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Abstract

Collective oscillations and patterns of synchrony have long fascinated researchers in the applied sci-
ences, particularly due to their far-reaching importance in chemistry, physics, and biology. The Kuramoto
model has emerged as a prototypical mathematical equation to understand synchronization in coupled
oscillators, allowing one to study the effect of different frequency distributions and connection networks
between oscillators. In this work we provide a framework for determining both the emergence and the
persistence of synchronous solutions to Kuramoto models on large random networks and with random
frequencies. This is achieved by appealing the theory of graphons to analyze a mean-field model coming
in the form of an infinite oscillator limit which provides a single master equation for studying random
Kuramoto models. We show that bifurcations to synchrony and hyperbolic synchrony patterns in the
mean-field model can also be found in related random Kuramoto networks for large numbers of oscil-
lators. We further provide a detailed application of our results to oscillators arranged on Erddés—Rényi
random networks, for which we further identify that not all bifurcations to synchrony emerge through

simple co-dimension one bifurcations.

1 Introduction

Many processes throughout the applied sciences can be modeled as sets of interacting periodic processes,
particularly in neuroscience [4]. A major focus for mathematical investigation of these networks is to identify
whether or not these oscillations fall into global patterns of synchrony. Synchrony of neuronal oscillators
governs many cognitive tasks and functions [38, 40], including playing a critical role in memory formation
[3, 20]. Synchrony is also important for the functioning of power grid networks [33, 36]. Alternatively,
certain patterns of synchrony in neuronal networks have been associated with epilepsy and Parkinson’s
disease [17, 25]. Thus, in the study of networks of oscillating processes, it is often important to determine
whether synchrony can occur and what form it takes.

Synchronization in the mathematical literature is often studied in the Kuramoto phase model [2, 23, 24]

: K& , ,
0; =w; + ; ;Aj’k sin(0r — 0;), j=1,...,n. (1.1)
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Here each 0; € S1 represents the relative phase of oscillator j, with w; € [—1,1] being their intrinsic
natural frequency, and K > 0 the strength of coupling between oscillators. The matrix [Aj7k]?7k:1 is a
graph adjacency matrix encoding the network structure so that A;; > 0 denotes a connection between
oscillators j and k, while A;, = 0 represents the absence of one. Synchronization in (1.1) occurs when
there exists solutions satisfying éj (t) = 0y (t) for all 5,k = 1,...n, meaning that oscillators evolve with the
same velocity, differing only by an initial phase offset, termed a phase-lag. When K = 0 all oscillators
act independently and no synchronization occurs, while in the limit K — oo many synchronized states
exist with |6,(¢) — 6x(t)| € {0,7}. Thus, one concludes that there exists an intermediary coupling strength
K = Kgit > 0, termed the critical coupling [13, 26, 39], at which the existence of synchronized states first
appears in (1.1). For complete graphs, i.e. A;; =1 for all (j, k), Dérfler and Bullo [13] survey much of the
current landscape, while further providing upper and lower bounds on K.;. However, these bounds remain
at a finite distance from each other for all n > 1. Related work in [26] provides upper bounds on K for
dense networks, while [14] bounds the critical coupling from above based upon the specifics of the network

topology and the intrinsic frequencies.

In attempting to understand the onset of synchrony in (1.1) with n >> 1, one may formally pass to a limiting

mean-field model
90

1

O =) + K /0 W (z,y) sin(0(y, ) — 0(z, 1))dy, (1.2)
for a continuous function Q : [0,1] — [~1,1] and a kernel W : [0,1]> — [0,1]. Pioneering work in this
direction was done by Ermentrout [15] who used (1.2) with W =1 to estimate K with all-to-all coupling
and random frequencies in (1.1) when n > 1. A second use for (1.2) is to study identically coupled oscillators,
ie. wj = wy in (1.1) for all j,k = 1,...,n, by having Q be a constant function and identifying both the
existence and stability of synchronous patterns with different network topologies. Early work in this direction
comes from [39], which arranges the oscillators in a ring to observe patterns of synchrony whose phase-lags
increase monotonically around it. More recent investigations have employed graphons [28] to use (1.2) to

capture patterns of synchrony in (1.1) over random networks [8, 30, 34].

