SYRAY TN

Midterm Exam, Math 739

March 18, 2010

Instructions: You may use your textbook and your notes for this exam. You have 1 hour
and 15 minutes to take the exam. You must prove all your answers; yes/no questions will
be marked wrong if no justication or proof is given. You may attach additional sheets of
paper (or use the backs of these pages) if needed. All questions have equal weight.

1. Let M = R® — 0 be 3-space minus the origin, with the smooth structure endowed by
R?. Let F : M — M be given by the smooth map

F(z1,22,73) = (23 — 23, 1120, 77 + 72 + 22).

(a) Calculate its total derivative F, at the point (1, 2, 3) using the coordinates (z1, z2, z3).
. a

(b) What is F, (5—-)7

(© IsF.,:Ty23M — Trq 23 M an isomorphism?

(d) Is F a diffeomorphism?
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2. Let M = S? C R® be the two-sphere of radius 1 embedded in R? with its center at 0.
Let f : S — R be the smooth function f(z,y,z) = 2. Show there exists a smooth
function g : S* — R satisfying

@) g(z,y,2) = f(z,y,2) if |2| < 7.
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3. Prove that M(n, R), the set of n xn real matrices, forms a Liegreup under the bracket
operation ¢
[A,B]| = AB — BA, forall A, B € M(n,R).
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4. Consider the circle S C R? as the set of all points {(z,y) € R? : 2% + y* = 1}. Show
directly that the vector field

on S! is left invariant. Note: You must do a direct calculation for credit. You may
not use the isomorphism between left-invariant vector fields and the tangent space
at the identity.
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