriented real Fuclidean vector bundle, with the

induced orientation and metric. We have the equality

1 _ Ch(det(v), g)~1/?

Dalrg) De,g) , (4.23)

where
Ch(det(v), g) 7/ = detc(A(g)""/?)e" 7 ",

and R is the curvature of det(v).

Proof. This is an equality between analytic functions of the curvature R, and thus reduces to a compu-
tation for the vector space v = C", a skew-Hermitian matrix R € u(n), and a unitary transformation
g € U(n) that commutes with R. Then R, g have eigenvalues Ry, ¢’*, k = 1,2, ..., n respectively, with

0x € [0,27). Acting on 7, the corresponding eigenvalues are — Ry, e~ *%*. In terms of these

De(7,9) = [[(1 — e re2m 1), (4.24)
k

View v ~ R?" as an oriented real vector space, so that R, g define elements of so0(2n), SO(2n) respec-
tively. Then R, g have pairs of complex conjugate eigenvalues +Ry,, ek = 1,2, ..., n respectively. To

simplify notation, set Ay = 0 + %. Thus

1/2
_ lAk (1_ u%))

- (I
=q" H(4sm (Ap/2))Y/2.
k

To determine the sign of the square root, set Ry = 0. As 0, € [0,27), the positive square root of
sin?(0/2) is sin(fy/2). The expression above becomes the product over k of 2isin(4y/2), hence

g) — Heiek/zeﬂRk _ e—iek/ze 47r Rk (425)
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Comparing, we see that this differs from (4.24]) by the factor

[ e /2e a1, (4.26)
k

The action of ge%R on the 1-dimensional complex vector space det(v) is by the complex scalar

k

Taking the square-root (using 6j/2 € [0, 7)) and then the inverse gives (4.26)). O

Remark 4.2.2. Equation can be viewed as a formula for Dg(v, g) in terms of the ‘Chern roots’.
More precisely, using the splitting principle one passes to the case that v splits into a sum of G-equivariant
oriented rank 2 sub-bundles v, k = 1,...,n. View vy as a complex line bundle (with complex structure
compatible with the orientation), and first Chern class z = ¢1(vg) = %Rk. Then equation
implies
Dr(v,g) = Hewk/zemk/z _ e i0k/2,—ak /2
k

There is a similar interpretation of equations (4.24]) and (4.26]).

In later sections we use a few more characteristic classes. Let M be a Riemannian manifold, and R
the curvature of T'M, for some choice of compatible connection. The A-class is the cohomology class of
the differential form

ew/2 _ 6793/2
27

2 1/2( ./ i py—1 .
AM) = detR/ (](LR) ), jlx) = .
The square-root is chosen such that the constant term of the corresponding power series is positive. If
M has an almost complex structure, so that T'M is a complex vector bundle and the curvature R is
u(TM)-valued, then the Todd class is

Td(M) = detc (td(%R)), td(z) = 7 S

—e
If E — M is an oriented vector bundle with curvature R (for some choice of connection), then the Euler
class is the cohomology class of the differential form

Eul(E) = dety/* (£),

where here deté/ ? is the Pfaffian (with respect to the orientation of E). Let Th(E) be a Thom form for
E (a closed differential form on the total space of F having compact support in the vertical direction
and with integral over the fibres equal to 1) and ¢ : M < FE the zero section. Then Eul(E) and (*Th(E)
define the same cohomology class.

Remark 4.2.3. In terms of the ‘Chern roots’ (Remark [4.2.2))

A Tk Tk
k k k
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4.2.2 Differential form-valued partition functions.

Let G = T be a torus and v — F a complex T-equivariant vector bundle over a connected base F.
Assume vT = F and choose a vector vt € t such that 7" = F. The vector bundle v decomposes into a
direct sum of two sub-bundles vy, v_ where v, (respectively v_) is the sub-bundle where 4+ acts with

positive weights (respectively negative weights). Define

v(v") = vs BT

Thus v acts with positive weights on v(y).

Let Sv(yT) denote the complex symmetric algebra bundle, an infinite-dimensional graded vector
bundle. Using the grading, we view the Chern character Ch(Sv(y*),t) as an infinite sum of the Chern
characters of the finite-dimensional fixed-degree sub-bundles. The rank of these sub-bundles grows
like a polynomial in the degree, implying that the resulting infinite sum converges in the sense of
(tempered) generalized functions on T, and hence Ch(Sv(y"),t) defines a form with tempered generalized

coefficients.

Definition 4.2.4. Define the Q(F)-valued generalized function P(v,b;~yt) on T by the expression
P, ;7)) = (=) =) ChP(Sv(y 1) @ det(v_) 1, 1).
The corresponding Q(F)-valued generalized partition function
P(v,b;yT) : A* — Q(F)

is its Fourier transform.

To see the relation between this definition and that of Section consider first the special case

where v is a complex line bundle. Then the action of T" on v is determined by a weight @ € A*, thus
Dl(v,t) =1— b=

If (@,") > 0, then
Plwbiy*) 1) = Y0 b e

n>0
Otherwise (@,y") < 0, and

P, byt (t) = —b 1t Te 2 Y " e
n>0

We see that P(v,b;~*) is the ‘formal expansion’ (in ¢) of

1
D(lé(l/, t) btf’éezw

(4.27)

in the direction 7. Since both the Chern character and D&(v,t) are multiplicative, one sees more
generally that if v splits into a sum of complex line bundles, P(v,b;~*) is the ‘formal expansion’ of

Db (v,t)~! in this sense.
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Now suppose v splits into a sum of complex line bundles v, ..., vp,. In the expansion of P(l/, b;yT)
in terms of the curvatures Ry, ..., Ry, the coefficients will be various partition functions of the kind
introduced in Section [f.1.4] To determine precisely which partition functions appear, we Taylor expand
DY (v,t)~! in the curvatures first, and then take the ‘formal expansion’ (in ¢) in the sense above. The

Taylor expansion about z = 0 of the function

1
/v, x) 1 —wve®
takes the form .
Ak k
_ T, ag S (C
kzo;(l—v)(l—v 1)s ®
Applying this to D& (v,t)~! we obtain
e
Db (v,t) (1—bto)L(1— b 1t—a)5 \2r ,

K>05=0

where K = (ki,....,km), S = (s1,..., ) are multi-indices, 1 = (1,...,1), axs = [[; an;s;» R =
R REn and (1 —0t%)S = [, (1 — b;t™i)*.
Write b;t% as t*, where o is an affine linear function with linear part @;. Let o be the list of the ;.

Taking the ‘formal expansion’ (in ¢) in the direction 4+, and then taking the Fourier transform yields
s K
P,biyT) = > > agsP(a¥iy7) (£R)", (4.29)
K>05=0

where

a® = aU(-a)d,

and (—a)? denotes the list with s; copies of —a;, i = 1,...,m.

4.2.3 Decomposition formula.

Let T = t/A be a torus, and Z D A a lattice. Define the finite subgroups
T, =('=/A.

Let v — F be a T-equivariant complex vector bundle over a compact connected base F', and suppose

vT' = F. Let b € U(v) be an auxiliary endomorphism commuting with the T-action.

Definition 4.2.5. The Verlinde series associated to the data (t,=, A, v, b) is the function
Vip =V (b)) : A" xN—= Q(F),

defined by
1 t—/\

VisW ) =Y ———

teTy D(Ié(V7 t) .

The prime next to the summation sign means omit terms from the sum such that 1 —bA(¢) € End(v) is
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not invertible.

The set of weights of the T-action on v and the lattice = determine a set of admissible subspaces S
in t*. Let S be a rational subspace of t*. Replace the bundle v (respectively, endomorphism b) with the
subbundle va whose weights lie in S (respectively, b|,, ). Exactly as in equation (4.11)), the formula

V(vablua) = Y V(va,bA)
A€E*/S

defines the functions
V(va,b;A) : A" x N — Q(F).

This function is supported on UplA x {¢} and is quasi-polynomial on certain open cones in this set. To
see this, assume first that the bundle v splits into a sum of line bundles v;. Then Taylor expanding in the
curvatures R; shows that V(va,b; A) is a finite linear combination of C-valued Verlinde series, weighted
by various monomials in the curvatures (we do this more explicitly below). The result is symmetric in
the curvatures, and thus can be expressed in terms of the Chern classes, with coefficients that are linear

combinations of C-valued Verlinde series. The general result follows from the splitting principle.

Given a generic v € t, define
Ver(va, b;pra(y)) : A" x N — Q(F)

to be the unique quasi-polynomial supported on UgZA x {{} agreeing with V(va,b; A) on the open cone
containing (pra (), 1).

Let VJA‘ denote the invariant complement of the sub-bundle va. The endomorphism b commutes
with the T-action, and thus induces endomorphisms of v, vz, which we continue to denote by b. The
Q(F)-valued partition function P(vi,b;v4) was defined in the previous subsection. We can now state

the version of the decomposition formula for differential form-valued Verlinde series.

Proposition 4.2.6. Let (t,Z, A, v,b) data defining a differential form-valued Verlinde series, and v € t*
a generic vector. Then

V(v,b) = Z Ver(va, b;pra (7)) * P(va, b;7X). (4.30)
AeS

Proof. For fixed A, £, both sides are characteristic classes, thus by the splitting principle, it suffices to
consider the case that v splits into a sum of complex line bundles v;, ¢ = 1,...,m. Taylor expand
Db (v,t)~! in the curvatures as in (4.28),

1 = aKs i K
Dh(v,1) 2. 2 T s ()

K>0S=0

It follows that V(v,b) is a finite sum

V) =3 axsV (@) (£R)S,
K,S
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with notation as in (#.29). Now apply the decomposition formula to each V(a!®)):

; K
Vir,d) = 33 agsVer(@;pra (7)) * P(@h:7%) (5 R)
AeS K,S

The subspace A determines a splitting v = va @ Z/i and a corresponding partition of the subbundles
V1, ..., Um, and hence of the multi-indices K = (K1, K»3), S = (51, 52), i.e. K1,S57 (respectively Ky, So)
) y PTA (’Y))
only depends on the multi-index S; (in its definition, we remove all «; with linear part parallel to A,

and these correspond to the multi-index S3). Similarly, P(ozf)l'7 7X) only depends on the multi-index

are the multi-indices for the subbundles contained in va (respectively vx). Note that Ver(oz(g‘g

Sy. Also axs = ak,s,0K,s, (see (4.28). Thus we can write

o =Y (X ams V@l m) (G0 ) (L ansr@$ oD ().

AES K1,S1 K>,S5

The expression in the first bracket is Ver(va,b;pra (7)) and that in the second bracket is P(vx, b;vX)

(see ([4.29)). O

Later on we will encounter functions which are not quite Verlinde series, but instead translations of

Verlinde series. These will be of the form
T€¢+O'V(Vv b): (431)

where ¢,0 € t* are independent of ¢, and T; denotes translation by (. (Explicitly (Tep+oV)(A,£) =
V(A —4¢p —0,0).) Formula (4.31)) makes sense for arbitrary ¢, o € t*, as the definition of a function on
the subset UpTyg40(A*) x {€} C t* x N. For such translated Verlinde series, it is convenient to adapt the

notation in the decomposition formula so as to absorb the linear part of the shift ¢¢p.

Remark 4.2.7. Later on we will only apply the formulas to a subset of / € N, namely the subset of
¢ =k +h" where h" is the dual Coxeter number of G, k = nk; with n € N, and k1 € N is smallest
natural number such that the quasi-Hamiltonian space M under consideration is prequantizable at level
k1. For such £ the combination £¢ 4 o will be in the lattice A* again, hence (4.31]) will define a function

on a subset of A* x N. However this is not necessary for the discussion in this section.

Apply the decomposition formula to V(v,b), choosing the centre of expansion to be ¥ = —¢ + 7,

where + is a small perturbation such that 4 is sufficiently generic. Using the proposition above,

Vnb)= Y Ver(vz,bipra(3) * Pz, 7%)-
AeS(E*,v)

Let S(2*,v,¢) denote the set of affine subspaces obtained by translating those in S(2*,v) by ¢. If
A=A+¢, let
V(va,b; AN\ 0) = V(vz, b A) (X — Lo, 0),

which is supported on Uy ((A+£p) x {0} = UglAx{f}. Let Ver(va, b; pra(y)) denote the quasi-polynomial
germ of V(va,b; A) at (pra(v),1); at level ¢, it equals the translation of Ver(vx, b;prz (7)) by £¢.



CHAPTER 4. [Q, R] =0 AND VERLINDE SERIES 91

Applying the translation to the decomposition formula for V (v, b) yields:

TypraV (b)) = > T,Ver(va,bipra(y)) * P(va, bivk). (4.32)
AES(E*,v,0)

For reasons to become clear as we proceed, we have built part of the shift /¢ directly into the notation,
while we choose to keep the level-independent shift by o explicit.

We record the basic properties of each summand for future reference:

1. Ver(va, b;pra(y)) is quasi-polynomial and supported on UpglA x {¢}. Tt agrees with V(va,b; A) in
a neighbourhood of pra (7).

2. P(vx,b;vk) is yA-polarized, so that the convolution (before translation by o) is supported in the

half-space (vX,& — pra(y)) > 0.

3. The convolution (before translation by o) is quasi-polynomial on each A*-translate of ULA x {¢}.
One way to see this is to note that the convolution is annihilated after applying appropriate
finite difference operators (in directions parallel to UfA x {€}); this is true because it is true
of Ver(va,b;pra(7)), and one has the choice to apply these finite difference operators to either

function in the convolution. The translation by o does not effect this property, hence
T, Ver(va, b;pra(v)) * P(va, b;74)

is quasi-polynomial on each A*-translate of Ug¢A x {¢}. Consequently the A-summand is strongly
determined by its asymptotic behaviour (large ¢); for example, if it decays asymptotically on a
translate Ug(¢A 4+ X) x {¢}, then it must actually vanish identically on that translate (a quasi-

polynomial cannot decay asymptotically unless it is 0).