In this paper we leverage graphon theory to capture the existence of synchronous solutions in (1.1) on random
networks with random frequencies. This work extends contributions such as [11, 15] that use (1.2) to study
large random Kuramoto models to justify findings for finite n > 1 models of the form (1.1). Moreover,
this work contributes to the growing literature on synchronization of Kuramoto models on random graphs
[1, 5, 21, 27, 29, 34], while extending these studies to allow for random frequencies as well. In particular, we
show that (1.2) provides a single master equation to identify the critical coupling in, which asymptotically

estimates the critical coupling in classes of random Kuramoto models (1.1).

The appeal to graphon theory allows one to think of groups of networks over different numbers of vertices
as belonging to the same family, represented by the limiting function (the graphon) W in (1.2). Thus, for
all n > 1 and networks with adjacency matrices [Aj,k];‘l,kzl belonging to the same family as a graphon W,
our analysis shows that with frequencies {w;}%_; drawn independently from a distribution on [~1, 1], with
high probability we have that:

1. Continuous and hyperbolic synchronous solutions in (1.2) at a fixed K lead to hyperbolic synchronous
solutions to (1.1) at the same coupling value K,

2. Saddle-node bifurcations at K = K¢ of continuous synchronous solutions in (1.2) persist as saddle-
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node bifurcations of synchronous solutions in (1.1) at some K = Kyt n ~ Kepit-

Thus, in many cases, these results fully capture the emergence and persistence of synchronous solutions in
(1.1) for n > 1 using the single master equation (1.2). However, as we also show in this work, the emergence
of synchronous solutions in (1.2) is not always attributed to a saddle-node bifurcation. In particular, we prove
that for Erd6s—Rényi random networks and certain distributions of random frequencies, the emergence of
synchronous solutions in (1.2) comes from a bifurcation involving the essential spectrum. While our rigorous
bifurcation results do not apply to such essential spectrum bifurcations, we provide numerical observations
that indicate that even though our hypotheses do not hold, our results do. This leads one to at least
conjecture that similar results could be obtained for more complex bifurcation scenarios only present in

infinite-dimensional system.

Before proceeding, we note that analysis of (1.1) for large numbers of oscillators with all-to-all coupling is
often studied in a mean-field limit, distinct from (1.2), in which the evolution of probability densities describ-
ing the oscillators is studied; see [23, 35, 37, 39]. Development of an analogous model incorporating network
interactions using graphon theory was obtained in [10]. The probability density paradigm is advantageous as
it allows for the convenient study of various time dependent solutions to (1.1) including the bifurcation of the
incoherent state [9, 12]. That being said, we find (1.2) a more suitable tool for the mathematical treatment
of the the existence and stability of synchronized steady states in (1.1) for classes of random networks with

sufficiently large numbers of oscillators.

This paper is organized as follows. In Section 2 we provide the relevant background theory for graphons.
Then, in Section 3 we provide our hypotheses and precise statements of the main results summarized infor-
mally above. Section 4 turns to applying these results to random Kuramoto models posed on Erdés—Rényi
networks, including proving that we can either have saddle-node bifurcations to synchronous solutions in
(1.2) or the more complex essential spectrum bifurcations. The proofs of our results are left to Sections 5
and 6. We conclude in Section 7 with a discussion of our findings and numerous avenues of potential future

research.

2 Graphons

To obtain the results in this paper we appeal to the theory of graphons; see [6, 28]. A graphon is a symmetric
function W : [0,1]? — [0, 1] that can be used to represent the edge weight W (x,y) of a graph with infinitely
many vertices z,y € [0,1] . One can see the presence of the graphon in the mean-field model (1.2), here
functioning as an integral kernel. Boundedness of graphons implies that they always belong to LP([0, 1]?) for
all p € [1, 00|, however a more natural measure of distance on the set of graphons is given by the cut norm,

W(x,y) dzdy|, (2.1)
SxT

[Wio=sup
5.1C[0,1]

where the supremum is taken over all measurable subsets S, T of [0,1]. There are many other equivalent
forms of the cut norm (see [19, Appendix EJ), all of which treat the graphon not as a function as the p-norms

would, but as an integral kernel. Indeed, [19, Lemma E.6] shows that the integral operator Ty, : LP — L4
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acting by

1
(T f)a) = [ W) )y 2.2)

0
has operator norm bounded as ||[W|g < |Tw|p—q < 2\@\\W||Sin{l_l/p’l/q} for all p,q € [1,00]. Moreover,

convergence in the cut norm does not necessarily imply convergence in the p-norms, while the converse is

always true since |W||g < ||[W||, for every graphon W.

