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State of the Union

Research Goals

The goal of our research is to completely classify the symbols ¢
which induce isometric composition operators C, on the Bloch
space of a bounded symmetric domain D. To this, we also look to
classify the spectrum of such isometric composition operators.

Purpose of this Talk

| will discuss our classification of the spectrum of isometric
composition operators on the Bloch space of the unit polydisk D".
I will also show how this classification implies the complete
classification in the case of the unit disk.
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Preliminaries
Factual Round-Up

Definition
Let X be a complex Banach space. A linear operator T : X — X is
called an isometry if || Tx|| = ||x|| for all x € X.

The spectrum, point spectrum and approximate point spectrum of
a bounded linear operator T on X are defined respectively as

o(T)={A € C: T — X is not invertible},

op(T)={Ae€ C: T — A\ isnot 1-1},
0ap(T) ={A € C: T — A\l is 1-1 but not bounded below}.

Proposition (Conway,1990)

If T is a bounded linear operator on a complex Banach space X,
then 0o (T) C o,p(T).




Preliminaries

The following is found as an exercise in A Course in Functional
Analysis, John Conway, 1990.

Exercise

If X is a Banach space and T : X — X is an isometry, then either
o(T)C oD oro(T)=D.
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Sketch of Proof.
o(T) C D since || T|| = 1.

Case 1: Suppose T is invertible.
e 0¢o(T) and z — z 1 is analytic in some G C o(T).
o o(TH)=0o(T)1={A1ecC:Aco(T)} CD.
Case 2: Suppose T is not invertible.
e 0eo(T).
e Since 9o (T) C 0,,(T) C ID it follows that o(T) = D.

\




One-Dimensional Case

Complete Classification for the Unit Disk

Theorem (Colonna, 2005)
The symbols p of the isometric composition operator on the Bloch
space of the unit disk are precisely

@ functions of the form p(z) = Az for |\| = 1, and

@ functions of the form ¢ = gB where g is a nonvanishing

analytic function from D into D, and B is a Blaschke product
whose zero set Z contains 0 and an infinite sequence {z,}
such that |g(z,)| — 1 and
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One-Dimensional Case

As a consequence of the previous Exercise and Theorem, we have a
complete classification of the spectrum for the case of the unit disk.

Theorem (A. & Colonna)

Let ¢ be the symbol of an isometric composition operator on the
Bloch space of the unit disk.

@ If p is not a rotation, then o(C,) = D.
@ If ¢ is a rotation with rotation angle 0 ¢ ©Q, then
o(C,) = 0D.

© If  is a rotation with rotation angle 6 € ©Q, then o(C,) is
the set of m" roots of unity, where m is the order of .




Higher Dimensions

Bloch Space of the Polydisk

As we have seen, the Bloch space for a bounded symmetric domain
D is a Banach space defined by
B(D) ={f € H(D) : Bf < >0}

where (VA
z)u
fBf =sup sup o —— .

zeD uecm oy Hz(u,1)1/2

If D is taken to be the unit polydisk D", then the Bergman metric

becomes
_ Uk Vi
H,(u,v) = _—
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Higher Dimensions

Isometric Composition Operators

We have seen in the previous talk that any holomorphic map

¢ : D" — D" induces a bounded composition operator C, on
B(D").

Theorem (Cohen & Colonna)

Let o(z) = (h1(21), ho(22), - - -, ha(2n)) where hj € H(ID, D) such
that hj(0) = 0 and By, = 1 for all j=1,...,n. Then C, is an
isometry on B(ID").

We will consider the spectrum of the composition operators
induced by such symbols.



Higher Dimensions

Symbols with Non-Rotation Component

Let ¢ = (h1(z1), ..., ha(zn)) where h; € H(DD, D) such that
hj(0) =0 and By, =1 for all j = 1,...,n. Suppose that h; is not a
rotation for some j=1,...,n.

Suppose C,, is surjective and let 1 < j < n be the component
defined as hj(z;) = g(z;)B(z;) with {ax}kew C D the zeros of the
Blaschke product B.

Since 7j(z) = zj is Bloch, there exists a Bloch function f such that
foe=mj. Thus for any k € IN, and z; = 0, for j # k,

ax = f(e(z1,...,2-1,ak, zj, ..., zn) = £(0).