4.2.4 The decomposition formula for large /.

For the application we have in mind later, it will be important to consider the large ¢ behavior of the
terms in the decomposition formula .
Consider the summand
T, Ver(va, b:pra(v)) * P(vx, b:7%)-

Recall that Ver(va, b; pra (7)) agrees with V(va, b; A) on an open cone in Ug£A X {¢} containing (pra (), 1).
This cone is of the form UylC' x {£}, where C is a convex polyhedral set in A containing pra(y). On
the other hand P(Z/i, b; 'yz) is supported on a pointed cone formed by the vi—polarized weights of the
T-action on vx (in fact, it might be supported on a strict subset of this cone, because of the extra

outward shift from the det(r_)~1 factor). It follows that the convolutions
Ver(va,bipra(7)) « Pvx, bi9X),  V(va, b A) = P(va, bi74)

agree on a set of the form Uy¢D x {¢} where D is the set of points in t* which cannot be reached from
A\ C by a positive linear combination of the polarized weights (for vx). Applying the translation 7,,
we find that the two expressions agree on Uy (£(D + £~ 10)) x {£}. For large ¢, £~'o becomes negligible,
and this set contains ¢pra (). We have shown the following.
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Proposition 4.2.8. With notation as above, the two functions
Vvl = TJVEI‘(I/A, b; pI‘A(’Y)) * P(Vi_v ba ’VZ)a ‘/2 = TO'V(VAv ba A) * P(Vi_a b; ’YJAF)

agree on Up({D + o) x {¢} C t* x N, where D is an open neighbourhood of pra (7). This set contains an
open cone around the ray {(¢pra(7),£) : € > Lo} for Ly sufficiently large. In particular, for each X\ there
is N € N such that Vi(\, £) = Va(\, £) for £ > N.

It follows from the Proposition that asymptotic properties of the summand V; can be determined
by studying V5. For example, suppose that V5 decays asymptotically on a certain translate R) =
Ue(¢A + X) x {¢}. Tt follows that V; decays asymptotically on an open cone in Ry, and hence vanishes
identically on Ry (V; is quasi-polynomial on R}).

It is useful to record an expression for the inverse Fourier transform of V5. Assume ¢¢ + 0 € A*, so
that the inverse Fourier transform of V5 can be thought of as a distribution on the torus 7. Let d7,7,
denote the delta distribution supported on T;Ta, defined using the normalized Haar measure for the
(disconnected) subgroup TyTa. In other words, for f € C°°(T), (d,1., f) is the integral of f over the

subset TyTa, with normalization such that
<5T1{TA7 1> =1

Proposition 4.2.9. The inverse Fourier transform Vg(t,é) is the push-forward of a distribution on
T,Ta C T. Leti(va;bt) denote the indicator function on TyTa which is 0 on the coset tTa (t € Ty) if
1 —bA(t)

lua 18 not invertible, and is 1 otherwise. Then

O O (S (1) @ det(vh )1
'D(IE: (VA , t)

Va(t, 0) = |Te|(~1)™ - ivaib)onzs (1), (433)
where Ea € (A—~)NE* (the choice does not matter), and the infinite sum in the numerator is understood

to converge in the sense of generalized functions.

Proof. To prove the Proposition, we describe the Fourier coefficients of the distribution described in the
statement and show they agree with V5. Recall first that the inverse Fourier transform of a convolution
is the product of the inverse Fourier transforms. The factor (fl)rk("if)Chb(SyJA- vh)® det(ui_)*l, t)
comes from the definition of P(vx,b;A). Thus it suffices to show that the remaining part of the

expression (4.33)),

tl(o+€a)+o

T -
I a)

i(VA; bt)(ST[TA (t), (434)

has Fourier coefficients given by T,V (va, b; A).
The A Fourier coefficient of (4.34)) is

th L(p+En)Fo—A

T,NT, —_—
e al Z / Db (va,th) ’

tGT[/TA

where the sum is over a set of representatives t € Ty for the finite group T;/Ta, the prime next to
the summation restricts the sum (because of the indicator function i(va;bt)), and dh denotes the Haar

measure on Ta whose total integral is 1. We have divided by |Ty/Ta| (obtaining |Ty| - |Ty/Ta|™t =
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|Te N Tal) to account for the difference between normalized Haar measure on TyTa and the unique
measure on T;TA which is the product of the measure dh on Ta with the counting measure on the finite
subgroup T;/Ta.

The denominator does not depend on h (i.e. D&(va,th) = D&(va,t)) since va is fixed by Ta. The

integral
/ h[(¢+§A)+O’7)\dh,
Ta

gives 1 if £(¢p + &Ea) + 0 — A € A* Nann(ta) and gives 0 otherwise. Since ¢ + o € A, it is equivalent
to say that the integral gives 1 if A € A* NT,(¢A) and gives 0 otherwise; note that this agrees with
the support of T,V (va,b; A). Note also that t“(?+€2) = 1 since ¢ € Ty. Thus if A € A* N T,(¢A) the )

Fourier coefficient is

’ to—)\
TeNTal > —— (4.35)
tET, /Ta DC(VA7t)

and is 0 otherwise.

Apart from the factor [Ty N Ta| and the shift by o, the expression is a (lower-dimensional)
differential form-valued Verlinde series. Recall the formula V(caa; A) = |TpNTA[t2 Ve, s from Proposition
which expressed V(aa;A) in terms of the lower-dimensional Verlinde series Vi g. Using this
formula and the definition of T,V (va, b; A), one sees that coincides with (T, V (va, b; A))(A\ £). O

4.3 Quantization of g-Hamiltonian (G-spaces.

We recall the definition of the quantization of a quasi-Hamiltonian G-space given in [44], where the reader
is referred for further details. Our goal is to state the fixed-point formula of Atiyah-Segal-Singer-type
for the quantization derived in [44], and describe its behaviour under changes in the level.

A Dizmier-Douady bundle A — M is a bundle of C*-algebras, with fibres modelled on the algebra of
compact operators K(H) on a separable Hilbert space H. Continuous sections of A vanishing at infinity
form a C*-algebra denoted I'g(A). A Morita morphism £ between Dixmier-Douady bundles Ay, A1,
denoted

E: Ao -- .Al,

is a Ag — A; bimodule £ — M, with fibres modelled on the K(Hy) — K(H;) bimodule K(Hy, Hy). In
the special case A, = C, £ is a bundle of Hilbert spaces, and is called a Morita trivialization of Agy.
If L — M is a line bundle, then £ ® L is again a Morita morphism, and any two Morita morphisms
Ay ---> Ay are related in this way.

By a theorem of Dixmier-Douady, Morita isomorphism classes of Dixmier-Douady bundles are clas-

sified by a degree 3 class
DD(A) € H*(M,Z)

known as the Dizxmier-Douady class. More generally, given a map ® : M; — M,, Morita equivalence
classes of Dixmier-Douady bundles A — Ms, together with Morita trivializations of the pullback ®*A,
are classified by elements of the relative group H?(®,Z). A Morita morphism

5:A0***>A1
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is equivalent to a Morita trivialization of Ay ® AJ", where A" denotes the same bundle but with the
opposite algebra structure. The corresponding relative class expresses the difference DD(Ag) — DD(A;)
as a coboundary, modulo degree 2 cocycles. A pair of Morita morphisms &,&’ from Ag to A; gives two
relative classes whose difference is ¢;(L) € H?(M,Z), where L is the line bundle relating £, &’. There
are further generalizations to graded G-equivariant Dixmier-Douady bundles, classified by DD(A) €
H3(M,Z) x HL(M, Zs).

A Dixmier-Douady bundle A — M gives rise to a corresponding twisted K-homology group ([56]):
K§ (M, A) := KKq(To(A),C),

where the right-hand-side is a Kasparov KK-group (c.f. [30]). Morita isomorphisms as above give rise

to maps between twisted K-homology groups. More generally, one gets a map
(@,8). : K§ (Mo, Ag) — K§ (Mi, Ar)
from a pair (®,€) consisting of a G-equivariant continuous map ® : My — M; and Morita morphism

E: .Ao -—— > ‘I)*.Al.

For G simple and simply connected, acting on itself by conjugation, the G-equivariant cohomology
group HZ (G, Z) is canonically isomorphic to Z, while H (G, Z2) = 0. Thus Morita isomorphism classes
of G-equivariant Dixmier-Douady bundles A — G are classified by an integer known as the level. Fix
a generator A at level 1, and let A’ denote its /-th tensor power (a level £ Dixmier-Douady bundle).
The image of DD(A) in HZ (G, R) is the equivariant Cartan 3-form ng. Let M be a quasi-Hamiltonian
G-space. The relation

degw = —®*ng

says that the pair (w,n¢) is a de Rham representative for a class in the relative group HZ(®,R). A
level k prequantization of M is an integral lift of the class k[(w,ng)]. By the discussion above, this is

equivalent to a choice of Morita trivialization
EPred : C - -5 D AP,

If M is prequantizable at level k, then it is prequantizable at level nk, for all n € N. In this chapter, k;

will denote the smallest positive integer such that M is prequantizable at level k;.

It is known that for G compact, simply connected, a quasi-Hamiltonian G-space is necessarily even-
dimensional. For any even-dimensional manifold, the Clifford algebra bundle Cliff(TM) is a (graded)
Dixmier-Douady bundle. In [3] it is shown that for any g-Hamiltonian G-space, there is a canonical
Morita morphism

EPIN L CHE(TM) - - -» ¥ AN

where h" is the dual Coxeter number. In [3] this Morita morphism is referred to as a twisted spin-c struc-
ture (by analogy with spin-c structures, which can be viewed as Morita trivializations CLiff(T M) - - -> C).

The fundamental class of M is the class [M] € K§ (M, Cliff(TM)) defined by the de Rham-Dirac

operator acting on differential forms. Tensoring the Morita morphisms £P™9 and £P'® together, one
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obtains a Morita morphism
EPTed @ £ CLff(TM) - - -» AFFP,

The corresponding level k quantization of M, defined in [44], is the image of [M] under the corresponding
pushforward map:
Q(M, k) = (®,EP @ £%™), [M] € K§(G, AFhY).

A special case of the Freed-Hopkins-Teleman Theorem ([20]) states that one has an isomorphism
K& (G, A ~ Ru(G)

where Ry (G) denotes the ring of level k positive energy representations of LG.

4.3.1 Spin-c structures and moment maps.

In this article, by spin-c structure on an oriented even-dimensional Euclidean vector bundle V', we mean
a Zs-graded spinor bundle S — M for V. That is, a complex Zs-graded vector bundle with a fibre-wise
action of the complex Clifford algebra bundle Cliff(V') compatible with the grading of Cliff(V) induced
by the orientation, and such that Cliff(V) ~ End(S). Equivalently S defines a Morita trivialization
Cliff(V) — C.

If 51,55 are spinor bundles, the space of intertwining operators
L = Homcyigrevy (S1, S2)

is a Zo-graded line bundle, and Sy ~ L ® S;. As a special case, if S is a spinor bundle then the dual S*

is also a spinor bundle, and the space of intertwining operators
det(S) := Homeygv) (5™, S)

is called the determinant line bundle of the spin-c structure. In the special case that V is a complex
vector bundle and S = AcV is the associated spinor bundle, then det(S) ~ det(V) = AZPV is the
complex determinant line bundle. If S is the spinor bundle associated to a spin structure (i.e. a lift of
the principal SO(V) frame bundle to Spin(V')) then det(S) = C.

Let E — M be a G-equivariant vector bundle. Then G acts on the space of sections I'(E) by

(g-0)(m):=g-o(g~"'m). (4.36)

For X € g, we denote by L the operator on sections of E obtained by differentiating (4.36)):

d
(LZo)(m) := pr exp(tX) - o(exp(—tX)m).
0
Note that if X3/(m) = 0 then £ is the linear endomorphism of the fibre E,, induced by X.
Suppose M is a G-manifold and S — M is a G-equivariant spinor bundle, equipped with a G-invariant
Hermitian metric. Choose a connection V4°t(5) on det(S) compatible with the metric. For X € g, the

difference

det(S det(S)
LXe( )_V;M



CHAPTER 4. [Q, R] =0 AND VERLINDE SERIES 96

defines a bundle endomorphism of det(S), i.e. a function M — u(1) = iR.

Definition 4.3.1. The spin-c moment map determined by the connection V4*(5) is the map ¢ : M — g*
defined by

T om

2, X) 1= — (ijf;fs)—,cﬁf“s)) (4.37)

The spin-c moment map is an example of an abstract moment map (c.f. [21]), that is, a G-equivariant

smooth map ¢ : M — g* such that for each X € g, the pairing (p, X) is locally constant on M.

Remark 4.3.2. Apart from the additional factor of 2 on the left side, equation (4.37) has the same form

as the Kostant condition for a G-equivariant prequantum line bundle.

Proposition 4.3.3. Let S — M be a G-equivariant spin-c structure, and choose a connection on

det(S) as above. Let 8 € g and suppose Bar = 0. Then B acts fibrewise on S by scalar multiplication by
2mip, B)-

Proof. Let m € M. (8 acts on the fibre S, by the linear endomorphism Eg\m:

d
£§|mv = 0exp(tﬁ) -, v E Sp.

Since (8 acts trivially on T, M, the action of 5 on S, commutes with the Clifford action. Since S, is
an irreducible Cliff(T;,, M)-module, the action is by a scalar. By the definition of det(.S), this scalar is

one half the scalar by which § acts on det(S,,). Independent of the choice of connection we have
det(S .
5™, = anifp(m), B),

hence £§|m = 2mi{p(m), B). O

4.3.2 Morita trivialization of Aly.

It is known that the restriction of A* to a tubular neighbourhood U of T in G admits a Morita trivial-
ization (only equivariant for a finite subgroup 7y C T'), and this fact is crucial in the derivation of the
Atiyah-Segal-Singer-type fixed-point formula for the quantization ([44]). We will explain a particular
viewpoint on the Morita trivialization in this subsection, which emphasizes the behaviour when the level
k is changed.

Since the action of T on itself by conjugation is trivial
H}(T,Z) ~ H*(T,Z) & H' (T, Z) @ H}(pt, Z),
by the Kunneth theorem. There is an isomorphism
HY(T,7) ® H3(pt, Z) ~ A* @ A*.

As there is no torsion, we can work with de Rham cocycles. Restricting n¢e to the maximal torus (and

restricting the action from G to T) gives

vrna(§) = =B(0r,§), et
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Thus the restriction is contained entirely in the H'(T,Z) ® H2(pt,Z) component of H3(T,Z), and
corresponds to the class defined by minus the basic inner product —B° € Hom(A, A*) ~ A* @ A*.

Let mp : U — T be a T-invariant tubular neighbourhood of 7', and let U=t x7 U be the fibre
product, w : U-sU=U /A the quotient map. Consider the Hilbert space L?(T) with the action of T
given by

(h- 1)(t) = F(h).