Graphons and the cut norm find significant application as a rule for generating families of finite graphs
through sampling. Precisely, let {x1,zs,...,2,} be an ordered n-tuple of independent uniform random

points drawn from [0, 1]. We describe two different random graphs generated from a single graphon W:

1. Let H(n, W) denote the weighted graph with vertices {1,2,...,n} and edge weights W (z;, z) between
vertices j and k, j # k. Loops are given edge weight 0.

2. Let G(n, W) denote the simple graph with vertices {1,2,...,n} which are connected with an edge of
weight 1 with probability W (z;, xx), j # k. Loops again have an edge weight of 0.

To compare these random graphs with their generating graphon we consider a step graphon generated by a
graph G. To do this, partition [0, 1] into n disjoint intervals of equal length I7*, IF, ... I, so that the step
function We : [0,1]% — [0, 1] takes the value of the edge weight between vertices j and k of G for all z € I7'
and y € I. Lemma 10.16 of [28] gives that the bounds

Wan,wy — Wlla < Wemw) —Wlo £ —— (2.3)

Vlog(n)’ log(n)

hold with probability at least 1—exp(—n/(2log(n))) for all n > 1. Thus, we achieve convergence in probability
of the families of random graphs generated by a graphon W.

Remark 1. Throughout this work we will always consider the sample points {z1,x2,...,2,} to be drawn
independently from the uniform distribution on [0,1]. However, there are many other ways of generating
these sequences to achieve almost sure convergence in the cut norm [28, Lemma 11.33]. For example, one may
fix x; = j/nfor j =1,...,n or drawn each z; from the uniform distribution on [(j — 1)/n,j/n]. Effectively,

any sequence that is a good set for numerical integration, meaning
1 1
/O fla)dz ~ ~ > flay), (2.4)
j=1

with small error for Riemann integrable f, will do.

We will also consider the graphon analogue of the degree of a vertex x € [0, 1], given by

1
dw () ::/0 W (z,y)dy. (2.5)

The above is simply the continuum analogue of the degree of a vertex in a graph normalized by the number
of vertices n. Along with the cut norm, another measure of convergence of graphs derived from graphons

to their generating graphon is through their degree functions. In particular, [16, Lemma I]! proves that for

I This is an improved version of a result found in [42].
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any graphon W, with probability 1 — v we have

0y~ i e = SUD [ 2) = i )] < ) B, (2.6

z€[0,1] n
thus allowing for a comparison between the degrees of the weighted and simple graphs derived from W.
Moreover, in many cases one can show that ||dw, ,,, — dw|loc converges to 0 in probability, including for
ring graphons, i.e. W(x,y) = W(|x — y|), since the degree functions are constant [7]. Thus, combining the
above allows one to show that at least for the case of ring graphons we can find | dwy,, 1, — dwllec — 0 in
probability as well. Our main result is achieved by assuming degree convergence, while all demonstrations

use graphons for which we know this holds.

3 Main Results

We now leverage the theory of graphons from the previous section to provide our main results. In particular,
we will prove that (1.2) is a single master equation for analyzing the existence, stability, and in some cases
the onset of synchronous solutions for random Kuramoto models (1.1) with large numbers of oscillators
n > 1. The advantage is that, under the mild assumptions that follow, one can provide explicit results for

infinitely many Kuramoto models with random frequencies and/or posed on random networks.

We will begin with the following assumption that allows us to side-step the probabilistic framework of
random graphs and graphons laid out previously. For any n > 1, subdivide the interval [0, 1] into n disjoint
intervals I = [(j — 1)/n, j/n) of equal length and let W, : [0, 1] — [0,1] be a step graphon on the partition

{7 < 1Y%y of [0, 1. Similarly, let Q,, : [0,1] — [~1,1] be a step function on {I}}"_;. The values on
the steps of 2, will be the frequences {w;}7_; for the discrete model (1.1) in what follows. We assume the

following.

