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I am not a combinatorist, algebraist, or geometer!

By sitting in this talk, you agree not to ask any questions.
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Definition. A vector space L over a field k, with an operation
L × L → L, denoted (x, y) 7→ [x, y] called the bracket of x and
y, is called a Lie algebra over k if the following are satisfied:

(L1) The bracket operation is bilinear.

(L2) [x, x] = 0 for all x ∈ L.

(L3) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ L.
(Jacobi identity)
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Definition. A vector space L over a field k, with an operation
L × L → L, denoted (x, y) 7→ [x, y] called the bracket of x and
y, is called a Lie algebra over k if the following are satisfied:

(L1) The bracket operation is bilinear.

(L2) [x, x] = 0 for all x ∈ L.

(L3) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ L.
(Jacobi identity)

Facts.

� (L1) and (L2) imply [x, y] = −[y, x] for all x, y ∈ L (L2’)
(anticommutivity).

� If char(k) 6= 2, then (L2’) implies (L2).
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� A subspace I of a Lie algebra L is called an ideal of L if
x ∈ L and y ∈ I implies [x, y] ∈ I .
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� A subspace I of a Lie algebra L is called an ideal of L if
x ∈ L and y ∈ I implies [x, y] ∈ I .

1. The center of a Lie algebra L is defined as
Z(L) = {y ∈ L : [x, y] = 0 for all x ∈ L}.
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� A subspace I of a Lie algebra L is called an ideal of L if
x ∈ L and y ∈ I implies [x, y] ∈ I .

1. The center of a Lie algebra L is defined as
Z(L) = {y ∈ L : [x, y] = 0 for all x ∈ L}.

2. The derived algebra of a Lie algebra L, denoted [L,L] is
the set of all linear combinations of brackets [x, y].
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� A subspace I of a Lie algebra L is called an ideal of L if
x ∈ L and y ∈ I implies [x, y] ∈ I .

1. The center of a Lie algebra L is defined as
Z(L) = {y ∈ L : [x, y] = 0 for all x ∈ L}.

2. The derived algebra of a Lie algebra L, denoted [L,L] is
the set of all linear combinations of brackets [x, y].

� A Lie algebra L is abelian if Z(L) = L (or [L,L] = 0).
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� A subspace I of a Lie algebra L is called an ideal of L if
x ∈ L and y ∈ I implies [x, y] ∈ I .

1. The center of a Lie algebra L is defined as
Z(L) = {y ∈ L : [x, y] = 0 for all x ∈ L}.

2. The derived algebra of a Lie algebra L, denoted [L,L] is
the set of all linear combinations of brackets [x, y].

� A Lie algebra L is abelian if Z(L) = L (or [L,L] = 0).

� A non-abelian Lie algebra L is called simple if there are no
non-trivial proper ideals. If L is simple, then Z(L) = 0 and
[L,L] = L.
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� A subspace I of a Lie algebra L is called an ideal of L if
x ∈ L and y ∈ I implies [x, y] ∈ I .

1. The center of a Lie algebra L is defined as
Z(L) = {y ∈ L : [x, y] = 0 for all x ∈ L}.

2. The derived algebra of a Lie algebra L, denoted [L,L] is
the set of all linear combinations of brackets [x, y].

� A Lie algebra L is abelian if Z(L) = L (or [L,L] = 0).

� A non-abelian Lie algebra L is called simple if there are no
non-trivial proper ideals. If L is simple, then Z(L) = 0 and
[L,L] = L.

� A Lie algebra L is called semisimple if it is the direct sum of
simple Lie algebras.



Examples of Lie Algebras

Warning

Lie Algebras

What Is A Lie Algebra?

More Definitions

Examples of Lie
Algebras

Lie Algebras and Lie
Groups

sln(C)

Modules Over Lie
Algebras

Derivations of a Lie
Algebra

Adjoint Representation
of a Lie Algebra

Killing Form of a Lie
Algebra

Adjoint Representation
& Killing Form of
sl2(C)

Cohomology of Lie
Algebras

My Interests in Lie
Algebras

References

Lie Algebras – 6 / 25

1. Let L = R3 and k = R and define [~x, ~y] = ~x × ~y for
~x, ~y ∈ R

3. Then R
3 is an R-Lie algebra.
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1. Let L = R3 and k = R and define [~x, ~y] = ~x × ~y for
~x, ~y ∈ R