The integral lattice A acts on L?(T') by multiplication operators
A f=e(BN)S
The actions of T, A on L?(T) only commute up to a scalar
RARTINTL = BN, (4.38)

Recall the finite subgroup
T, =('BY(A*)/ACT.

The scalar (4.38]) is trivial exactly for elements h in the finite subgroup T3 C T. The induced actions of
T, A on K(L*(T)) commute, thus
A= U x o K(L*(T))

is a T-equivariant Dixmier-Douady bundle over U. The bundle of Hilbert spaces
£ =T x, L*(T)

is a Ty-equivariant Morita trivialization of A’. Similarly (£')¢ is a Ty-equivariant Morita trivialization of
(A")*; the only change is in the commutation relation (4.38]), with the right side becoming htB ),

Since A’ is non-equivariantly Morita trivial, the class
U DD(A') € H3(T,Z) ~ H3(T,Z) ® H(T,Z) ® H2(pt,Z)

is concentrated in H(T,Z) ® H2(pt,Z) ~ A*® A*. In fact it corresponds again to minus the basic inner
product —B” € A* ® A* = Homg(A, A*) ([41]). As explained above, this is the same as the image of the

generator of HZ(G,Z) under the restriction map. Thus there exists a T-equivariant Morita morphism
E Ay --- A.

There is a canonical choice of Morita morphism, up to tensoring by a line bundle over U with trivial T'

action ([44]). Let € = € @ 4 £ denote the composition of these Morita morphisms:
E: Ay ---C.

The pullback 7* A’ has a T-equivariant Morita trivialization 7*&’ = U x L2 (T) This is also clear in
cohomology, since the pullback — exp* B(fr, ) has primitive —B(idy, £), where id; : t — t is the identity

30n the pullback 7*&’, the Ti-action extends to a T-action. This notation 7*&’ is slightly misleading, as it hides this
extension.
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map.

Summarizing some consequences of this discussion, we have the following.

Proposition 4.3.4. The pullback 7*E* is a T-equivariant Morita trivialization of 7" A*|y, which also
admits an action of the lattice A. The quotient 7*E°/A = E* is a Ty-equivariant Morita trivialization of

Ay

Remark 4.3.5. Tt is also possible to show that A‘|y admits a Tj-equivariant Morita trivialization using

a cohomology calculation ([44]).

4.3.3 Spin-c structure on the abelianization.

The Morita trivialization described in the previous subsection implies the existence of spin-c structures
on the abelianization N = ®~1(U), crucial for the Atiyah-Segal-Singer-type fixed-point formula ([44]).
In this section we describe the spin-c¢ structure from a viewpoint that emphasizes the behaviour when
the level k is changed. This behaviour is made explicit by passing to covering spaces (c.f. Proposition
; this extra structure will play an important role in Section

Let N = ®1(U) be the abelianization. The composition of Morita morphisms £%P® and Pren”

CLff(TM)|y = CLf(TN) - &* A |y -~ C

defines a Tjv-equivariant spin-c structure S = Sy — N. Let N = t x7 N be the fibre product, and
7 : N — N = N/A the quotient map. The discussion in the previous subsection shows that the pullback
7*S has a T-equivariant extension, still denoted 7*S, and furthermore 7*S admits an action of A, such
that S is the quotient 7*S/A.

Choosing a A-invariant connection on 7*S we obtain a spin-c moment map
N =t
It follows from the commutation relation that
o\ -z) = @(z) + hVB’()), AeA.

In a later section we need some precise information about the spin-c moment map (equation
below), which is difficult to extract directly using what we have discussed so far. It can be found in
[47] (in terms of a ‘canonical bundle’ for Hamiltonian LG-spaces); in [30] the spin-c structure 7*S is
constructed explicitly and related to the canonical bundle of [47].

Let o be a face of the fundamental alcove, and w € W. Consider the corresponding cross-section

Yo = @ 1(Uyy), with inverse image
7 (Yo NN) = A X (Yo N N).

Identify Yo NV with the component whose image under ¢ intersects the face wo of the Stiefel diagram.

According to [47], [36], on Yy N N, the determinant line bundle is T-equivariantly isomorphic to

det(c(Tng) ® ng.(p_p;)
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where we use an almost complex structure compatible with the symplectic form on Y,,,, and p’ is the
half-sum of a certain set of positive roots R, , for g,, namely those which are positive on the cone over

the translate of the alcove @ — ¢, where ¢ € o. Thus at a point z € N® NY,,, we have

(@), 8) = = - Tre ™ (L577) + (w(p = po), B)- (439)

Let Tg = exp(RB) C T be the torus generated by 5. Let s, be the sum of the complex weights for the
action of Tg on T,Y,,. Then equation (4.39) can be re-written

((x), B) = 3(swa, B) + (w(p = po), B). (4.40)

Suppose that M is prequantizable at level k1 > 1, and let £ be a choice of Morita morphism
EPTU: C - - D* AR
The composition of the Morita morphisms £P™4 and ®*&*
C--» @AMy -5 C

defines a Tk, -equivariant Morita morphism C - - -» C, that is, a Ty, -equivariant line bundle L — N. The
discussion in the previous subsection shows that the pullback 7*L possesses a T-equivariant extension
still denoted 7* L. Furthermore, 7* L admits an action of A, and L is the quotient 7*L/A. The line bundle
7*L is the line bundle relating the trivial Morita morphism C : C ---» C with the Morita morphism

7n*L: C --->C. From the calculation
drwe, = — (7 0 @) nr =  drmtw, = ¢"dB(idi, —) = d{¢, —)

it follows that the T-equivariant first Chern class of 7* L has de Rham representative ki (wq, — ¢).

Set
k= 7’Lk31

where n € N, and consider the tensor product

Sp=5S®L"

Theorem 4.3.6. The pullback ©*S), is a T-equivariant spin-c structure on N, which also admits an
action of A, and the quotient Sy is a Ty, pv -equivariant spin-c structure on N. The spin-c moment map
of ™Sk is

ko + ¢

where ¢ is the spin-c moment map for 7S and ¢ : N — t* is the moment map for the (degenerate)

Hamiltonian T-space (N, 7*wq, @).
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4.3.4 Atiyah-Segal-Singer formula.

From now on, we set
¢:=k+h"

where k is the level of the prequantization. It is known that Ry(G) is isomorphic to a quotient
R(G)/I;(G) where R(G) is the representation ring, and I (G) is the fusion ideal consisting of char-

reg

acters vanishing at the regular points 7, of T;. Therefore, for each t € T, the evaluation map ev;

descends to the quotient
vi @ Ri(G) — C.

In [44], it is shown that Q(M, k)(t) = ev,Q(M, k) can be computed from an Atiyah-Segal-Singer-type

fixed-point formula, involving the Tp-equivariant spin-c structure Sk:

o Z/ F)Ch(Ly,, t)1/? |

vt Dg(Vp,t)

for t € T,°®, where ¥r is the normal bundle to F' and £;, = det(S;). The square root Ch(Ly,t)'/? is
given by the expression .
Ch(Ly, )2 = kpi(t) /22 50,

where kg (t) is the phase factor for the action of ¢ on Ly|r, and we need to specify the sign of the
square root. This is explained in [44] (p. 26; see also [4]). Choose a complex structure on T, M for some
x € F. The Cliff(T, M)-representations Si|, and AcT, M are related by a Hermitian line, on which ¢
acts by some phase pp(t) € U(1). Then

kpi(t)? = pr(t)detc(A(t)'/?)

where A(t) € U(T, M) is the action of t on T,,M and A(t)'/? is the unique square root with all eigenvalues
in {e?|¢ € [0,7)}.
Remark 4.3.7. As commented already above, the Morita trivialization &£, and consequently the spin-c

structure Sk, is not canonical. In Section 5.4 of [44] it was noted that det(Sy) can be replaced with
det(Sy) ® ®* R~ (*+h7) (4.41)

in the fixed-point expression above, where R — T is a line bundle with trivial T-action. This replacement
could affect the contributions of the individual fixed-point components F C M?, but not their sum. In
particular, by making a particular choice of R, it is possible to obtain a ‘normalized’ form for the

fixed-point expressions, invariant under the Weyl group, and no longer dependent on the choice of £.

Recall that irreducible representations of LG at level k are in 1-1 correspondence with the dominant
weights A satisfying B(\,0) < k, where 6 is the highest root. Equivalently, with those weights lying
in ka where a is the fundamental alcove (viewed as a subset of t* using the basic inner product). Any
X € Ri(G) has a multiplicity function

m:AN" Nka—2Z

counting the multiplicity of each irreducible positive energy representation in x. Let J(t) denote the

Weyl denominator, x the character of the irreducible representation of G corresponding to the dominant
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weight A. The multiplicity function m(A, k) is obtained from Q(M,k) : T,*®* — C by finite Fourier
transform ([44] or [4]):

k) = o 3 IR, k). (1.42)

|TZ| teT,*8 /W

Of course this is only defined at values of £ € N such that M is prequantizable at level k, that is, k = nk;
where k; € N is the smallest level at which M is prequantizable. We extend the definition of m(\, k)
trivially to all k£ € N, by setting it to be zero for k not equal to a positive integer multiple of k.

It is convenient to extend m(—, k) to a function
m(—, k) : A" = Z

which agrees with the definition above on A* N ka, and is extended to A* so that it is alternating under
the shifted level £ = (k +h") action of the affine Weyl group Wag := W x A, given by

(w,7) e A=w-(A+p) = p+ B (7).

This determines the extension uniquely. Equivalently, the extended function m(—, k) gives the Fourier
coefficients of the distributional character obtained by multiplying Q(M, k) by the Weyl-Kac denominator
followed by restriction to 7.

Remark 4.3.8. A simple example is the multiplicity function for S*, a quasi-Hamiltonian SU(2)-space
(c.f. [A2]), at level k: it is a function m(—, k) : Z — Z with m(0,k) = m(1,k) = --- =m{{ — 1,k) =1,
where £ = k +h" = k + 2, and the rest of the values of m are determined by the affine Weyl action.

4.4 Norm-square localization formula

In this section we will derive the norm-square localization formula for the quantization Q(M, k) (more
precisely, its multiplicity function m(\, k), see (4.42])). This involves several steps. First we rearrange the
fixed-point expressions to show that m(\, k) can be expressed in terms of finitely many Verlinde
series. Then we apply the decomposition formula for Verlinde series, organizing the terms according to
the affine subspaces A € §. We study the asymptotics (kK — 00) of the resulting formula, proving that
the non-zero terms correspond to the critical values of the norm-square of the moment map || ¥||%. We

emphasize that throughout this section and the next one, we set
¢=k+h,

where k is the level of the prequantization.

4.4.1 Rearrangement of the fixed-point expressions.

Using J(t) =t [[.(1 —t*) and the Weyl character formula, one finds

m\ k) = ﬁ S [ -0, k)(t) = ﬁ Vet k) @) (4.43)

teTy a<0 a<0 teTy
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We have allowed the sum to run over all of Ty, since [], (1 —t%) vanishes at all non-regular elements in
any case. For the second equality, we have used the fact that the finite Fourier transform of (1 —¢%)f(t)
is equal to the finite difference operator V, applied to the finite Fourier transform of f. Equation
(4.43) expresses m(A, k) as the finite Fourier transform of a function on Ty. Equivalently, identifying
distributions and (generalized) functions on 7, using normalized Haar measure on Ty, we can view
m(A, k) as the Fourier transform of the distribution supported on Ty C T obtained by pushforward along
Ty — T of

[T =t k)1, t €Ty
<0

Our goal is to understand the dependence of m(0, k) on the level k (or £), and ultimately show that
it is quasi-polynomial. There are two sources of dependence: (1) the set T; indexing the sum, and (2)
the form Ch(Ly, t)l/ 2 for the Ty-equivariant Spin® line bundle L.

The first step is to re-order the sums in the formula, so that one first sums over orbit-types of T,
followed by a sum over a subset of T;. Let F be the collection, for all regular elements ¢ € T, of all
connected components F C M?. For each F' € F, let TF C T be the stabilizer of F' in T'. Let Tr,,
a =0,1,2,... be the connected components of T with Tro = Tr = exp(tp) the identity component.
The elements ¢ € Ty for which the corresponding term in involves an integral over F' are those
t € T, such that ¢ € T, but ¢ ¢ Tps for any F C F' € F. Equivalently, this is the set of ¢t € T, N Tx
such that 1 — A(t) € End(Dp) is invertible, where A(t) denotes the action of ¢ on 7p. Equation

becomes L2
' Ch(ﬁk,t) t~

_— 4.44

[TV > / Delrd) (4.44)

|Te| a<0 FeF tETzﬂT

where the prime next to the summation means omit terms such that 1 —A(¢) € End (D) is not invertible.

For F € F, let v/}, be the normal bundle to F inside M*'#; thus only the finite group Tr /T can act
non-trivially on vf. Let v be its Tp-invariant complement in g, so that tx acts with non-zero weights
on vr and

~ /
Vp =Vp @ Vp.

Using the tp-action, the vector bundles vr can be equipped with complex structures. We do this by
fixing a “generic” element 0 # § € t, and then choose the complex structure on vp such that the complex

weights a € (ANtp)* of the tp-action on v are d-polarized:

(o, pr, (0)) >0

where pry, denotes orthogonal projection to tr.

Remark 4.4.1. 1. Below we treat vy (and sub-bundles of vp) as complex vector bundles with this
d-polarized complex structure, unless otherwise specified. To indicate a different polarization, we
write the polarization in brackets, for example vz (y") as in Section Otherwise the §-polarized

complex structure is the “default”.

2. If one assumes that the stabilizers are connected, then v = 0 and several of the equations below

simplify.

Applying Proposition to V = t/tp, 2 = B#*(A*)/tp, [ = A/tp, shows that for each component
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TF,q there is a minimal ¢z, such that
TroNTe#0 < (=0 (mod lp,).

For each (F,a) choose tp, € Tpq N1y, ,.
In order to state the formula expressing m in terms of Verlinde series, we choose a point z € F' for
each F, and a lift # € 7~ !(z) C V. Let

¢r = pry; (6(2)), pr =Dy (¢(2)),

where pre ottt — t*/ann(tp) is the quotient map. (Recall: ¢ : N — t* is a moment map, k1¢ is the
moment map for the line bundle 7*L — A, and ¢ : N’ — t* was the spin-c moment map for S.) We
also choose a complex structure on T, N ~ Tz N extending the §-polarized complex structure on vg|,.
Then Tr acts on detc (T, N) by some weight sp € (ANtp)*.