Hypothesis 1. There exists sequences {0, }52, and {W,,}°2, along with a continuous function § : [0,1] —
[—1,1] and a graphon W : [0,1]2 — [0,1] so that

lim | — Qo =0, lim |[W, —-W|g=0, lim ||dw, —dwle =0.
n—00 n—00 n— 00

Furthermore, the graphon W is such that for every e > 0, there exists a 6 > 0 so that for all zy € [0,1] we
have

1
/ (W (2, y) = Wz, y)|dy < ¢ (3.1)
0
when |x — x| < 6 and x € [0,1].

Notice that the cut norm portion of Hypothesis 1 can be satisfied with high probability by taking W, =
Whn,wy or Wy, = Wg,,w for all n > 1, while Remark 1 indicates that many other such sequences exist.
Furthermore, the previous section discussed conditions for the degree convergence, primarily coming from
[42]. The condition (3.1) on W is used to prove compactness of the operator Ty on the space C([0,1]) and is
necessary to our results. It can be easily verified in the case of continuous W, while [8, Appendix A] proves
that it holds for piecewise continuous ring graphons. We now provide the following lemma that can be used

to confirm the remaining portion of Hypothesis 1, with the proof left to Appendix A.
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Lemma 3.1. Let Q:[0,1] — [-1,1] be a continuous function and for each n > 1 let {x1,xa,...,2,} be an
ordered n-tuple of independent uniform random points drawn from [0,1]. If the step function Q, is assigned
the value Qi (z) = Q(z;) for allz € I} and j =1,...,n then

lim ||, — Qe =0
n—oo
almost surely.

We now seek to quantify synchronous solutions of both (1.1) and (1.2) as roots of appropriate functions. A
phase-locked solution to (1.2) takes the form 0(x,t) = Qt + u(z), with @ € R and u : [0,1] — R, and solves
F(u,Q, K) = 0 where

1
Fu,Q,K)=Q(z) - Q+ K/O Wz, y)sin(u(y) — u(x))dy, (3.2)

where the graphon W is fixed according to Hypothesis 1 above. One can find that any solution of F(u,Q, K) =
0 must have = fol Q(x)dx. For sequences of step functions {2, }22; and {W,}5  satisfying Hypothesis 1
we will further define the step version of (3.2)

Fp(u,wy, K) = Qp(z) —w) + K/O W (z,y) sin(u(y) — u(x))dy, (3.3)

for each n > 1. If we further restrict u(z) to be a step function on the same steps as €,, and W,,, solving
F,, = 0 is equivalent to a finite-dimensional problem. This is because only the values u = {u; };?:1 € R™ on
each step need to be found, thus solving F;, = 0 with u restricted to a step function is equivalent to solving

[Gn(u,w}, K)]; =0 for each j = 1,...,n, where

K n
[Gn(u7w:,7K)]j =Wwj 7w;+;ZAjkain(uk 7uj)7 ] = 17"'7”7 (34)
k=1

with w; = Q(z;) and A;, = W(x;,x). Notice that roots of (3.4) lie in one-to-one correspondence with
synchronous solutions of (1.1) as 6;(t) = w)t +u; for each j =1,...,n.

Since both (3.2) and (3.4) exhibit a translational invariance in the phase variables, it follows that solutions
(if they exist) are never unique. To eliminate this redundancy, when considering solutions of equation (3.2)

we will restrict to the space of mean-zero continuous functions, denoted

X = {u e C([0,1]) /01 w(w)de = 0}, (3.5)

and equipped with the supremum norm || - ||o. We now present our first result.

Theorem 3.2. Assume Hypothesis 1 and suppose that for a fited K > 0 there exists u* € X satisfying
Fu*,Q,K) = 0 with Q = fol Q(x)dx. Suppose further that the linearization of F about u* on X, denoted
DF(u*,Q,K) : X — X, is invertible with bounded inverse. Then, for each p > 0, there exists an N > 1
such that for all n > N there is a vector (u,w?’) € R™ x R satisfying Gp(u),w’, K) = 0 and max{||u} —
U*[|oo, [Q — wi|} < p, where u, € X is the step function representation of wj, over {I7'}}_,. Furthermore,
if u* is a stable solution of (3.2), then there exists an M > 1 so that for all n > max{N, M} the solution
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(ul,wr) of (3.4) is stable as well.