3. Then R
3 is an R-Lie algebra.

2. Let Mn(k) denote the n × n matrices over k and define
[A,B] = AB − BA. Then Mn(k) is a k-Lie algebra.
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1. Let L = R3 and k = R and define [~x, ~y] = ~x × ~y for
~x, ~y ∈ R

3. Then R
3 is an R-Lie algebra.

2. Let Mn(k) denote the n × n matrices over k and define
[A,B] = AB − BA. Then Mn(k) is a k-Lie algebra.

3. Let V be a k-vector space. Then End V is a k-Lie algebra
with bracket defined by [f, g] = f ◦ g − g ◦ f . When
considering End V as a Lie algebra, we denote it as gl(V ),
called the general linear algebra.
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1. Let L = R3 and k = R and define [~x, ~y] = ~x × ~y for
~x, ~y ∈ R

3. Then R
3 is an R-Lie algebra.

2. Let Mn(k) denote the n × n matrices over k and define
[A,B] = AB − BA. Then Mn(k) is a k-Lie algebra.

3. Let V be a k-vector space. Then End V is a k-Lie algebra
with bracket defined by [f, g] = f ◦ g − g ◦ f . When
considering End V as a Lie algebra, we denote it as gl(V ),
called the general linear algebra.

4. When V is finite dimensional over k, we can identify gl(V )
with the set of n × n matrices over k, which we denote by
gln(k). Using matrices makes calculations simpler.
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Let G be a smooth manifold which is also a topological group with
multiplication map mult : G × G → G and inverse map
inv : G → G. Then G is a Lie group if mult and inv are smooth
maps.
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Let G be a smooth manifold which is also a topological group with
multiplication map mult : G × G → G and inverse map
inv : G → G. Then G is a Lie group if mult and inv are smooth
maps.

� Matrix group over R or C, i.e. GLn and SLn
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Let G be a smooth manifold which is also a topological group with
multiplication map mult : G × G → G and inverse map
inv : G → G. Then G is a Lie group if mult and inv are smooth
maps.

� Matrix group over R or C, i.e. GLn and SLn

� Heisenberg groups Heisn
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Let G be a smooth manifold which is also a topological group with
multiplication map mult : G × G → G and inverse map
inv : G → G. Then G is a Lie group if mult and inv are smooth
maps.

� Matrix group over R or C, i.e. GLn and SLn

� Heisenberg groups Heisn

To every Lie group G, we can associate a Lie algebra Lie(G),
whose underlying vector space is the tangent space of G at the
identity.



Lie Algebras and Lie Groups

Warning

Lie Algebras

What Is A Lie Algebra?

More Definitions

Examples of Lie
Algebras

Lie Algebras and Lie
Groups

sln(C)

Modules Over Lie
Algebras

Derivations of a Lie
Algebra

Adjoint Representation
of a Lie Algebra

Killing Form of a Lie
Algebra

Adjoint Representation
& Killing Form of
sl2(C)

Cohomology of Lie
Algebras

My Interests in Lie
Algebras

References

Lie Algebras – 7 / 25

Let G be a smooth manifold which is also a topological group with
multiplication map mult : G × G → G and inverse map
inv : G → G. Then G is a Lie group if mult and inv are smooth
maps.

� Matrix group over R or C, i.e. GLn and SLn

� Heisenberg groups Heisn

To every Lie group G, we can associate a Lie algebra Lie(G),
whose underlying vector space is the tangent space of G at the
identity.

The Lie algebra associated with the Lie group GLn of invertible
matrices is gln, the vector space Mn of square matrices.
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Let V be a vector space over C with dim V = n. The special
linear algebra is defined as

Aℓ−1 = sln(C) = {B ∈ Mn(C) : Tr B = 0} .
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Let V be a vector space over C with dim V = n. The special
linear algebra is defined as

Aℓ−1 = sln(C) = {B ∈ Mn(C) : Tr B = 0} .

It should not be surprising from the notation that

sln(C) = Lie(SLn(C)).
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Let V be a vector space over C with dim V = n. The special
linear algebra is defined as

Aℓ−1 = sln(C) = {B ∈ Mn(C) : Tr B = 0} .

It should not be surprising from the notation that

sln(C) = Lie(SLn(C)).