Theorem 4.4.2. Let op = o — %SF —hVop, with sp, ¢, ©r as defined above. For each (F,a) there

is a (differential form-valued) quasi-polynomial function
(k) = s fra(k)

(see equation (4.49) for the definition of frq) such that

m= ‘Tl| H v Z / fFa FaTM’F‘i‘UFV(VFatFa)- (445)

a<0

V(Up,tra) is a Verlinde series with data (tp,Zp, Ap,Vp,tp.), where = = B#*(A*), Ap = AN tp,

Er=ENtg.

Remark 4.4.3. 1. V(Up,tp,) initially has domain (A Ntp)* = A*/ann(tp). In the equation above,

we have omitted a pullback under the map A* — A*/ann(tr) from the notation.

2. The shift o depends on the choice of complex structure on T, N (through sg), but not on the
choice of lift # € 7=%(2) C NV. This is because if one chooses instead \-#, then ¢ and h”¢x both
change by h¥ B?(\).

Proof. Applying equation (4.23) relating Dg and D¢ we find

, Ch(Ly,t)"/2Ch(det(vp),t)~ /2>
11V > / A(F Dal. el 1) . (4.46)

T
| é| a<0 FeF teTﬁﬂTF

Recall the definition of the square-root Ch(Ly,t)/?:
Ch(Ly, t)"/? = ppi(t)detc(A(t)'/?)Ch(Ly)!/?

where pp(t) is the phase factor for the action of ¢ on the Hermitian line relating Si|, and AcT,N.

Since
Ch(det(vp),t)~"? = detc(A,, (£)~/?)Ch(det(vp)) /2,



CHAPTER 4. [Q, R] =0 AND VERLINDE SERIES 104

we have
Ch(Ly,t)"/2Ch(det(vr), t) /% = ppi(t)dete (A, (£)'/?)Ch(Ly, @ det(vp) ")/, (4.47)
where we have used TN|p = TF & vp ® v} and the fact that ¢ acts trivially on T'F.
For each k, pr is a homomorphism
prk: Tr 0T — U(1).
Suppose t € T4, then t;}at € T and therefore acts trivially on vf. Hence can be re-written

Ch(L,t)*?Ch(det(vp),t)"1/? = pF,k(t;}at)Ch(ﬁk,tpya)l/QCh(det(z/pLtp’a)_lp.

To describe the homomorphism ppy : Tp — U(1), recall that k = nk; and
S, =S @t L"
where 7*S, m* L are both T-equivariant. Using the chosen complex structure on Tz N ~ T, N, we have
8z = E® NAcTiN,
for some Hermitian line £. Then
™ Lils = 7 L2" ® E? @ det(TyN). (4.48)

The action of T on L is given by the weight k1¢p € A*/ann(tp). Let up € A*/ann(tp) be the weight
for the action of Tr on E. The homomorphism ¢t € T +— detc(A(t)) € U(1) is given by the weight sp.

From (4.48) (setting & = 0) we have
HF = PF — %SF
Thus pp k|7, is given by the weight

kor + or — 35p.

Let
A(F)Ch(Lg, tpq)Y2Ch(det(vp), trg) /2
Fra(k) = 2EICh(Le tra) Cetvr) tra) 7y ) (4.49)
Dr(Vi,tra)

The factor 1, ,n(¢) is used here as the component tp,Tr only intersects T, non-trivially when ¢ =
E+h e lroN. Note that Ch(ﬁk)1/2 is polynomial in k. Moreover, the element tr, € T, has finite

order, and so acts on 7*L; by multiplication by a root of unity. Hence fr (k) is quasi-polynomial.

It follows from our definitions that
, tk¢F+¢F*%SF*/\

D (U, t)

1 A(F)Ch(Ly, t)Y/2Ch(det(vp), t) V2> _
S e e "2 Srlies 2

teT,NTr teT,NTp
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4.4.2 Applying the decomposition formula.

Equation (4.32) applies to each Verlinde series V(—) in formula (4.45]):

TigprorV(VF,tra) = Z Ty Ver(Vea,tra; pra(y)) * P(UE astrai7X)- (4.50)
AESF(EL,VF,¢F)

One should view the affine subspaces A as subspaces of t*, by taking inverse image under the map
t* — th = t* Jann(tp).

Next we group the terms according to the affine subspaces A, or equivalently, we switch the order of
the summation over A with that over (F,a). Let S be the union of all the sets Sg, F' € F; note that we
view all elements of S as affine subspaces of t*, by taking inverse images under the maps t* — t5. The
terms in equations 7 are indexed by triples (F,a,A). The affine subspaces A are rational in
the sense that the subalgebra ta orthogonal to A exponentiates to a closed subtorus Ta C T. We group
the terms corresponding to (F,a,A) and (F’,a’, A’) if

1. A=A
2. F,F' belong to the same connected component C C N'a.

Note that for such terms, the orthogonal projection pra(y) of v to A is the same. Consequently for
these terms, the quasi-polynomial “germs” Ver(—) are taken about the same point (pra(7y)) and the
polarization direction (y{ = pra () — ) for the partition function P(—) is the same. For C C M*'| let
ve be the normal bundle. If F' € F and F' C C, then

1
Vi = velr.
The normal bundle 7r ¢ to F' in C' decomposes
~ _ / _
Vrc = Vrc @ Vp, VF,c = VFA

(v was defined already above).
After rearrangement, equation (4.45)) takes the form

m = Z mgpg (4.51)
AC
where C' C M** and
o 1 - _ _
qu’icl = Tl H Va Z /FfFv“tFi\l T, . Ver(Trc,tra;pra(y)) * P(To,tra; ) (4.52)

a<0 FcC,a

Some properties of the terms mgpg follow immediately from the properties listed at the end of Section

42,3

1. \Tg|mzpfg is quasi-polynomial on each translate of Ug¢A x {¢}. This is true of the terms of the
decomposition formula Ver(—) * P(—), and is not destroyed by the translations T, the quasi-
polynomial pre-factors depending on (F,a) and k, or the finite difference operators V, (which

amount to taking certain finite linear combinations of translations of these quasi-polynomials).
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This is our reason for using the superscript “qpol”. Notice that if 0 € A, it follows that |Tg|mcg’,‘£

is quasi-polynomial when restricted to A x N C t* x N, and in particular |Tg|m(§jg(0, k) is a

quasi-polynomial function of k.

2. qup,g(—,k) is supported in a half-space of the form (—,y£) > d||y£|| where d is a constant

depending on A, k, the shifts by or and the finite difference operators.

Equations (4.51)), (4.52) are the key formulas underlying this approach to the [@, R] = 0 Theorem.
Our next goal is to show that the terms in equation (4.51]) which do not correspond to critical points of
| P||? vanish—this will justify calling (4.51)), (4.52)) a ‘norm-square localization’ formula.

4.4.3 Norm-square contributions.

Consider the related distribution ma ¢ obtained from (4.52) by replacing Ver(—) with V(—), as in
Section 424t

1
ma,c

C = @ H v(x Z /FfF,at}_Fi\L TJFV(vF,C7tF,a;A) * P(v07tF,a;7X)' (453)

a<0 FCC,a

As explained in Section for each A € A*, ma c(\, k) = m%’fg()\, k) for k sufficiently large.

We next compute the inverse Fourier transform rma c(t, k). Recall notation used in Section [£.2.4}
d1,7, € D'(T) denotes the delta distribution supported on TyTa defined using normalized Haar measure
on the (disconnected) subgroup TyTa.

Lemma 4.4.4. The inverse Fourier transform Qa.c = ma,c of ma.c is the push-forward of a distri-
bution on TyTa C T. Write an element of TyTa (non-uniquely) as a product th where t € Ty, h € Th.
Let sz € A*/ann(ta) be the sum of the ’yg -polarized weights of the Ta-action on the normal bundle ve.
Choose {pa € (A — ¢p) N (B°(A)/ann(tr)), and let

¢a =prey (OF +Era),  pa =Dpryg (pr +h7Epa),

where P denotes the quotient map t5 — t4. The distribution Qa c is given by the formula

1
Qa.c(thk) =] - (th)*) > (—1)ke) préateatysh
a<0 FcCt
/ A(F)Ch(Ly ® det(vo(14)), 1) /> Ch(Sve (14), th)
F DR(DF,Cat)

81, 7a (th). (4.54)

Proof. Proposition @ (applied to the torus T, the finite subgroup Ty N T, and so on) showed that
the inverse Fourier transform of T,V (Upc,trq; A) * P(ﬁc,tﬂa;’YD is a distribution on T given by
the formula

B ti(Prtér.a)tor Qptra (Sﬁc(ﬂ) ® det(ﬁq_)*l,t)

ID(tCF’a (PF,Cv t)

Ty N Tr|(—1)e. i(vrcitrat)dr,nreyra (t) (4.55)

where i(Vr c;tr o) is an indicator function on (7, NTr)TA equal to 0 if 1 — A, . . (tF 1) is not invertible
and equal to 1 otherwise; note that it is constant on each coset tTa, t € Ty N Tr. 6(r,n1,)T, denotes
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the delta distribution for (7 N Tr)Ta C TF, defined using normalized Haar measure for the subgroup
(Ty N Tr)Ta. Here Epa € (A — ¢r) N B°(A)/ann(tr) (the choice does not matter).

Extend the definition of the indicator function i(vrc;trqt) to be 0 away from Tp. The factor
|T,NTr| in ([4.55) and the factor |Ty|~! in (4.53) combine to give |T;/Tr|~!. Since the indicator function

vanishes away from Tr we have

i(veciteat)|Te/Tel " Srnremrs = i(VEC; trat)oT,T0,

i.e. the factor |Ty/Tr|~! relates the two different normalizations for the Haar measure on (T, N Tr)TA.

Thus the distribution |Ty| 1T, .V (Trc,trae; A) * P(Ue, tra;vA) on Tk is given by the formula

JHUOr e ton O (S50 (1) @ det (T, ) 7, 1)

71 rk(fc’,
( ) D(EF)G (vF,Cvt)

Z.(VF',C; tF,at)aTzTA (t) (456)

By definition 7c(vX) = vo(yf) (the polarization v{ determines the complex structure on the same
underlying real vector bundle). Note that (Ug)— = Ug 1 hence

det(vo, )"t = det(vo ) = det(ve y).

The factor t;i‘l in (4.53) means one must push-forward the distribution defined by (4.56) on T% to a
distribution on T by the map
LFa: Tr — T, t— tF,at~

Hence Ch'"*(—, ) is replaced with ChtF*“(—,t}’lat) = Ch(—,t) and similarly for Dg’"’(—,t). It is con-
venient to change variables, decomposing ¢ into a product of ¢ € Ty and h € Ta (this decomposition is

not unique). Note that h acts trivially on vg . We have t74 = 1, and

hz(¢F+£F,A)+G'F — hkfﬁA‘H@A—%SA

where
¢a =Dl (0F +ErA), @A =Dry (pr +h'ErA),  sa =Dpre (sF),

and pr; denotes the quotient map tj; — t. Therefore the inverse Fourier transform of |T%| 1t F;\l To.V(Trc,tra; A)*

P(Uc,tra;vk) is given by

1
loptor phoatea=55aCh(Sye(vL) @ det(vo y), th) .

(_1)rk(yc,+) (t;“,lat) Z(VF o t)éT T (th)
Dc(Tp,c,t) .

Recall from the proof of Theorem that on tp,Tr N1y
Ch(Ly,t)"/*Ch(det(vp),t)""/? = Ch(Lg, tra)/*Ch(det(vr), tra) /2 (tpht) 07w,

Using (4.23) and the multiplicative behaviour of Dg(—), we arrive at the following formula for the inverse
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Fourier transform of ‘Tg|_1fF’at;~i; TorV(Vrc tra; A) x P(Uo,tra;vk):

1., (—1)™ et) A(F)Ch(Ly, t)/*Ch(det(ve), t) /2

1
pFeatTea=358Ch(Sve(vh) ® det(ve ), th)
'DR(I;F,Cv t)

Z.(I/F7c; 75)(5’1“27“A (th)
Finally note that

1
(—1)™ke ) Ch(det(ve), ) ~Y/2hP2 7252 Ch(det (ve,+ ), th)

1
= (~1)™ ) Ch(det(ve (v£)), 1) /2hFaT 25,

where SZ is defined similarly to sa, but with respect to the ’yX—polarized complex structure on vg: it is
the sum of the (7§ polarized) weights for the action of Ta on v (7)).

Assembling the contributions from different fixed-point sets F' C C, we partially undo the separation
into different orbit types, initially used in equation . By summing over all components of F' C
C' in the final result (4.54), the factor of 1, , and the indicator function i(vpc;t) are incorporated

automatically. O

According to the lemma, Qa.c = qa,cd1,7, Where ga ¢ is the generalized function on T;Tx given
by the formula

1
qa.c(th, k) = H(l — (th)®) Z (—1)ke) proa+eatysk

a<0 FcCt

/ A(F)Ch(Ly ® det(vo(14)), ) /*Ch(Sve (74), th)
F DR(l}F,Cat)

Formally, ga,c is the sum of Atiyah-Segal-Singer fixed-point expressions for a TyTa-equivariant spinor
bundle on C, tensored with the infinite-dimensional Zs-graded vector bundle Acn_ ® Sve(vL). We now
explain this interpretation.

Equipping the normal bundle v¢ with the T-equivariant spinor bundle /\(ch*(—’yX), the 2-out-of-3
lemma for spin-c structures yields a Ty-equivariant spinor bundle Sy A ¢ for TC, with determinant line
bundle £ a.c = L @ det(ve(74)) having grading (—1)™() relative to the grading of Lj.

Since C € MT2 | a T,Ta-equivariant extension of the spinor bundle Sk,a,c amounts to the choice of
a weight for the action of Ta on the fibres, compatible with the given action of Tao N Ty. The choice of
weight is suggested by the above expression for Qa c: kda + oa + %SX

Note that ¢a, pa depend only on the affine subspace A, and not on the earlier choice of lift # € 7= ()
(oa = Preg (¢r + €r.a) and changing the lift & does not alter the sum, similarly for ¢a). Moreover, as
¢, @ are abstract moment maps, the projections pre; © o, pry; o are constant on connected components
of N*a. Thus k¢a +oa + %sz determines a TyTa-equivariant extension of Sy A c. And with this choice
we have

1
(—1)k(ve) proateat3siCh(Ly, @ det(ve (v))), £)/2 = Ch(Li.a.c,th) /2.

