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Midterm Exam, Math 739

Marctr 18,20L0

Instnrctions: You may usie your textbook and your notes for this ex.un. You have L hour
and 15 minutes to take the exam. You mustprove all your answers; yes/no questions will
be marked wrong if no justication or proof is given. You may attach additional sheets of
paper (or use the backs of these pages) if needed. All questions have equal weight.

1. Let M : IR8 - 0 be 3-space minus the origin, with the smooth structure mdowed by
R3. Let F: M -, M begivenbythesmoothmap

F(rr,xz,rs) I (r? - r!,np2,x!+ rl+ *?).

(a) Calculate its total derivative .F'. at the point (1, 2, 3) using the coordinatee (x1, a2, ns).

(b) what,s n (ufr)r
(c) Is F* : T6,z,s1M 

- 
TF(1,2,3)M ffiiisomolphism?

(d) Is F a diffeomorphism?
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2. Let M : 52 c R3 be the two-sphere of radius 1. embedded in R3 with its center at 0.

Let/ : I ------ Rbethesmoothfunction f(r,a,z): z. Showthereexistsasmooth
function g : g + lR. satisfying

(a) s(a,U, z) : f (*,y, z) fi lzl < l.
(b) g(0,0, 1) : 9(0,0, -1) : 0.

Csnstl.r, +{^-e- gs,*go<i- gLf fr ; 1Cx,,t ,Z) e S2 | rzf + *
Le+ (rL c St bc [,.= 7 r*,,1 ,L) e az I nlrL]

A^\ Agtt a.^d 
Tt,o,t)reo,o,t)fnU =$ t

The-.€ €xrsk #tf* , fwnc?isn I' h,f ppr.t L u'l W

(sce ProP , 2" 2b) ,i [v'lt vl^h*

h\n =r
l^ \s..*=a,

V* g',= k,f , No€ 3 6 Svxop{a'azt?3fhl*

p roLtt* q *t*o sr'toot/* (n s '

{untt*rlvtyv

k\x t tl* >
tlsfrt= O + t sa,hsfraa ti') Qbau\Q '



alschva-
3. Prove tha t M (n,lR), the *t of nxnreal matrices, forms a Lie4nfrp under the bracket

operation (

lA,Bl: AB - BA,, forall A,B e M(n,lR).
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4. Consider the circle ,S1 c lR2 as the set of all points {(",y) € lR2 : 12 + uz : 1}- thow
directly that the vector field

v:**-r*oa ot
on 51 is left invariant. Nofe; You must do a direct calculation for credit. You may
not use the isomorphismbetween left-invariant vector fields and the tangent sPace

at the identity.
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