Theorem 3.2 describes the persistence of hyperbolic synchronous solutions to the graphon model (3.2) for
fixed values of the coupling constant K. In particular, it states that if a hyperbolic solution of (3.2) exists,
then with n taken sufficiently large, a similar synchronous solution can be found in (3.4) for the same coupling
K. However, Theorem 3.2 does not deal with the onset of synchronization from a saddle-node bifurcation by
varying the coupling coefficient K since, by definition, hyperbolicity is violated at such a bifurcation point.
Thus, our second result will prove the persistence of such saddle-node bifurcations, under the following
hypothesis.

Hypothesis 2. There ezists a Keiy > 0 and u* € X such that F(u*,Q, Keiy) = 0 with Q = fol Q(z)dx and

the following properties

i) The linear operator DF(u*, €, Keit) : X — X has stable spectrum with the exception of a zero eigen-
value with algebraic and geometric multiplicity one. Precisely, there exists a v* € X normalized so that
1r 2
Jo [0 (z)]?dz = 1 such that
Ker(DF(u*,Q, Kerit)) = span{v*}.

ii) The following non-degeneracy assumption holds:

Jo Jo W ,y) sin(u(y) — ' (1)) (v* () = v*(@))" 0 (@)dedy _

Q 0. 3.6
Q) - Q)v*(z)de (3.6)

The above assumption guarantees the existence of a saddle-node bifurcation in the graphon model at
K = K. As shown in Lemma 5.1 below, the sign condition in Hypothesis 2(ii) implies the existence
of steady-state synchronized solutions for K > Kt to (3.2). Alternately, one could reverse the sign to
have synchronous solutions for K < K,t, but we have opted for the current presentation to best reflect our
applications in the next section. Furthermore, we have assumed for simplicity that all other elements of the
spectrum of DF(u*,Q, K.i) in X beyond the bifurcation eigenvalue are contained in the left half of the
complex plane. These results are easily extended to the case where there is a finite collection of eigenvalues
in the right half of the complex plane, but the reason we have chosen to omit this case is simply for the
ease of presentation. No further technical hurdles exist should there be eigenvalues in the right half of the
complex plane. We now present the following result which uses the notation Bs(v) to denote the ball of

radius 6 > 0 about the vector v.

Theorem 3.3. Assume Hypotheses 1 and 2. There exists a 6 > 0 such that for all p > 0 there exists an
N > 1 so that for every n > N the following is true. There is a Kepiyn > 0 and vector (u),wk) € R" x R
satisfying G (u}, Wk, Keritn) = 0 and max{||u}, — u*| oo, [ — Wi|, [Keritn — Kerit|} < p, where ul, € X is the
step function representation of uy, over {I'}_,. Furthermore, there exists two smooth and distinct branches
of solutions to G,, = 0 emanating from (u),, w’, Keitn) € R® xR xR that exists for all K € [Kerign, Kerit +6],
while there are no solutions of Gy, =0 in Bs(u},,wy, Keritn) for all K € (Keit — 9, Keritn)-

The proofs of the above theorems are left to the latter sections of this paper, before which we demonstrate
an application of our results in the following section. We will first prove Theorem 3.3 in Section 5. Then, in

Section 6 we provide a commentary on the proof of Theorem 3.2 being similar, but ultimately simpler. That
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is, the proof of Theorem 3.3 is shown to be a more involved version of Theorem 3.2 since one must account
for the zero eigenvalue assumed by Hypothesis 2. This will be explained in more detail as one proceeds
through the proof sections.

4 Applications to Erdos—Rényi Networks

In this section we apply our results to Erd6és—Rényi networks. The goal here is to work with a simplified
model that can elucidate much of our theory, while also providing some technical details that indicate that
bifurcations to synchrony in the graphon model do not always come from a simple saddle-node bifurcation.
That is, we see that different choices for the function € in (3.2) can lead to bifurcations to synchrony coming
from the essential spectrum, which in turn means that our results in Theorem 3.3 cannot be applied as the
assumptions are not satisfied. Nonetheless, away from these bifurcations our results in Theorem 3.2 can
always be applied to demonstrate persistence of synchronous states onto large finite networks of coupled

oscillators.