The equivariant extension of S;; A ¢ then determines a T;Ta-equivariant extension of S}, itself, which
we denote Sg A (and Ly A for the determinant line bundle).

There is a second way to understand the resulting equivariant extension Si a. View A as an affine
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subspace of t ~ t* and consider the fibre product

Ch —2 A

lﬂ lexp (4.57)

c P,

Then Can — N and C = Ca/(A Ntx). The restriction 7*Sy| ¢, 18 a T-equivariant spinor bundle for
TN |6~ Inspecting the commutation relation (4.38), the phase REB' (N s trivial for h € T,Ta and
A€ ANtx. It follows that the quotient

w*Sk|@A/(Aﬁtﬁ)

is a TyTa-equivariant spinor bundle Sy a for TN|¢c. Since ¢, ¢ are abstract moment maps, the projections
pre; © o, pry; © @ are constant on Ca, and equal ¢a, pa respectively.

The product [], (1 —1*) is the T-equivariant Chern character of the Zy-graded vector space Acn_.
We no longer need to factor ¢t € TyTa, and thus the formula for QA c becomes:

h( $)1/2Ch
Qnc(t k) Z / F)Ch(L,a,c,t)/?Ch(Acn_ @ Sve(vX),t)

DR(VF,07 t) 5T1{TA (t) (458)

Fcct
The integrand in (4.58)) indeed takes the form of fixed-point contributions for a T,;Ta-equivariant spin-c
structure on C, tensored with the infinite-dimensional Zs-graded bundle Acn_ ® Sl/c(’}/z).

Theorem 4.4.5. There is a TyTa-equivariant spin-c structure Si a,c on C' with determinant line bundle
Lia @ det(ve(yk)). In terms of this spin-c structure, equation defines a distribution supported
on TyTa C T. Its Fourier transform is the function ma c. The contribution mqpo of the pair A,C to
equation for m is obtained by taking the ‘quasi-polynomial germ along A’ ofmA,c at (pra(v),1) €
t* x N, i.e. making the replacement V(—; A) — Ver(—; pra(7v)) in the formula for ma c.

4.4.4 ‘Delocalized’ index formula.

In this subsection we derive a Berline-Vergne-type ‘delocalized’ index formula (c.f. [I2]) for the quantities
Qa,c defined in the previous subsection.

Let K be a compact Lie group acting on a manifold M. Let £ — M be a K-equivariant vector
bundle with K-invariant connection V. The group K acts on the space of sections I'(E) according to
the formula

(k-o)(m) =k-o(k 'm),

and the corresponding Lie derivative operator for an element X € ¢ is

LY o(m) = % ) exp(tX) - o(exp(—tX)m).

For any X € &, the difference
wX)=VE, - LX

commutes with multiplication by C*°(M), and thus defines a section of End(FE); the map p : ¢ —
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I'(End(E)) is known as the moment map of (E, VF) (see [10]). The K-equivariant curvature ([10]) of E
is

Rg(X) = R — p(X),

where R is the ordinary curvature of EE| One obtains dg-closed equivariant extensions of the charac-
teristic classes described in Section by replacing R with Ry in the definitions. We use the notation
Ch(E, X), A(E, X) and so on, for these extensions. Note however that A(E,X), Td(E, X) are only
defined for X in a sufficiently small neighbourhood of 0 € €. Similarly, for s € K one defines extensions
of the twisted characteristic classes D (F, X ), Ch*(E, X) and so on, except that one requires X € ¢°
(so that X is tangent to M?).

We recall the usual Berline-Vergne formula for the T-equivariant index of a spin-c Dirac operator
D for the spinor bundle S with determinant line bundle £ = Homcyg(S*,5). For t € T and X € t

sufficiently small, the Berline-Vergne formula is

Cht L 27TX 1/2
index(D)(t exp(X Z / g”X) ) .
FCM* VF7

This can be checked by applying abelian localization to the right-hand-side and comparing with the
Atiyah-Segal-Singer fixed-point formula. The factor of 27” in the arguments is needed to cancel the ﬁ
appearing in the definitions of the characteristic forms.

Recall (Chapter 1, Section [1.3.4) that we have an Ng(T)-equivariant map
¢g/: N = B Cg/t=th,

where B is small ball around the origin. Let b € K%(g/t) denote the T-equivariant Bott class for the
complex structure on g/t determined by the negative roots. Its pull-back to 0 € g/t is Acn_ € K2 (pt).
Let Ch'(b) = Ch(b,t) € Q((g/t)!) denote a representative of the twisted Chern character of b with
compact support contained in B*. To simplify notation, we continue to denote the pull-back (;5; / (Ch(b, 1)
by Ch(b,t).

Remark 4.4.6. Let V be a complex vector space with a linear action of a torus 7', and assume VI = {0}
for simplicity. Let ¢t € T and let b € K%(V) denote the Bott class of V determined by the complex
structure. A representative for Ch’(b) = Ch(b, ) is the following compactly supported form on V*

Chi(b) = det!"" (1 — A(t))7(V?),

where 7(V?) is a Thom form on V? for the orientation induced by the complex structure, and A(t) € U(V)

denotes the action of £ on V. This form has an equivariant extension given by the formula

t v/v? A(X yt (1=et0
Ch'(h, 2 X) = dety’ (1— A(t)e* X detd | ——F— | 7(V!, 2 X),
' A(X) '
where X € t, A(X) € u(V) is the infinitesimal action of X:
A(X) = LX = —| Alexp(tX)),
0

4The sign convention for u(X) is opposite that of [I0], but the minus sign in the definition for Ry (X) cancels this,
hence Rg (X) agrees with the equivariant curvature defined in [10].
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and 7(V*, X) is an equivariant Thom form. This formula can be checked by pulling back the right-side

to 0 € V', where it becomes
det{ (1 — A(t)e*™™)) = Ch(AV, 2 X).

The construction above yields T-equivariant extensions for the characteristic classes appearing in
, except for Cht(EkVA)C)l/z—the obstacle being that, in general, S; A ¢ is only T;Ta-equivariant.
To resolve this difficulty we pass to the cover Ca.

To simplify the notation, let

C =Ca, Ap = ANtER, m:C—C=C/AA.

Let s € T. Since the pullback spinor bundle 7*S; a ¢ is T-equivariant, the form Ch®(7* Ly A ¢)'/? on
C?® has a dp-closed equivariant extension Ch*(7* Ly A ¢, X)1/2; in terms of the moment maps ¢, ¢ and

a moment map st for det(vc(vX)) the extension is

Ch*(Lpa,c, ZX)H? = Ch* Ly p.c)/2e2mik6 ot 57X

(in order to simplify notation, we omit pullback by 7 here and below). The form Ch®*(Lx a o, X)¥/? is

nearly Aa-invariant; one has instead
C*Oh* (Lr,a.00 22 X) Y2 = (sexp(X))F OCh* (L a0 22 X)H2, C € Aa. (4.59)

This follows from equation (4.38) and the definition.
Let s € T and X € t sufficiently near 0 € t. For short, write

as(X) = Ch*(Ly,a.0, X)?Ch* (b ® Sve(13), X).
By equation (4.59)), we have
Cas(EX) = (sexp(X)) P Oa,(2X), ¢ € An. (4.60)

The following is an adaptation of the Berline-Vergne ‘delocalized’ index formula (c.f. [12]).

Theorem 4.4.7. The expression

AlC*, ZX)a (2 X)
s ID]SR(Vcsvc,zTﬂX) '

Qa,c,s(X, k) =/ (4.61)
defines a distribution on a neighbourhood of 0 € t. Moreover, its push-forward under the map s : X €

t— sexp(X) € T agrees with Qa,c on a small neighbourhood of s € T.

Remark 4.4.8. 1. The integration is over a possibly non-compact manifold C?, but the integral con-

verges in the sense of distributions.

2. Recall that C® is a q-Hamiltonian G*®-space, and thus has a ‘twisted’ spin-c structure: a Morita

morphism Clff(T'C?) — AZ‘?”. The image of the moment map ®(C?®) is contained in a tubu-

lar neighbourhood of the maximal torus in G*, and thus AZ2™ has a Morita trivialization (not
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equivariant). Thus the fixed-point set C*® is spin-c (in particular, it is oriented).

We outline the proof for completeness, omitting some details since a part of the argument is well-known
(c.f. [10], [12)).

Proof. Choose a fundamental domain C§ C C?® for the action of Aa. Then using (4.60)),

A(C*, ZX)a(2X)
Dg(ves o, 2 X)

QA,C,S(X, k‘) = Z (3 exp(X))_ZBb(C)/

CeAA ¢

Choose X, such that exp(X,) = s. By the Poisson summation formula (c.f. Lemma for the

variation used here), this is equal to

A(CE, 2 X)) (22X
Z 5U(X+X3)/ (DS 7 ) 27T( 7 )
Uel—1BE(A*)/ta ¢ R(VCS,Ca 3 )

(4.62)

In this expression U is viewed as a coset U = p+ ta, u € £~ B*(A*); the normalization of dy is induced
from normalized Haar measure on the compact (disconnected) group T;Ta = exp({~ 1B (A*) 4 ta).

To see that (4.62)) defines a distribution on a neighbourhood of 0 € t, it is enough to show that a
product of distributions of the form
5tA ' p(a; 'YX)

is defined. The Fourier transform is a convolution
Oy * P(a;v)).

The partition function P(a;’yi) is supported in a translate of an acute cone K, contained in the

half-space {¢|(¢,7L) > 0}. Since 7{ is orthogonal to tX, the map

Ko Xty — t, (&1,8) = & + &

is proper.
The delta distributions in (4.62)) force X + X to lie in ta +£~1 B¥(A*) C t. For such X, (B(¢, X + X)
is an integer, for all ( € Ax = AN tx. Thus equation ([4.60) gives

C*as(le) _ 6727rifB(C,X+Xs)as(27‘ﬂ'X) — 0[8(2#)()7 C € An.

B i
This shows that for X + X, € ta + £~ B*(A*), the integrand descends to the quotient C5/An = C*.
Hence (4.62)) simplifies:

A(C*, ZX)a, (2 X)

s D]?{(VCS,C, 2771' )

QacsX k)= Y su(X+X) / (4.63)

Uect—1BE(A*)/ta

The manifold C* can still be non-compact, but the Chern character of the Bott element has compact
support, ensuring that the integrand is compactly supported. The integrand is closed for the equivariant

differential d_orix = d— 2%¢

(3

(X¢s), and thus localizes to the fixed-point set of the vector field generated
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by X on C*. Let t = sexp(X). For X sufficiently small we have
(cHX =,

Applying the abelian localization formula, the integral in (4.63]) becomes

/Ds A(C*, X )as (3 X)

. 4.64
(ves C,Q”X)Eul(upcs ”X) ( )

FCCt

One has N .
pAC X)) A(F)
Eul(vpes, ZX)  Dr(vrcs, ZX)

(This follows easily from the formulas in terms of ‘Chern roots’, Section 4.2.1]) We write o for the
normal bundle to F' inside C, in order to agree with the notation used in Sections [4.4.1 Equation

(4.64) becomes
(2
s( ”X
/ Fla ) (4.65)
D5 ( VFC» )

Along the fixed-point set of X, the equivariant curvature Ry (X) of a vector bundle E simplifies to
R+ L. Hence

FCCt

RT( LX)

eTw = eiReXp(Lg) = AE(eXp(X))eﬁR7

where Ag(exp(X)) € End(F) denotes the fibre-wise action of exp(X) on E. In particular, pulled back
to F' one has
Ch*(b® Sve(7X), 2 X) = Ch(b® Sve(vh), t).

For the forms Ch*(Ly A c, QTWX)I/2 and D (Dr.c, 2T’“X) one must be more careful, because of the

choices of square roots involved. Nevertheless for the quotient

Chs(ﬁk,A,Cy QTTFX)l/z . Ch(ﬁhA,C, t)1/2
Di(vp,c, 2 X) Dr(ipc,t)

(4.66)

One can verify this by a calculation similar to those in Sections [4.4.114.4.3]

The normal bundle decomposes
~ _ / / (=~ X
Vrc = VFCc DVE o, Vpo = (Vrc)
The action of X on the sub-bundle 1/};’0 is trivial, hence
Dﬁ(”%,c» 2TTFX) = IDR(V%,CW S) = DR(VIF,Cv t)‘

On the other hand, the sub-bundle vr ¢ can be equipped with a complex structure (for example, the
complex structure can be chosen such that the complex eigenvalues for the action A, .(X) of X on
vp ¢ are of the form ia with a > 0). By (4.23), and using DZ(Tr,c, 2TWX) =Dc(Trc,t),

1 Ch®(det(vp,c), 22 X)~1/2

Di(vpc, ZX) Dc(Tp,c,t)
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Choose x € F and a lift # € 7~ !(z). Equip T,C ~ T;C with a complex structure extending the complex
structure on vp c|;. Then
T Sk.acle = E ® AcT:C,

where F is a Hermitian line equipped with a 1-dimensional representation pg of the stabilizer T, of x

in T. Let p denote the spin-c moment map for 7*S, A, and pp = p(2). Then
Ch*(Ly,acy ZX)? = Ch(Ly,a,c)?pr(s)e?™ X dete (Apy . (5)12).
Let sp be the weight of the representation of the identity component of T, on detc(vr ), hence
OB (dete(vee), ZX) ™2 = Ch(detc(vio)) ™/ 2e 2739 X) dete (A o (5)712).

Thus

Ch*(Ly.a,c, 22X)H/?
’DHSQ(DF,CW 2T7TX)

:Ch(ﬁk,Ap ® det(VF,C)_1)1/2

) 1
p(s)e?™ 25N dete (A, (s)1/?)
DR(U};’C, t)D(C (ﬁp’c, t)

(4.67)

Since X acts trivially on v, o
detc(Ayy, . (5)'/%) = detc(Ay, ()'?).

Also
A3 = (exp(X).

Hence equation (4.67) further simplifies

Ch®(L ,m X 1/2 pe(t)detc(A,, (t 1/2
( klA’C o ) = Ch(Lk.a,c ®det(1/p,c)71)1/2 (z, ( F'c( ) )
,D]fg(VF,CH TX) DR(VF,C7 t)’D(c(VF’C, t)

This agrees with the right-side of equation (4.66) when the latter is expressed in terms of the same
complex structure on v c.
Thus after applying abelian localization, equation (4.63)) simplifies to

F)Ch(L $)Y/2Ch(b ® Sv,
Qa,c,s(X, k) = > v(X+X) D / 2, % )(V t() cOR)1) | (4.68)
UeZ*lBﬁ(A*)/tA FCCt FC

The remaining difference between equations (4.58|) and (4.68]) is the appearance of the Chern character
of the Bott element b in .