Consider the case when n = 2. We can write an ordered basis for
sl2(C) as

{

e =

[
0 1
0 0

]

, h =

[
1 0
0 −1

]

, f =

[
0 0
1 0

]}

.
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Definition. Let A be a Lie algebra over k. A (left) A-module M is a
k-module equipped with a k-bilinear product A ⊗k M → M
(written a ⊗ m 7→ a.m) such that

[x, y].m = x.(y.m) − y.(x.m), ∀x, y ∈ A,m ∈ M.
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Definition. Let A be a Lie algebra over k. A (left) A-module M is a
k-module equipped with a k-bilinear product A ⊗k M → M
(written a ⊗ m 7→ a.m) such that

[x, y].m = x.(y.m) − y.(x.m), ∀x, y ∈ A,m ∈ M.

There is an analogous definition for right A-modules. The category
of left A-modules (A-mod ) is isomorphic to the category of right
A-modules (mod -A). So we really need only consider left
A-modules.
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Definition. Let A be a Lie algebra over k. A (left) A-module M is a
k-module equipped with a k-bilinear product A ⊗k M → M
(written a ⊗ m 7→ a.m) such that

[x, y].m = x.(y.m) − y.(x.m), ∀x, y ∈ A,m ∈ M.

There is an analogous definition for right A-modules. The category
of left A-modules (A-mod ) is isomorphic to the category of right
A-modules (mod -A). So we really need only consider left
A-modules.

The invariant submodule MA of an A-module M is defined by

MA = {m ∈ M : x.m = 0 for all x ∈ A} .
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Definition. Let A be a k-Lie algebra. A derivation of A is a linear
map δ : A → A such that δ([a, b]) = [a, δ(b)] + [δ(a), b].
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Definition. Let A be a k-Lie algebra. A derivation of A is a linear
map δ : A → A such that δ([a, b]) = [a, δ(b)] + [δ(a), b].

1. The set of derivations of A, denoted Der A is a subspace of
End A.
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Definition. Let A be a k-Lie algebra. A derivation of A is a linear
map δ : A → A such that δ([a, b]) = [a, δ(b)] + [δ(a), b].

1. The set of derivations of A, denoted Der A is a subspace of
End A.

2. The bracket [δ, δ′] ∈ Der A. So Der A is a Lie algebra.



Derivations of a Lie Algebra

Warning

Lie Algebras

What Is A Lie Algebra?

More Definitions

Examples of Lie
Algebras

Lie Algebras and Lie
Groups

sln(C)

Modules Over Lie
Algebras

Derivations of a Lie
Algebra

Adjoint Representation
of a Lie Algebra

Killing Form of a Lie
Algebra

Adjoint Representation
& Killing Form of
sl2(C)

Cohomology of Lie
Algebras

My Interests in Lie
Algebras

References

Lie Algebras – 10 / 25

Definition. Let A be a k-Lie algebra. A derivation of A is a linear
map δ : A → A such that δ([a, b]) = [a, δ(b)] + [δ(a), b].

1. The set of derivations of A, denoted Der A is a subspace of
End A.

2. The bracket [δ, δ′] ∈ Der A. So Der A is a Lie algebra.

3. Thus Der A is a subalgebra of gl(A), called the derivation
algebra.
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Definition. Let A be a k-Lie algebra. A derivation of A is a linear
map δ : A → A such that δ([a, b]) = [a, δ(b)] + [δ(a), b].

1. The set of derivations of A, denoted Der A is a subspace of
End A.

2. The bracket [δ, δ′] ∈ Der A. So Der A is a Lie algebra.

3. Thus Der A is a subalgebra of gl(A), called the derivation
algebra.

Let x ∈ A. The map y 7→ [x, y] is an endomorphism of A, which
we denote by ad x. In fact, ad x ∈ Der A.
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Definition. Let A be a k-Lie algebra. A derivation of A is a linear
map δ : A → A such that δ([a, b]) = [a, δ(b)] + [δ(a), b].

1. The set of derivations of A, denoted Der A is a subspace of
End A.

2. The bracket [δ, δ′] ∈ Der A. So Der A is a Lie algebra.

3. Thus Der A is a subalgebra of gl(A), called the derivation
algebra.

Let x ∈ A. The map y 7→ [x, y] is an endomorphism of A, which
we denote by ad x. In fact, ad x ∈ Der A.

The set of inner derivations of A is defined as
DerInn = {ad x : x ∈ A} and forms an ideal in Der A.
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Definition. A representation of a k-Lie algebra A is a
homomorphism ρ : A → gl(V ) for some k-vector space V .
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Definition. A representation of a k-Lie algebra A is a
homomorphism ρ : A → gl(V ) for some k-vector space V .

The map ad : A → Der A sending x to ad x is called the adjoint
representation of A.
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Definition. A representation of a k-Lie algebra A is a
homomorphism ρ : A → gl(V ) for some k-vector space V .