4.1 Synchronous States and the Critical Threshold

To begin, let us suppose that frequencies are drawn from a distribution with probability density function

f:[-1,1] = R. Then, the cumulative distribution function is given by

Fla) = /_ zl F(s)ds, (4.1)

so that the connection between the frequencies in (1.1) and the function Q in (1.2) then comes from setting
Qz) = F~1(2).

Such a connection was already established in Ermentrout’s pioneering work [15]. Depending on the choice of
Q, our results herein return Ermentrout’s result to the finite-dimensional system to show that the Kuramoto
critical coupling on large all-to-all networks is well-estimated by that of the graphon models’ for randomly
distributed frequencies. This further complements the results of [13] which provides asymptotically non-
sharp bounds in n on the critical coupling for all-to-all networks by providing the precise limiting critical
coupling value as n — oo (with high probability).

These results go beyond [13, 15] by being applicable to random networks as well. To illustrate, consider (1.2)
with the Erdés—Rényi graphon W (x,y) = p, for some p € (0,1], for all (z,y) € [0,1]?. The corresponding
finite-dimensional Kuramoto model (1.1) is posed on a randomly generated network G(n,p) which assigns
edges A; ; = A;; = 1 with probability p. The mean-field model takes the form

00 b

5 = Qz) + Kp/ sin(0(y, t) — 0(x,t))dy. (4.2)
0

Note that with p = 1 we are in the all-to-all setting of [15], while p < 1 simply acts to scale the coupling

coeflicient in the mean-field model. Thus, we can provide the following adaptation of Ermentrout’s analysis

to characterize the conditions that guarantee whether or not synchronous patterns exist in (1.2) with an

Erdos—Rényi graphon.
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Proposition 4.1. [15, Proposition 2] Let v = sup |Q(z) — Q|/(Kp), where Q = fol Qx)dx. A solution to
(4.2) is
O(x,t) = Ot + u(x) (4.3)

where sin(u(x)) = [Q(z) — Q]/(Kpgy) and (v,q) are related through
1t
v = 7/ Vq? — s2f(s)ds, (4.4)
q J-1

where f = %Q_l is the probability density function of the frequencies. If v > 1, synchronization will not

occur for this solution.

Ermentrout goes on to study the synchronization threshold, i.e. the smallest value of K for which these

synchronous solutions exist, using the equation (4.4). Indeed, the onset of synchronization happens at

~v* = max 1 /1 Vq? — s2f(s)ds, (4.5)
-1

q>1 q2

which in turn leads to K.y = where we note the inclusion of the graphon probability parameter

1

€ (0,1]. With this information, I\)A;Ye provide the following lemma that can be used to verify the hypotheses
of our main theorems. We draw the attention of the reader to [31, 32] for analogous stability results
and calculations of the phase locked state in discrete and mean-field versions of the Kuramoto model. For
simplicity, we will restrict ourselves to functions €2 that are odd over the midpoint = 1/2, which is equivalent

to considering probability distributions f that are even over [—1,1]. This further gives that Q = 0.

Lemma 4.2. Suppose that Q(x) is odd over x = 1/2, K > Ky and let u*(x) be the synchronous solution
of (3.2) guaranteed by Proposition 4.1. Then, the spectrum of

DF(u", @, K)o = Kp / cos(u*(y) - u* (@))u(y) - v(e)ldy, (4.6)

as an operator on X is real and broken into the essential and point spectrum (eigenvalues). Defining k =

Kpqy and C = fol cos(u*(y))dy, we have

1. The essential spectrum is given by the interval oess = [prC, —Kpy/1— %C’}
2. 0 is an eigenvalue of DF(u*,Q, K) on the space X if

L I—JﬁgL—dy:L (4.7)

Moreover, the synchronous solution is stable if

dy < 1.