Consider a coset tTa C TgTA with ¢t € Ty, and let ' C Ct. If tTA contains a regular element h € T,
then FF C C" ¢ ®~1(G") = ®~(T). If this is the case then F' is compact, and the Bott element b can
be replaced by its pullback to 0 € g/t, which is Acn_ € K$(pt). Comparing equations and ,
this shows that the distributions s,Qa cs and Qa ¢ agree on tTa, and hence on a neighbourhood of
t € T (since both are delta-type distributions supported on T;Ta).

On the other hand, if tTA does not contain any regular points, then ¢ must be fixed by some non-



CHAPTER 4. [Q, R] =0 AND VERLINDE SERIES 115

trivial reflection w € W, which also fixes Ta. Choose a representative g € Ng(T) for w, which defines
a map Ad, : B — B" (recall B is an open ball around 0 in g/t). Recall that for G simply connected,
the group G" is connected for any h € G. Thus G* is a connected subgroup of G' with maximal torus
T, and g € G'. It follows that Ad, : g — g’ is orientation-preserving. As g* =t® (g/t)" and since Ad,
acts as the reflection w on t, Ad, is orientation-reversing on (g/t)’, hence also for the open subset B'.
Thus under pull-back by Adg, one has (c.f. Remark

Ad;Ch(b, t) = —Ch(b,t), (4.69)

in compactly-supported cohomology.

The group (G*)T2 acts on C* and is connected, since (G*)Ta = G with ¢’ a topological generator of
Ta. Tt follows that (G')T2 acts trivially on compactly-supported cohomology on C*. Since g € (G*)Ta
and as ¢g /¢ is Ng(T)-equivariant, it follows that

¢%(Ch(b, 1) = "% Ch(b, t) = ¢ AdCh(b,1) = ¢, Ch(b, 1)

in compactly-supported cohomology, where we used (4.69). Thus (b; /tCh(b, t) = 0 in compactly-
supported cohomology. Applying this to the right-side of (4.68)) shows that for such cosets tTa, the
right-side vanishes. O

4.4.5 Cancellations.

Recall the description of the critical set of the norm-square of the moment map for the Hamiltonian
LG-space ¥ : M — Lg*:
Crit([¥]*) = G- [J M7 nui(s),
seB
where B = {8 € t. [MP N U~1(3) # 0} is a discrete subset.

Equation (4.51)
m= Z m(ipg (4.70)
AC

is the desired ‘norm-square localization formula’ for the multiplicity function. To justify this statement,
we will show that the non-zero terms of (4.70]) are indexed by the set W - B, where W is the Weyl group.

More precisely, we show the following:

Theorem 4.4.9. Assume the perturbation v used in the decomposition formula is sufficiently small. Let

B be the nearest point to 0 on the affine subspace A. The contribution mip’%l is zero unless exp(B) € ®(C).

Remark 4.4.10. Recall X = ®~1(T), and the covering space X = tx7 X can be identified with U~1(t*) C
M. Since 3 € ta (identifying t ~ t* using the inner product), we have C N X C X?. Thus Theorem

[A49]implies B € W - B.

Following the strategy in [60], we deduce Theorem from the ‘delocalized’ formulas derived in the

previous subsection combined with a stationary phase argument (k — o). The first step is to convert

the problem to one involving the ma ¢ instead of the mzp(g. This follows from three observations:
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1. Tt is enough to show that quIig vanishes on each subset of the form

A(8) = J(A +6) x {} c t* x N, §e A (4.71)
4

On the other hand, qup’g is quasi-polynomial on A(d). One advantage of restricting to A(d) is
that only a finite-dimensional sub-bundle of Sy will contribute, i.e. there is some n (depending
on §) such that we might as well replace Sve with S™v¢, the sum of the symmetric powers up to
and including the n** symmetric power. One way to see this is because the weights for the action
of Ta on ve(y4) form a pointed cone, and thus the minimum value of (a,£) where a ranges over
the weights of the Th-action on the nt* symmetric power, increases linearly with n. In particular,
for sufficiently large n it is much larger than the constant (A + 4, 'yZ), and this implies that the
qpo

support of the contribution of the nt* symmetric power of vo(v£) to m% cl will not intersect A(9).

. 1 . .
New functions mx ¢, ,,, ma,c,n are defined as before, but replacing Sve with S™ve.

2. Suppose we are able to show that m%pgm decays as k — oo on some open cone of the form

o x (e},
14

where b is an open neighbourhood of ya in t*. This open cone intersects A(J) in an open cone (in
a lower dimensional subspace). Thus m‘ipg ., decays as k — oo on an open cone in A(J), and since

qupg,n is quasi-polynomial on this subset, it must be identically zero.

3. There is some neighbourhood b of v in t* such that (see Proposition [4.2.8))
mPE (A k) =ma,cn(\ k), Aelb, k>1.

So instead it is enough to show that ma ¢, decays on an open cone of this type.
From the observations above, Theorem follows from:

Lemma 4.4.11. Let ma c.n be as defined above. Assume the perturbation v used in the decomposition
formula is sufficiently small. Let 5 be the nearest point to 0 on the affine subspace A, and suppose
exp(B) ¢ ®(C). Then there is an open neighbourhood b of ya such that ma ¢, decays on the set

oo x{¢} ce xN
LeN
Proof. Choose a finite open cover {U|s € S} of T by neighbourhoods as in Theorem and let x
be bump functions on t such that {s.xs|s € S} is a partition of unity subordinate to this open cover.
By Theorem
Qa,c = Z s+ (xsQa,0,s)-

ses
Let dX denote Lebesgue measure on t, with normalization compatible with normalized Haar measure

on T. For the multiplicity function

macOb) =Y [0 (sexp0) A Qa (X B)AX.
ses t
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We have the corresponding versions where Sve is replaced with S™ve. For short, define &€ = b ®
S"ve(vX). Then

ma,cn(A k) Z/Xs )s e QA 0o (X k)X,
s€S

where, as in the proof of Theorem [4.4.7]

A(C®, ZX)Ch*(Li,a,00 ZX)Y2CHE(E, 2ffX)

Dg(ves o, 22 X)

Qa.csn(X, k) = Z $tB°(©) 2meB(cX)/

CeEAA 0
Expanding in powers of k we have
. dim(C)/2
Ch®(Li,a.c, ZEX)H2 = 2mikotetaen gk Nk

Jj=0

where u, is the phase factor for the action of s on L (a locally constant function on Cj), and wj is a

(possibly inhomogeneous) form which does not depend on k. Let
p=p—h'¢+ 35}
and note this is invariant under translations by elements of Aa. Define

A(C3, 22 X)e? %X w;Ch* (€, 2 X)
Dﬁ(VCS’C,QTTrX) ’

vs,i(X) = xs(X)

a differential form, smooth and compactly supported in X, which is independent of k. (The reason
for replacing Sve with S™ve was in order that v ;(X) is smooth in X. This allows us to apply the

stationary phase principle below.)

The sum over ( € Ax and integral over t can be exchanged, by definition of the distribution Qa ¢, s.n-
Then

macn(Mk)=> k> 5B (O~ A/ /dXe2mf<¢+B Q=AEX) (X)), (4.72)
8, (EAA

Let S be the support of Ch(b) in g/t. Then S’ = ¢;/£(S) N C is compact, and its image ®,(S") C T
is a compact set containing ®,(X N C) = &(C) N T. Since exp(f) ¢ ®(C), by taking the support of
Ch(b) sufficiently small, we can ensure that exp(5) ¢ ®,(S’). Taking 7 generic and sufficiently small,
one can ensure yo and f are arbitrarily close, and in particular we can ensure that exp(ya) ¢ ®,(S")
either. Pulling back to C, it follows that the pull-back of Ch(b) vanishes on ¢~1(b’) N C, where b’ is an
open neighbourhood of A in t*. Let b be a smaller open neighbourhood, with closure contained in b’.

The distance between points of b and points outside b’ is bounded below by some € > 0.

Suppose A € ¢b = \/{ € b. Since vy ; vanishes on ¢~ (b’) N C*, on the support of v, ; we have a
lower bound |¢ — A/£| > € > 0. Choose a closed fundamental domain A for the action of Aa on A that

contains 3 in its interior, and choose Co = ¢~!(Ap). Thus on the support of v; ;

|6+ B"(¢) = A/{] > e, ¢ € Aa.



CHAPTER 4. [Q, R] =0 AND VERLINDE SERIES 118

For ( € Aa outside of some closed ball D and for z € C§ we have a stronger bound:

¢(z) + B”(¢) — A/€] > alC],

where 0 < @ < 1 is a constant. Then (4.72) can be split into two parts: a finite sum

MmO k) =3 K Y SO / uf /t dX 2B O=NEX), (X)), (4.73)
J 0

¢eEAAND

and an infinite tail

o =YK Y o | uf/the%"““Bb‘Q‘*/‘=X>us,j<X>. (4.74)
0

$,J CeAA\AAND

In equation we use the weak lower bound |¢ + B”(¢) — A\/¢| > € on the support of vy ;. At a
fixed point = € C§, the principal of stationary phase gives a bound for the integral over t of the form
Cn(z)(le)™N, where N € N can be chosen, and Cy(z) is a constant depending on z and N. As the
support of the integrand restricted to the fundamental domain Cj is compact, the constant can be taken
to be uniform in x, and hence we obtain a bound of the form

CN

1)
|mA on(As k)l < ¢N—dim(C)/2"

Taking N > dim(C )/2 shows that m(A ‘c.n decays as £ — oo.
In equation (4 we use the stronger lower bound |¢ + B”(¢) — A/f| > a|¢| on the support of v ;.

Arguing similar to the last paragraph, we obtain a bound

(2) CNG 1 N
|mA,C,n(>"k)| < ¢N—dim(C)/2 Z ICIV = ¢N—dim(C)/2"
CEAAN\AAND C

This shows that mf?cm also decays as £ — co. O
To summarize, in this section we have shown:

Theorem 4.4.12. The multiplicity function m(\, k) admits a decomposition
=Y g,

where C C MT>. The contribution mng vanishes unless MP N U=Y(B) # 0, where B = pra(0).

Furthermore mzpoc is obtained by taking ‘quasi-polynomial germs along A’ of a multiplicity function

ma,c = F(Qa c), where

£)1/2
QAC t k Z / Ch EkAC‘; ) Ch(/\cn ®SVC(’YA) )

DR(VF,Ca t) 5TZTA (t)

FCCt

Qa,c(— k) = qa,c(— k)or,1, is a distribution supported on T;Tn C T; the generalized function
qa,c(—, k) on TyTa takes the form of fized-point contributions for a T;Ta-equivariant spin-c structure

Sk.a,c on C, tensored with the infinite-dimensional Za-graded bundle Aen— ® SVC(VK)-
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4.4.6 Example: S*.

Our first example is the 4-sphere, a quasi-Hamiltonian SU(2)-space, c.f. [42] for details on its construc-
tion. See [35] for the analogous discussion for Duistermaat-Heckman distributions.

The 4-sphere is prequantizable at any level £ € N. We identify T C SU(2) with the circle S!, and
write the character corresponding to m € 7 as t™. The fixed-point formula is discussed in detail in [42],
where it is shown that

QS (k) = — (—k+hV —k+2

N I B B '
Identify t = t* = R with pairing given by multiplication, and A = Z. The basic inner product satisfies
B(1,1) = 2. Then E = B*(A*) = 1Z, hence T; = {7'E/A ~ Zy; = {t € U(1)[t** = 1}. The multiplicity

function is
_ te A

m, VZ A—ni—t1y

where o = —2 is the negative root of SU(2). Using the notation of examples and this can be written

1

va(vg(u) —VQ(A—M)).

Example [3| gave the decomposition formula for V5 expanded around a center « € (0,2), which gives

1
57 VaVa(\ ) = f—+1+29+x 2n0) + Y 60_(\ - 2n),
n>0 n<0
where
0+(A) =24 (A+2) — 24 (N), 0-(A) =z_(A+2) —z_(}),

(x4 are defined in example [3). There is a similar expansion for the other term, except that now one
expands first around a center v € (—2,0) to compensate for the shift by ¢ (see Section [4.2.4)). Taking

the difference, one obtains the norm-square localization formula:
mO k) =1+ 3 04 (A= 2n) + Ze,(x—w)
n>0
729+( (2n +1) ) A ( 2n+1)€>

n>0 n<0

(One can check this agrees with Remark )

4.4.7 Example: fusion of two conjugacy classes of SU(2).

We use notation as in the example above for G = SU(2). Note that f = k+hY =k +2. Let C =G -h
be the conjugacy class of the element h = exp(B*(p)/2), p = %a, where « is the positive root. C' is a
quasi-Hamiltonian SU(2) space with moment map the inclusion. Let M = C ® C be the fusion product
(c.f. [2]); as a G-space M = C x C with the diagonal action, and the moment map is the product of the

two moment maps. It is known that M is prequantizable at level & if and only if k is even (c.f. [44]).

Remark 4.4.13. Similar to the previous example (S%), this is an example of a multiplicity free g-
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Hamiltonian SU (2)-space with surjective moment map. Apparently there is only one other such example
besides S*, C ® C ([32]).

There are four fixed-points for the action of a regular element ¢t € T: (h,h), (h,h™1), (h=1 h),
(h=1,h=1). The contribution from Fy = (h,h) is
1t
ANEk)=— T
n”ﬂ( 9 ) f 1__t7aa
teTy
(we have used the factor of (1 — ¢~ %) in the formula for m to reduce the degree of the denominator).
The denominator factors

1t =1—-t"")1+t7").