The map ad : A → Der A sending x to ad x is called the adjoint
representation of A.

Fact. ker ad = {x ∈ A : [x, y] = 0 for all y ∈ A} = Z(A).
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Definition. A representation of a k-Lie algebra A is a
homomorphism ρ : A → gl(V ) for some k-vector space V .

The map ad : A → Der A sending x to ad x is called the adjoint
representation of A.

Fact. ker ad = {x ∈ A : [x, y] = 0 for all y ∈ A} = Z(A).

Corollary. Any simple Lie algebra is isomorphic to a subalgebra of
gl(A).
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Let A be a Lie algebra. If x, y ∈ A, then define

κ(x, y) = Tr (ad x ad y).

The map κ is called the Killing form of A, and is a symmetric
bilinear form on A.
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Let A be a Lie algebra. If x, y ∈ A, then define

κ(x, y) = Tr (ad x ad y).

The map κ is called the Killing form of A, and is a symmetric
bilinear form on A.

The Killing form is said to be nondegenerate if the radical of κ is 0,
where

Rad κ = {x ∈ A : κ(x, y) = 0 for all y ∈ A}.
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Let A be a Lie algebra. If x, y ∈ A, then define

κ(x, y) = Tr (ad x ad y).

The map κ is called the Killing form of A, and is a symmetric
bilinear form on A.

The Killing form is said to be nondegenerate if the radical of κ is 0,
where

Rad κ = {x ∈ A : κ(x, y) = 0 for all y ∈ A}.

Theorem. A Lie algebra A is semisimple if and only if its Killing
form is nondegenerate.
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By direct calculation we have

ad e =





0 −2 0
0 0 1
0 0 0



 , ad h =





2 0 0
0 0 0
0 0 −2



 , ad f =





0 0 0
−1 0 0
0 2 0
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By direct calculation we have

ad e =





0 −2 0
0 0 1
0 0 0



 , ad h =





2 0 0
0 0 0
0 0 −2



 , ad f =





0 0 0
−1 0 0
0 2 0





The adjoint representation of sl2(C) can be written as

ad = [ad e ad h ad f ] .



Adjoint Representation & Killing Form of sl2(C)

Warning

Lie Algebras

What Is A Lie Algebra?

More Definitions

Examples of Lie
Algebras

Lie Algebras and Lie
Groups

sln(C)

Modules Over Lie
Algebras

Derivations of a Lie
Algebra

Adjoint Representation
of a Lie Algebra

Killing Form of a Lie
Algebra

Adjoint Representation
& Killing Form of
sl2(C)

Cohomology of Lie
Algebras

My Interests in Lie
Algebras

References

Lie Algebras – 13 / 25

By direct calculation we have

ad e =





0 −2 0
0 0 1
0 0 0



 , ad h =





2 0 0
0 0 0
0 0 −2



 , ad f =





0 0 0
−1 0 0
0 2 0





The adjoint representation of sl2(C) can be written as

ad = [ad e ad h ad f ] .

The Killing form for sl2(C) is

κ =





0 0 4
0 8 0
4 0 0



 .
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By direct calculation we have

ad e =





0 −2 0
0 0 1
0 0 0



 , ad h =





2 0 0
0 0 0
0 0 −2



 , ad f =





0 0 0
−1 0 0
0 2 0





The adjoint representation of sl2(C) can be written as

ad = [ad e ad h ad f ] .

The Killing form for sl2(C) is

κ =





0 0 4
0 8 0
4 0 0



 .

Since det κ = −128 6= 0, sl2(C) is semisimple.
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For this section g is a finite-dimensional complex Lie algebra.



The Exterior Algebra

Warning

Lie Algebras

Cohomology of Lie
Algebras

The Exterior Algebra

Universal Enveloping
Algebra

Construction of
H∗(g, M)

Hn(sl2(C), C)

Applications of the
Cohomology of Lie
Algebras

My Interests in Lie
Algebras

References

Lie Algebras – 15 / 25

For this section g is a finite-dimensional complex Lie algebra.

For k ≥ 1, define T k(g) = g ⊗C · · · ⊗C g
︸ ︷︷ ︸

k−times

and T 0 = C.
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For this section g is a finite-dimensional complex Lie algebra.

For k ≥ 1, define T k(g) = g ⊗C · · · ⊗C g
︸ ︷︷ ︸

k−times

and T 0 = C.