1/1 0°(y)
wC Jo =20y
Proof. The even symmetry of the cosine coupling function in the linearization DF(u*,2, K) allows one to

conclude that the operator is self-adjoint on L?. Thus, the spectrum is entirely real as an operator on L2.
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Further, [8, Lemma 5.1] proves that the spectrum of this linearization is equivalent on L? and C([0,1]), and
since X is a subspace of C([0, 1]), it follows that the spectrum of DF(u*,Q, K) : X — X is contained in the
real line. We now proceed to characterize parts of this real spectrum and prove the stated proposition.

First, recall from the discussion above that Q = fol Q(z)dx = 0 since we are assuming that Q(z) is odd
over © = 1/2. Then, for K > K. we recall from Proposition 4.1 that u*(z) = arcsin (Q(x)/k), where
k = Kpgy > 1 is as given in the statement of the lemma. Using the angle difference identity for cosine we

obtain

1 1
DF(u*,0,K)v = Kpcos(u* (x))/o cos(u*(y))v(y)dy + Kpsin(u*(z)) /0 sin(u*(y))v(y)dy
(4.8)

- (mpeostucan | 1 cos(u 1)y ) o0

A spectral decomposition of operators of this form on the Banach Space X was obtained in Lemma 4.1 of
[8]. In particular, the essential spectrum o,ss, is comprised of the set of A € C lying in the range of the

multiplication part of the operator. We therefore have

e = [Kp [ et kw1~ L [ cos(u*(y))dy] ,

which when & > 1 the above interval is a strict subset of (—o0,0), while for k = 1 it includes the point 0.

Next, we study the point spectrum (eigenvalues) of DF(u*,0, K). We therefore seek continuous functions
v*(z) such that DFv* = Av*. To condense notation we let ¢(z) = cos(u*(x)) and note that sin(u*(z)) =
O(x)/k. It therefore holds that any eigenpair (v*, A) must satisfy

1

3 () = Kpeta) [ el ()dy+ Kpa) [ 2000 @y = Kpea’@) [ elway.

Letting \* = %p then we reduce to finding functions v* satisfying
A v*(z) = Ac(z) + BQ(x) — Ce(x)v* (x), (4.9)
where
1
AZ/C@“@@
0
1 1
B= | 2w @y (410)
0
1
C= / c(y)dy.
0
From (4.9) we find that

_ Ac(x) + BQ(x)

v'(2) Ce(z) + M*

10
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Now, since Q(z) is odd over z = 1/2, it follows that ¢(x) is even over 2 = 1/2, and so we have the useful fact

Ye)y)
A Col) + ¥ =0

With this fact we obtain the solvability conditions
1 2
(y)
A=A ——d
/0 Ce(y) + A* Y
B [

B Q(y)? y
K2 Jo Cely) + A

(4.11)
B =

Focusing on the first integral in (4.11) we note that when A\* = 0 the condition reduces to

1 1
& [ ctmay=1.
0

which holds due to the definition of the constant C in (4.10). We therefore recover that v*(z) = 1 is an
eigenfunction of the operator DF'(u*,0, K') with eigenvalue zero, corresponding to the translational invariance
in the phase variable. However, this function does not lie in the space X as it does not have mean zero. We

therefore turn to the second integral in (4.11) and focus on solutions of I(A\*) = 1 where

119y

0=~ [ W
(A%) k2 Jo Cely) + A* y

(4.12)
From (4.11) the candidate function v*(z) is an eigenfunction if 7(A*) = 1. Taking A\* = 0 then requires one

to solve

- 1/1 204
wC o 20
as stated in the lemma. Finally, since eigenvalues occur whenever I(A\*) = 0, the fact that O «I(A*) < 0

combined with 7(0) < 1 implies stability of the synchronous solution. This completes the proof. O

One can see from the above result that if £ = 1 then the essential spectrum of the linearization DF (u*, (2, K)
contains 0, thus meaning that neither of our results can be applied. As it turns out, not all bifurcations
to synchrony in the graphon model (4.2) are the result of a simple saddle-node bifurcation, as described in
Theorem 3.3, but can be attributed to bifurcations from the essential spectrum. In the following subsections
we elucidate these cases in more detail for the reader, showing when our results can be applied and when

they cannot.