Using notation as in the previous example, p € A* is identified with the generator 1 € Z, and so mp, is
((2¢)~! times) a translate of a Verlinde series for the list & = {—1,a}, a(z) = —z+ 1 that was considered
in [I] and [3] The contributions from the other three fixed points are similar. Adding them together, we

find the norm-square localization formula for m =" mp,

m(\ k) = <1 -2 Z L2nes24k,00) + 2 Z L(—oo2netk) — 2 Z 1(—oo,2ne—2] + 2 Z 1[27,,5,00)) d2z.(N).

n>0 n<0 n<0 n>0

4.4.8 Example: a multiplicity-free q-Hamiltonian SU(3)-space.

There is an example due to C. Woodward of a multiplicity-free q-Hamiltonian G = SU(3)-space M with
moment polytope an equilateral triangle inscribed in the alcove. We discussed this example already in
Chapter 2, where we considered its Duistermaat-Heckman measure. Here we discuss this example in
more detail and determine when M is prequantizable. To follow some of the discussion below, one needs
to consult the image of the moment polytope in Chapter 2 (figure , from which we will read off
several facts about this space. One way to construct this space is to begin with a similar Hamiltonian
SU(3)-space M’ described in [64], [65], and then construct M by a surgery. We outline this construction
below.

Let G = SU(3) with maximal torus 7. Choose simple roots «;, ag and let p denote the half-sum
of the positive roots. Identify g ~ g* using the basic inner product. The vertices of the alcove are the
fundamental weights g1, p2. The simply connected compact Lie group Ga has SU(3) as a subgroup,
with common maximal torus 7. G2 has 12 roots, the 6 long roots coincide with the roots of SU(3). The
corresponding short coroots generate the (common) integral lattice. The root and weight lattices of Go
coincide.

Let (M’,w’) denote the Ga-coadjoint orbit through the point 1p, thus

AIIZZGE/}(7 T C K C Gs.

The stabilizer K of %p in Gy is 4-dimensional, hence M’ is 10-dimensional. As a Hamiltonian SU(3)-

space, M’ is multiplicity-free with trivial principal stabilizer. The moment map
¢/ . M/ — g*

is transverse to t*, and its moment polytope A is an equilateral triangle inscribed in the fundamental
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alcove, with vertices at $p, Su1, 3po ([64],[65]).

Let Mg = M’ \ (¢')"1(G - p/2), and let w), ¢} be the restrictions. Then ¢f (M) is contained in
the neighbourhood around 0 € g ~ g* where the exponential map restricts to a diffeomorphism. Thus
(Mo, ¢, w() can be exponentiated (c.f. [2]), to a q-Hamiltonian SU(3)-space (My, o = exp(dy),wo),
where

wo = wy + (¢p) o,

and w is an explicit primitive of exp* 7.
Let ¢ = exp(p1) € SU(3) denote a non-trivial element of the center Z(SU(3)) ~ Zs. Since c is central,
(M := My, ®; := c®g,w; := wp) and (My := My, @5 := c?®, ws := wy) are again q-Hamiltonian SU (3)-

spaces. Our claim is that these three g-Hamiltonian spaces glue together:

Proposition 4.4.14 (Woodward). There is a multiplicity-free, transverse g-Hamiltonian SU (3)-space
(M, w, ®) with G-equivariant open embeddings

LiZMi‘—>M, 1 =0,1,2
such that v;w = w;, ;@ = ®;. Moreover
M = 19(Mo) U t1(My) = 19(Mo) U t2(Ms) = 19(Mo) U GP ™ (p/2).

Proof. We begin by describing a G-equivariant identification of a certain open set in My with open sets
in M;. Gluing the M; together on these open sets then produces the smooth G-manifold M, and the
embeddings ¢;.

Let a denote the interior of the fundamental alcove. Let o; be the open face opposite u;, i = 1,2.
Set

T :COLUO'Z‘,

and
U, = (cié)*l(Gexp(n)) C M;.

These are open dense G-invariant submanifolds, and are multiplicity-free q—Hamiltoniarﬂ G-spaces, with

trivial generic stabilizer and moment images (in a)
Ti NA.

A multiplicity-free g-Hamiltonian (or Hamiltonian) G-space is uniquely determined by its generic stabi-
lizer (up to conjugacy) and its moment image (c.f. [64], [32]). The subset 7; N A C a is the same as the

moment image for ®~!(G exp(r;)) C My. Thus there exist G-equivariant diffeomorphisms
L2 Uy = ® (G exp(r;)) € My

intertwining ¢!® with ® and also intertwining the g-Hamiltonian 2-forms. Define M to be the manifold
obtained by gluing My to M using ¢; to identify U; with the open dense subset ®~1(G exp(71)) of M.

The 2-form w and moment map ¢ are defined on M by gluing the 2-forms and moment maps for Mj,

5We can equally consider them as Hamiltonian G-spaces, since their moment images are contained in the neighbourhood
of e € G where the exponential map is a diffeomorphism.
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My, using the fact that they are intertwined by ¢1. Arguing as above, uniqueness for multiplicity-free
G-spaces implies that to extends to a map ts : My < M as well, having the properties stated in the

proposition. [

Remark 4.4.15. 1. As My, = My = My, a somewhat confusing point is that the maps ¢; are not the
identity maps. Rather the ¢; take advantage of the extra symmetry of the alcove and the fact that
My is multiplicity-free, to identify an open subset of M with a different open subset of M.

2. We can describe the gluing more simply over a slightly smaller open subset. Let
Ul = (¢'®) ! (exp(a)) C M;.

These are smooth T-invariant submanifolds. Since My is multiplicity-free, there is a simple model
for these spaces: they are the unique multiplicity free T-spaces with trivial generic stabilizer and
with moment map image N A (e.g. they are each diffeomorphic to CP? with 3 points removed).

Thus there are T-equivariant symplectomorphisms
v 2 U = U, i=1,2

intertwining the moment maps log(c‘!®) and log(®). Exponentiating, these maps intertwine c¢‘®

with ®. Taking the flow-out under the action of G, we obtain G-equivariant diffeomorphisms
Li:GUZ{:GXTU{*)GXTU(g:GUé

intertwining ¢‘® with ®. The set GU/ is open and dense in U; and one must then argue that the map
t; extends smoothly—this follows for example from the uniqueness theorem for multiplicity-free

spaces referred to above.

Since M’ is a coadjoint orbit, M’ is pre-quantizable at level k if and only if %p lies in the weight
lattice of Go, if and only if k € 2Z (the weight lattices of SU(3) and G2 coincide).

Proposition 4.4.16. The ¢-Hamiltonian SU(3)-space (M,w, ®) is prequantizable at level k if and only
if k € 27.

Proof. First we explain why M is not prequantizable for k ¢ 2Z. The point exp(p/4) is contained in
the image of the fixed-point subset F' := M H = exp(Rp). Let q : t* — t*/ann(Rp) = h*. If M
is prequantizable at level k then g(kp/4) must be in the weight lattice for H, because it is the weight
of the H action on the fibre L|,, of the level k£ prequantum line bundle on the Hamiltonian LG-space
U : M — Lg*, for some point m € W~!(p/4). The integral lattice of H is RpN A, where A is the integral
lattice of T'C SU(3). Thus the weight lattice is (Rp N A)* = A*/ann(Rp). It follows that g(kp/4) is in
the H weight lattice if and only if k € 27Z.

We recall the prequantization criterion from [44]: a g-Hamiltonian G-space (M, w, ®) is prequantiz-
able if and only if the class [(w,n)] in the relative cohomology group H?(®,R) is integral. This means
one must check that for each 2-cycle ¥ C M, and 3-chain B in G with 0B = ®,Y the quantity

/Zw—/BnEZ. (4.75)
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o [ ]
o [ ]

o o [ ] [ ]
o o [ ] [ ]
o o [ ] [ ]
o [ ]

o [ ]

Figure 4.1: The left image shows a single contribution to the norm-square localization formula for a
multiplicity-free g-Hamiltonian SU(3)-space (at level k = 2). The right image shows the sum of the first
6 contributions.

If the cycle ¥ is contained entirely in a cross-section M; (for i« = 0,1 or 2) then, using the primitive w
for 1, the condition reduces to the ordinary prequantization criterion for a Hamiltonian G-space. By
construction, each M; is an open subset of the Hamiltonian G-space M’, and M’ is prequantizable at
level k € 2Z. Thus holds when ¥ is contained entirely in one of the M;’s.

Let U = My and let V = ® 1 (Gexp(V)) where Vj is a small neighbourhood of p/2 inside the
fundamental alcove. V' is an open subset of M7 N Ms. To complete the proof, it suffices to show that
Hy(M) is generated by the image of Ho(U), Ho(V) under the push-forward maps. Using the Mayer-
Vietoris sequence, it suffices to show that Hy (U N'V) = 0. The moment image of U NV is contained in
the interior a of the fundamental alcove, thus UNV ~ G x7 .S where S is a multiplicity-free Hamiltonian
T-space. Topologically S ~ S% x R (c.f. [64]), hence

UNV ~G xp S3.
As G is simply connected, H5(N) = H*(N) for i = 1,2 and any G-space N. Therefore
HYUNV)=HLYG xp S*) =0
while H2(U N'V) = Z? has no torsion. Thus H; (U NV) = 0. O

We now describe the fixed-point contributions and the norm-square localization formula for M. There
are 3 fixed-point sets Fy, F, F», each of which is topologically a 2-torus fixed by a 1-dimensional subtorus
of T. Let m;, ¢ = 0,1,2 be the contribution to the multiplicity from F;. It is enough to work out mg
for F' := Fy, since my, ms will then be determined using the (shifted) anti-symmetry under the Weyl
group:

M0 = (D) hmg(wi(A+p) = p.0), =1,

where w; denotes the reflection corresponding to the simple root «; of SU(3). Note that p = a1 + g,
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B(p,p) = 2 and B(p,q;) = 1. In figure the image of F' in T corresponds (under the exponential
map) to the disjoint union S U (—S5), where S is the line segment joining %ag to %al, with ag, ag the
simple roots.

As @ is transverse to T', X = ®~1(T) is a smooth 4-dimensional (degenerate) q-Hamiltonian T-space,

and the normal bundle to F' splits as
v(F,M)=v(F,X) ® g/t

The factor in the denominator of the fixed-point formula coming from g/t cancels with the product
[Io<o(1 —t%). The stabilizer of F is the 1-dimensional subtorus

Tr =exp(Rp) C T

and it acts with weight —1 on v(F, X) (this can be read off from the corresponding Hamiltonian space).
This normal bundle is necessarily trivial (its T-equivariant curvature for any choice of connection must
vanish in cohomology, since the T-action on F' has no fixed-points).

The order of the group T, = £~ 'Bf(A*)/A is 3¢2. Since F is a torus, A(F) = 1. The group T/Tr
acts freely on F, and F' is a multiplicity free g-Hamiltonian T'/Tm-space. In particular the pullback
of the 2-form wg is symplectic. The weight lattice of T'/Tx is isomorphic to A* Nann(tr), and so the
symplectic volume of F' can be read-off from the moment image: it is 3, since the moment image of F’
has length 3 times the Z-basis element p1 — pio of A* Nann(tg) (see figure [2.3).

On the covering space F=txpF (fibre product), the symplectic form has a T-equivariant extension

wp — ¢r, where ¢p : F' — t satisfies
dr(\-x) = dpp(z) + B*(N), A€ A (4.76)

Recall that the determinant line bundle Ly | is Ths-equivariant and can be obtained as a quotient by A
of a T-equivariant line bundle £y — E, where the T and A actions on Ly, satisfy (c.f. ([@.38))

TN = 2T,

Choosing a connection equivariant for the actions of 7', A on ﬁk, the corresponding moment map u
satisfies
p(\-x) = p(z) + 20B°(N), AeA.

Comparing to (4.76)) implies that ¢1(Ly) = 2¢[wr] in cohomology. Hence
/Ch(ﬁk)l/Q =3¢, (=k+h"=k+3.
F

From the remarks above, the fixed-point formula for the multiplicity my is

’ tk%—)\

mo(\, k) = % > (4.77)

teT,NTr

1—t°

The group TyNTr ~ Zy, so that the sum in equation (4.77) is essentially a 1-dimensional Verlinde series, of
the kind considered in examples [I] and [3—more precisely it is the pullback of the 1-dimensional example,
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under the projection t* — t*/ann(tr). Identifying t*/ann(tr) with R such that Z ~ A*/ann(tg), the
projection map is A — B(\, p). Thus in the notation of examples || and

mo(A, k) = Vi (B, p) — §,0).

In order to compensate for the shift by g, we apply the decomposition formula for V; about a center v €
(—1,0) (see Section[4.2.4). The formula given in example (substituting B(A, p) — & = B(A+p,p)—2—%
in place of \) gives

—B(A+p,p

Z 1[2+k/2+n€,oo) - Z ]-(—oo,l+k/2+n€] (B(A +p, p)) :

n>0 n<0

(In this expression, the sums over n > 0 and n < 0 in the square bracket define a step function on R,
which is then being applied to B(A + p, p).)
The full multiplicity is

m()‘v k) = mO()‘a k) - mO(wl(A + P) - P k) - m0<w2()‘ + P) - P k)
The part which is polynomial in A is
%B(—f—lef—szg,p), €:A+p7

and this vanishes identically (for any £). This is an example of the ‘cancellations’ observed in Section

Let wyg = e € W. Thus the norm-square localization formula in this case can be written

m(\ k) = Z (—1)lwid Z Lotk/24nt,00) — Z L(—o0,1+k/2+n0)

i=0,1,2 n>0 n<0

(Bwix+p). ).
See Figure [£.1]

4.5 The function d and proof of quasi-polynomial behaviour.

In this section we study the support of the terms mzpfél in the norm-square localization formula (Theorem
, leading to a proof that m(0, k) is quasi-polynomial for all k > 1. As explained in the introduction,
this result is closely related to the [@, R] = 0 Theorem for Hamiltonian LG-spaces ([4]). The last step in
proving the [@, R] = 0 Theorem (not carried out here) would be to apply the ‘delocalized’ index formulas
of Section and a stationary phase argument to deduce that m(0, k) equals the quantization of the
reduced space Q(M//LQG) for large k (similar to [37] in case 0 is a regular value).

Throughout this section we use the basic inner product to identify g ~ g*. For A # t*, the contribu-

tion m'Zp’g(f, k) is supported in a half-space of the form
(= B) >d, (4.78)

where 8 = pr (0) is the nearest point in A to the origin, and d is a lower bound depending on A, k and

certain ‘p-shifts’. We show:
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Proposition 4.5.1. For k> 1 and A such that 0 ¢ A, d > 0.

As a corollary, the corresponding terms m(g’fg do not contribute to the multiplicity m(0, k), and we

obtain our main result:

Corollary 4.5.2. The multiplicity m(0,k) of the basic level k representation in Q(M,k) is a quasi-

polynomial function of k.