Since the set of such ay is infinite, we obtain a contradiction.
Therefore, C, is not invertible and o(C,) = D.



Higher Dimensions

Symbols with Rotation Components

Recall that the automorphisms of ID” that fix 0 are of the form
(21, Ce Zn) — ()\12,,.(1), ce )\nZT(,,)), with |)\J| =1 j=1,...,n,
and 7 € S,,.

Let ¢ : D" — D" be defined by ¢(z) = (AM1z-(1),- -, AnZr(n))
where |\j] =1for j=1,...,nand 7 € S,.

The induced C, is invertible. So, o(C,) C OD.
For all ki, ..., kn € Z U {0}, the function f(z) = zfgl) e zhe s

Bloch and is an eigenfunction of C, with eigenvalue )\/fl oo Nko

Consider the group G generated by Ay,...,\, and the m!’ roots
of unity for m; = ord(7). Then

G Ca(Cy).



Higher Dimensions

Exploring the Set G

Case 1: Infinite Order

Suppose arg();) is not a rational multiple of 7 for some
j=1...,n

Then G is dense in dD. So G = dD. Thus o(C,) = 9D.

Case 2: Finite Order

Suppose arg(;) is a rational multiple of 7 for all j =1,...,n. Let
mi, ..., m, be the orders of A1,..., A\, respectively.

The group G has finite order lem(my, ..., m,, m;).




Higher Dimensions

The Spectrum in the Finite Order Case

We now show that for ;€ OD, C, — ul is invertible if and only if
w1 & G. The invertibility of C, — u/ is equivalent to showing that
for all g € B(D") there exists a unique f € B(ID") such that

Co(f) —nf=g
Let o = lem(my, ..., ms, m;). So C, — pul is invertible if and only
if for every g € B(ID") the following system has a unique solution
f € B(D"):

(<p§2)) - uf(2) = g(2)

fle*(2)) — nf(e(z2)) = gle(2))



Higher Dimensions

So, the system of equations has a unique solution if and only if the
matrix A in the following system is non-singular:

[ 100 00T 7)) ][ g(z) ]
9 - 10 9 f(p(2)) g(¢(2))
0 1 e ] et )
(10 e e | LT @) e )

The determinant of A is easily calculated as |A| = (—=1)*(pu® — 1).
Thus the solution exists and is unique if and only if u® # 1, i.e.

péG.

Thus, for every g € B(ID"), the unique solution
f(z) =220 ajg(¢’71(2)), such that C,(f) — uf = g, is Bloch
since each g o ¥ is Bloch.



Higher Dimensions

Classification of Isometric Composition Operators

Our current classification can be summarized as follows:

Proposition (A. & Colonna)

Let p(z) = (hi(z1), ..., hn(zn)) be a holomorphic map such that
hj(0) =0 and By, =1 for all j = 1,...,n, and C, be the induced
composition operator on B(D").

@ If h; is not a rotation of the identity for some j =1,...,n,
then o(C,) = D.

Q Ifhi(zj) = N\jzy(j) forall j=1,...,n and some T € S, such
that \i has infinite order for some k =1,...,n, then
o(Cy,) = 0D.

Q Ifhi(z) = Njzy(j) forall j=1,...,n and some T € S, such
that A, has finite order for all k = 1,...,n, then o(C,) is the
finite group generated by {\1, ..., An,(} where  is a

primitive mi" root of unity, m, = ord(7).




Further Direction / Open Questions

Further Direction and Open Questions

@ Are there other holomorphic maps ¢ which induce an
isometric composition operator on the Bloch space of the
polydisk besides the ones whose components are defined in
terms of isometries on D?

@ It can be easily shown that if C, is an isometry and ¢ is not
1-1, then 0 € 0(C,), so that o(C,) = D. Are there any
isometric composition operators whose symbols are not onto?

A negative answer to this question would give us a complete

classification of the spectrum.

© When a composition operator on the Bloch space is invertible,
is the inverse a composition operator?

© What is the classification of the spectrum on B(1B,) for
n > 17 on a general bounded symmetric domain?
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