Let Ik be the ideal generated by all elements of the form
a1 ⊗ a2 ⊗ · · · ⊗ ak where ai = aj for some i 6= j.
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For this section g is a finite-dimensional complex Lie algebra.

For k ≥ 1, define T k(g) = g ⊗C · · · ⊗C g
︸ ︷︷ ︸

k−times

and T 0 = C.

Let Ik be the ideal generated by all elements of the form
a1 ⊗ a2 ⊗ · · · ⊗ ak where ai = aj for some i 6= j.

The kth Exterior Product of g is defined as

Λkg = T k(g)/In.
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For this section g is a finite-dimensional complex Lie algebra.

For k ≥ 1, define T k(g) = g ⊗C · · · ⊗C g
︸ ︷︷ ︸

k−times

and T 0 = C.

Let Ik be the ideal generated by all elements of the form
a1 ⊗ a2 ⊗ · · · ⊗ ak where ai = aj for some i 6= j.

The kth Exterior Product of g is defined as

Λkg = T k(g)/In.

If π : T k(g) → Λkg is the canonical map, then

π(a1 ⊗ · · · ⊗ ak) = a1 ∧ · · · ∧ ak.
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The Tensor algebra of g is the graded algebra

T (g) =
∞⊕

k=0

T k(g).
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The Tensor algebra of g is the graded algebra

T (g) =
∞⊕

k=0

T k(g).

Let J denote the ideal generated by the elements

{x ⊗ y − y ⊗ x − [x, y] : x, y ∈ T 1(g)}.
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The Tensor algebra of g is the graded algebra

T (g) =
∞⊕

k=0

T k(g).

Let J denote the ideal generated by the elements

{x ⊗ y − y ⊗ x − [x, y] : x, y ∈ T 1(g)}.

The universal enveloping algebra of g is defined as

U(g) = T (g)/J,

and is an associative algebra with identity.



Construction of H∗(g, M)

Warning

Lie Algebras

Cohomology of Lie
Algebras

The Exterior Algebra

Universal Enveloping
Algebra

Construction of
H∗(g, M)

Hn(sl2(C), C)

Applications of the
Cohomology of Lie
Algebras

My Interests in Lie
Algebras

References

Lie Algebras – 17 / 25

Let M be a g−module. The vector space of n-cochains is defined
as

Cn(g,M) = HomC(Λng,M).
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Let M be a g−module. The vector space of n-cochains is defined
as

Cn(g,M) = HomC(Λng,M).

The coboundary operator dn : Cn(g,M) → Cn+1(g,M) is
defined as

(dnf)(g1 ∧ · · · ∧ gn+1) =

n+1∑

ℓ=1

(−1)ℓ+1gℓ.f(g1 ∧ · · · ∧ ĝℓ ∧ · · · ∧ gn+1)+

∑

r<s

(−1)r+sf([gr, gs] ∧ g1 ∧ · · · ∧ ĝr ∧ · · · ∧ ĝs ∧ · · · ∧ gn+1).
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Let M be a g−module. The vector space of n-cochains is defined
as

Cn(g,M) = HomC(Λng,M).

The coboundary operator dn : Cn(g,M) → Cn+1(g,M) is
defined as

(dnf)(g1 ∧ · · · ∧ gn+1) =

n+1∑

ℓ=1

(−1)ℓ+1gℓ.f(g1 ∧ · · · ∧ ĝℓ ∧ · · · ∧ gn+1)+

∑

r<s

(−1)r+sf([gr, gs] ∧ g1 ∧ · · · ∧ ĝr ∧ · · · ∧ ĝs ∧ · · · ∧ gn+1).

(d0f)(g) = g.f

(d1f)(g1 ∧ g2) = g1.f(g2) − g2.f(g1) − f([g1, g2])
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In the sequence

· · ·
dn−1

// Cn(g,M)
dn

// Cn+1(g,M)
dn+1

// · · ·

the composition dndn−1 ≡ 0. So this sequence is exact.
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In the sequence

· · ·
dn−1

// Cn(g,M)
dn

// Cn+1(g,M)
dn+1

// · · ·

the composition dndn−1 ≡ 0. So this sequence is exact.

Define the n-cocycles as Zn(g,M) = ker dn and the
n-coboundaries as Bn(g,M) = im dn−1. We have
Bn(g,M) ⊆ Zn(g,M) by the exactness of the sequence.
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In the sequence

· · ·
dn−1

// Cn(g,M)
dn

// Cn+1(g,M)
dn+1

// · · ·

the composition dndn−1 ≡ 0. So this sequence is exact.