Proof. Proposition [4.5.1] implies that

m(0,k) = Y mPy(0,k), Vi > 1.
{A,C|0eA}

But if 0 € A, then |Tg|m1p7?}(0,k) is a quasi-polynomial function of k. Thus |Ty|m(0,k) is a quasi-
polynomial function of k. But m(0, k) is an integer for k > 1, and so |Ty| = |T;[4™™) must divide this
quasi-polynomial, implying that m(0, k) is itself quasi-polynomial for k > 1. O

A bound d can be obtained from Lemma [4.4.4 Proposition will follow from a lower bound on
d obtained below in Proposition together with a Lie algebraic inequality, Theorem
Fix A,C with 0 ¢ A, and let 3 # 0 be the nearest point of A to the origin. ma ¢ is supported in a

half-space of the form
(= B) 2 d, B =rpra(0). (4.79)

The multiplicity function mcip,ocl is obtained by taking the ‘quasi-polynomial germ along A’ of ma ¢, and
thus has support contained in the same half-space. The bound d (depending on k, A) is the minimum
value for the pairing of 3 with the weights of Tao appearing in the inverse Fourier transform Qa,c
(formula of Lemma . Taking the perturbation v small enough that VX is sufficiently near 3, the
weights of the action of Ta on Suc(vg) will pair non-negatively with 8. Thus from the formula in
Lemma [£.4.4] we read off the lower bound:

di=k(ga,B) + (pa, B) + 3K, 80— D (ahB). (4.80)

a>0,(a,8)>0

(Below we recall the definitions of ¢, @A, s§ from Section )

Remark 4.5.3. One can independently guess this bound using, for example, the general norm-square
localization formulas of [53] applied to the spin-c structure on the covering space A and the Kirwan
vector field for the moment map ¢. (This is not quite rigorous as A is non-compact, and we have not

obtained our formula by deforming the symbol of a Dirac operator.)

Each term in other than the last is invariant under the Weyl group, while the last term is
minimized for 5 € ty. So from now on we restrict to the ‘worst’ case when 8 € t;. The last term then
becomes 2(p, ).

The set of affine roots of g is

Raft = {(a,0)]a € R} U {(a,n)|a € RU{0},0 #n € Z}.

(This is the set of roots of the affine Kac-Moody algebra corresponding to g.) The elements of R.g can
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be viewed as affine linear functions on t, by associating to («,n) the affine linear function
(a,8) +n, et

The fundamental alcove a determines a subset of positive affine roots Rag +: those (a,n) € Rag for

which the corresponding affine linear function is positive on the interior a. Equivalently
Rai+ = {(o,n)|a € RU{0},n >0} U {(a,0)|a € R4}
The Stiefel diagram of g is the affine hyperplane arrangement {H, ,,|(a,n) € Rag} in t where
Hon={¢€tl{a,&) +n=0}

is the zero set of the corresponding affine linear function. The affine Weyl group Wog ~ W x A is
generated by reflections in the hyperplanes of the Stiefel diagram, and acts simply transitively on the
open chambers. The fundamental alcove is the unique closed chamber a C t; containing the origin. The

vertices of the Stiefel diagram are the points x such that
M{Hanlk € Hyn} = {K}.

Below we use the following easy result, which is Lemma 3.1 from [47]:

Proposition 4.5.4. Let o be an open face of the fundamental alcove, and let G, be the stabilizer of
exp(() for any ¢ € o (it does not depend on the choice of ¢). Let R, . C R, be the set of roots which
are positive on the cone R - (a — C)H Let pl. be the corresponding p-element for G,. Then the difference

P Py

is the orthogonal projection of p onto the dilated face h”o.

In particular, if o = {v} is a vertex of a then
p—pl,=h"v (4.81)

Proposition 4.5.5. Let 0 # [ € t; be the nearest point of A to the origin, and assume m%pfg 18

non-zero. Then there is a lower bound for d of the form
4> DY [8l12 = (o + py ). (1.82)

where £ 1s a vertex in the closure of the open face of the Stiefel diagram containing 8, Gexp(x) is the

stabilizer of exp(k), and py is the half-sum of the positive roots Ry + C Ry for the group Gexp(x)-

Remark 4.5.6. This lower bound is ‘universal’ in the sense that it contains only Lie-algebraic data, with

no reference to the space M.

Proof. The fibre product C X t is a submanifold of A. Since C is fixed by Ta, the image ¢(C xr t)

is contained in a disjoint union of translates of ann(ta) (one translate for each element of the quotient

6This is the same set of positive roots which appeared in Section See also Definition |4.5.11) and Remark |4.5.12
below, for the relation to the affine Kac-Moody algebra associated to g.
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A/ann(ta)). The affine subspace A is one of these translates. As ¢, ¢ are abstract moment maps, the

compositions

Prgs © ®, Pryg 0¥
are constant along the part of the fibre product C' xp t lying over A. These constant values are ¢a, pa
respectively. In particular they can be described in terms of lifts of any point z € C.

By Theorem we can assume exp(f3) € ®(C). Choose z € CN®~1(exp(B)) and a lift & € 7 ().
We will describe ¢a, ¢a, s in terms of the action of Ta on 7*L|z, 7*So|z, TV respectively.

Remark 4.5.7. Theorem that we have just invoked, and which is intimately tied with norm-square
localization, plays an important role. The existence of a point # € C'N ®~!(exp(B)) leads to improved

bounds for the terms involving A and SZ.

Choose an element w € W (not unique in general) such that

exp(B) € wexp(o).

where o is a face of the fundamental alcove a. Let Y, be the corresponding cross-section, which contains

x. Recall the definitions of ¢a, ¢a, and s}:

1. By definition ¢a = pre, (#(2) + £), where £ € (A = ¢(2)) N B°(A). Equivalently {¢a} = ANt
(identifying t ~ t*). Thus (¢a, B) = ||5]|>.

2. By definition o = pry; (¢(2) + hV¢), with ¢ as in item 1. By Proposition pr; (9(2)) is the
z. Choose the lift & such that ¢(Z) € w - a. Then (p(&),[) is

weight for the action of T on Sy
determined by equation (4.40)):

<§0(i)7ﬁ> = %(swoaﬂ> + <w(p - p;—)a 6>a (483)

where s,, is the sum of the weights for the action of Ta on T,Y,s, equipped with an almost

complex structure which is compatible with the symplectic form on the cross-section. p/ is defined

in Section [£-3:3] or Proposition [£.5.4]

3. The normal bundle v¢ to the component C' C N* has a complex structure such that the weights
of the action of Ta pair positively with v{ (notation: vo(yf)). By definition s{ is the sum of

these 'yX—polarized weights. The tangent space is a direct sum
Ta:N = TzYwa 53] g/gwo
and g/gu. is identified with certain G-orbit directions. Thus 1 (s£, ) is a sum

LK. B) = 3o )+ (0= puos )

where s$a is the sum of the polarized weights for the subspace T, Y,,,, and p,s is the half-sum of

the positive roots Ry, C Ry for the subgroup G. (We have used here the assumption € t7 .)

The combination
3(Swo, B) + 3(s5,8) >0,
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since any weight appearing in s,,, having negative pairing with 8 will cancel with the corresponding

weight appearing in s . Dropping this term and the term k||3]|?, we obtain the lower bound
d > (w(p —pl,) +0'E,B) = (p+ puo, B)- (4.84)

Note that 8 is contained in the compact, convex set wo + £. The right-side of this inequality is a

linear function of 8, and thus its minimum value on this set must occur at a vertex x € wa + £. Hence

d > (w(p = pg) +07& k) = (p+ puc, k).

Then w™!(k — £) is some vertex v of a. Consider the sum
wpy, + Puwo

wp), is one-half the sum of a (possibly different) set R, , of positive roots for the same subgroup G-

/
wo,

Those roots in the intersection R.o,+ MR, + add, while the others cancel. Therefore the sum wpL + pwe

is a sum of a set of roots in R.

Let pi be the half-sum of the positive roots R, + C Ry for the group Gexp(r) = Guw- By a similar

argument

wp,, + pr

is a sum of a set of roots in R. Since Rys,+ C Ri,4+ and R, C R}, the same positive roots will appear

as in the sum wp), + pyo, and possibly some additional ones. Since x € t, it follows that

(wpl, + pry ) 2> (WP + Puc, K).-
Thus we have the lower bound
d>(w(p—p,) +07E,K) = (p+ pr, k).
By equation (4.81))
p—p,=h"v

thus
w(p—p,) +h'E=h"k.

O

Remark 4.5.8. In case 8 = k is a vertex of the Stiefel diagram, one reaches the same expression as ((4.82])
already at equation (4.84). Equation (4.82)) shows that the case § = k is a vertex is the sharpest.

Theorem 4.5.9. Let k € ty be a vertex of the Stiefel diagram, and p,. the half-sum of the positive roots
R+ for the group Geyxp(xy- Then
WY (&[1P = (p + prs k) > 0. (4.85)

Remark 4.5.10. 1. In the course of the proof we will see that equation (4.85) is an equality when &

is vertex of the fundamental alcove.
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2. Equation (4.85)) can be written

P+ ps
2nY

1 =7l = NIl Th =

In this form, it is somewhat analogous to the ‘magic inequality’ proved in [51], which bounds the
distances of points in the faces of the positive Weyl chamber from the ‘strictly regular’ points in

the interior.

3. The inequality becomes simpler for G = SU(n). In this case, the vertices exponentiate to central
elements, thus Gexpr) = G and 7, = p/hY. Via the basic inner product, the point p/h" is the
barycenter of the fundamental alcove, which is equidistant from the vertices of the alcove.

We begin the proof with a definition and some lemmas.
Definition 4.5.11. Let x be a vertex of the Stiefel diagram. The roots R, of Gexp(x) are exactly those
a € R such that k € H, ,, for some affine root (o, n). Therefore

R;,+ = {a € Rulk € Han, (,n) € Rag+}

is a set of positive roots for G Let t; , denote the corresponding positive Weyl chamber (for

exp(k)-
Gexp(r)); and p, the corresponding half-sum of positive roots.

Remark 4.5.12. When k = v is a vertex of the fundamental alcove, this coincides with the set of positive

roots R;, , introduced earlier: the set of roots of Gexp(,) Which are positive on the cone R - (a —v).

The two sets of positive roots R, + C Ry and R; 4 do not agree. Instead we have the following.
Lemma 4.5.13. Let k € t; be a vertex of the Stiefel diagram. The two sets of positive roots Ry + C Ry
and R, . (Definition|{.5.11) are related as follows:

Ry ={a|—aeRey, (a,r) <0} U{a € R yl{a,k) =0}

Proof. Let (a,n) € Rag,+ be a positive affine root (n > 0 and o« € RU{0} or n =0 and o € Ry ) such
that x € H, p, that is
(o, k) +n = 0.

Since n > 0, {a, k) < 0. If (o, k) = 0 then n = 0 and hence a € Ry. On the other hand if (a, k) < 0
then —a € R, 4, since & € t4. O

Let H = G C Gexp(r)- Then a set of positive roots for H is
Ru+ ={a € Ry +|{a, k) =0}.
By definition
(o, k) = 0. (4.86)

By the lemma above
R;’+ - _(Rn,+ \ RH’+) U RH7+,

hence

Pl =—px+2p0 = P+ pe=2pH. (4.87)
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Lemma 4.5.14. There is a unique w = (wo,§) € Wag = W X A satisfying
1. kK € wa and
2. wa—rKCt .

Proof. Choose wy satisfying the first condition; this fixes w; up to an element in the stabilizer (Wag)x
of k in the affine Weyl group. (Wag)x is generated by reflections in hyperplanes H, , with k € Hy p,

in particular @« € R, and (Wag), =~ Wa the Weyl group of Gegp(x)- There is therefore a unique

exp(r)

wy € (Wag), such that w = wow; satisfies wa C kK + 1, . O

Lemma 4.5.15. Let w = (wo,§) € Wag be the element from Lemma . Then
hYk = wp — pl..
Proof. There is a unique vertex v of a such that wrv = k. By equation ,
p—pl,=h"v

where p;, is the half sum of the positive roots for Gexp(,) corresponding to the Geyp()-Weyl chamber
R>o - (a — v). Hence

hYk = hYwr = wp — wopl,.

Now wgp;, is the half sum of the positive roots for Gexp(wer) = Gexp(x) corresponding to the Geyxp(,)-Weyl
chamber

RZO . (woa — wou).

But by Lemma

woa — wor = wa — K C &, |,
hence wop], = pl.. O
Corollary 4.5.16. Let w be the element from Lemmalf.5.14] Then wa C t,.

Proof. For each a € R4, we must show that al,q > 0. If (o, k) > 0 then this is clear, since £ € wa and
|wq does not change sign. So assume (a, k) = 0 = a € Ry 4. Since Ry, C R;, ,, we have (o, o)) > 0.
On the other hand, by Lemma

(o, wp) = 0¥ {a, k) + (o, pr.) = (o, pl) > 0.
Recall that t&p € @, so & (a, wp) > 0 implies ayq > 0. O
Combining Lemma 4.5.15| with equation (4.87)) gives
WYk — (p+pe) = wp —ply = p— ps = wp — p = 2pu. (4.88)

Recall that for an element w € W, the difference p — wp is a sum of positive roots, more precisely

p-—wp= Y a,

aEH .y
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where H,, is the set of positive roots such that a line segment connecting any point in the interior a to
a point in wa crosses the hyperplane H,. An analogous result holds for the affine Kac-Moody algebra
associated to g (c.f. [29]):

p—wp= Z a, (4.89)

(a,n)EH

where w € Wag and H,, is the set of positive affine roots (a,n) € Rag 4+ such that a line segment

connecting a to wa crosses Hy .

Proof of Theorem[].5.9. Combining equations (4.88) and (4.89),

We—(p+pe) =200~ Y, o«
(,n)EHw

Taking the inner product with x and using equation (4.86)) gives

DY RIP = (o4 perk) = — Y (k). (4.90)
(a,n)EH

By Corollary 4.5.16] a line segment from a to wa is contained entirely in ‘;+. Let (a,n) € Ragi+, then
HoypnNty #0 & n>0andaeR_.

Hence the affine roots (a,n) € H,, have @ € R_ = (a, k) < 0. The result follows from (4.90)). O

Remark 4.5.17. Note that for x a vertex of the fundamental alcove, H,, = (), and equation ([4.90]) shows
that the inequality in Theorem becomes an equality.
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