Define the n-cocycles as Zn(g,M) = ker dn and the
n-coboundaries as Bn(g,M) = im dn−1. We have
Bn(g,M) ⊆ Zn(g,M) by the exactness of the sequence.

We define the nth cohomology of g with coefficients in M by

Hn(g,M) = Zn(g,M)/Bn(g,M).
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C0(g,M) = HomC(Λ0g,M) = HomC(C,M) ∼= M

C1(g,M) = HomC(Λ1g,M) = HomC(g,M).
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C0(g,M) = HomC(Λ0g,M) = HomC(C,M) ∼= M

C1(g,M) = HomC(Λ1g,M) = HomC(g,M).

By convention, B0(g,M) = 0. Also, d0 can be considered a map
from M into HomC(g,M), defined by (d0m)(g) = g.m.
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C0(g,M) = HomC(Λ0g,M) = HomC(C,M) ∼= M

C1(g,M) = HomC(Λ1g,M) = HomC(g,M).

By convention, B0(g,M) = 0. Also, d0 can be considered a map
from M into HomC(g,M), defined by (d0m)(g) = g.m.

Z0(g,M) = ker d0 = {m ∈ M : g.m = 0 for all g ∈ g}.
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C0(g,M) = HomC(Λ0g,M) = HomC(C,M) ∼= M

C1(g,M) = HomC(Λ1g,M) = HomC(g,M).

By convention, B0(g,M) = 0. Also, d0 can be considered a map
from M into HomC(g,M), defined by (d0m)(g) = g.m.

Z0(g,M) = ker d0 = {m ∈ M : g.m = 0 for all g ∈ g}.

Theorem. The 0th cohomology of g with coefficients in M is the
invarient submodule of g, that is

H0(g,M) = Mg.
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The 1-cocyles Z1(g,M) is the set of f ∈ HomC(g,M) such that

f([g1, g2]) = g1.f(g2) − g2.f(g1) for all g1, g2 ∈ g.

This is exactly the set of derivations from g to M , denoted
Der(g,M).
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The 1-cocyles Z1(g,M) is the set of f ∈ HomC(g,M) such that

f([g1, g2]) = g1.f(g2) − g2.f(g1) for all g1, g2 ∈ g.

This is exactly the set of derivations from g to M , denoted
Der(g,M).

The 2-coboundaries B1(g,M) is the image of d0, which is the set
of elements d0m in HomC(g,M) such that (d0m)g = g.m. This
is the set of inner derivations from g to M , denoted DerInn(g,M).
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The 1-cocyles Z1(g,M) is the set of f ∈ HomC(g,M) such that

f([g1, g2]) = g1.f(g2) − g2.f(g1) for all g1, g2 ∈ g.

This is exactly the set of derivations from g to M , denoted
Der(g,M).

The 2-coboundaries B1(g,M) is the image of d0, which is the set
of elements d0m in HomC(g,M) such that (d0m)g = g.m. This
is the set of inner derivations from g to M , denoted DerInn(g,M).

Theorem. The 1st cohomology of g with coefficients in M is

H1(g,M) = Der(g,M)/DerInn(g,M).
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Hn(sl2(C),C) for n ≤ 3
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Hn(sl2(C),C) for n ≤ 3

� H0(sl2(C),C) = C.
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Hn(sl2(C),C) for n ≤ 3

� H0(sl2(C),C) = C.

� H1(sl2(C),C) = H2(sl2(C),C) = 0.
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Hn(sl2(C),C) for n ≤ 3

� H0(sl2(C),C) = C.

� H1(sl2(C),C) = H2(sl2(C),C) = 0.

� H3(sl2(C),C) = C.
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� Classical algebraic topology applications in the study of Lie
groups.

� Simpler proof of the Weyl character formula.

� Alternate proofs of Whitehead’s lemma and the Levi
decomposition theorem.

� Construction of the affine Lie algebra, a universal central
extension of the loop algebra L(g) over a Lie algebra g.
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If H is a complex Hilbert space, then B(H), the set of bounded
linear operators on H is a vector space over C.

If A,B ∈ B(H), the commutant [A,B] = AB − BA induces a
Lie algebra structure on B(H).

Questions:

1. Are the selfcommutants [A,A∗] interesting elements in the
Lie algebra?

2. If this Lie(G) for some Lie group G?

3. What are representations of this Lie algebra, and what do they
mean from an operator theory perspective?

4. Are there interesting subalgebras?
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