4.2 Bifurcations from the Essential Spectrum

Let us begin by considering the case where frequencies are drawn from the uniform distribution on [—1, 1].

In this case the probability density function is f(w) = %, resulting in Q(z) = 22 — 1. One can further find

that v* in (4.5) occurs when ¢ = 1, meaning that x = Kpg~y takes the value k = 1 at the critical coupling

Koyt = —= = 2. Thus, we find that at this critical coupling parameter the essential spectrum of the
Py mp

linearization DF (u*,Q, K:) does not satisfy the conditions to apply Theorem 3.3.

11
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We can take this further by performing general calculations for any k > 1. With Q(z) = 22 — 1 we first have

that
1 27 —1\° 1 [t K y Y 1
C’:/ 1- dx:—/ \/n27y2dy:f[arcsin<f)+—\/n27y2} ,
0 K 2k J_4 4 K K2 -1

1 1
C = garcsin <) + —Vk2 -1

so that

K 2K

On the other hand, computing the integral in (4.12) we obtain

1t (2z—1)2 e 1
— dr = — —dy = — [—y
Kk Jo /K% — (22 —1)2 KJ_1 /K2 — 2 K

Notice that the final integral in the above expression is exactly C' from above, and so putting this all together

1 1 /1t
K2 — yz] R / VK2 — y2dy.
- -1

we obtain

11 Q) 1

—— —dy=1- —+vk2-1. 4.13

Cn/o /K2 — Q2(y) Y Ck (4.13)
Thus, from Lemma 4.2 we see that there can only be a zero eigenvalue when x = 1, which is the case
discussed previously. The implication of these calculations is that for any x > 1 the synchronous solution is
spectrally stable with respect to perturbations in the Banach space X and further satisfies the conditions to

apply Theorem 3.2.

Our result in Theorem 3.2 can be applied to any K > K to provide stable synchronous solutions over
random Kuramoto networks. However, since the essential spectrum of the linearization includes zero at
K = K, we cannot analytically confirm the proximity of the onset of synchrony in random networks to
that of the graphon model. Nonetheless, we are able to provide numerical results that appear to confirm that
our results of Theorem 3.3 still hold. Figure 1 presents the identified critical coupling for 100 realizations
of random Kuramoto models of size n = 50, 100, ...,1000, represented by black dots. We also provide the
mean critical coupling value (red line) and the shaded region enclosed by blue lines represents one standard
deviation from the mean. We provide results for all-to-all networks (p = 1) and Erdés-Rényi random
networks (p = 0.5). For all-to-all networks the mean critical coupling at n = 1000 is 1.2758, compared with
the graphon value of 4/ ~ 1.2372, while the Erdés-Rényi networks have mean 2.6137, compared with their
graphon value of 8/7 & 2.5465. While the relative error for Erdés—Rényi networks is only ~ 2%, this larger
value compared to the all-to-all networks is attributed to the slower convergence of Erdés—Rényi graphs to

their graphon in the cut norm.

We can also use Proposition 4.1 to compare the profiles of the synchronous solutions in random Kuramoto
models to those of the graphon model (4.2). Figure 2 compares the graphon solution u(z) = arcsin(2z — 1)

to the synchronous profiles on a n = 500 oscillator network at its critical coupling value. Synchronous
e
[0,1]. Recall that the frequencies are given by w; = Q(x;). Again, we see strong agreement with the graphon

solutions are plotted as {(z;, ;) where z; are drawn independently from the uniform distribution on

prediction, particularly in the case of all-to-all networks (p = 1). The Erdés—Renyi network (p = 0.5) shows
more random fluctuations in the profile, coming from the random network topology, but still retains the

same basic profile as that predicted by the graphon model.

Having x = 1 at the critical coupling value is not unique to uniformly distributed frequencies. In [15]

Ermentrout identifies numerous distributions for which v* occurs when ¢ = 1, thus having the essential

12
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Figure 1: Each black dot on both figures is the location of the critical coupling value of (1.1) on an Erdés—Rényi graph
with edge probability p = 1 (top) and p = 0.5 (bottom) and frequencies w; drawn from the uniform distribution on
[—1,1]. For each network size n there are 100 random realizations of system (1.1), with the red line representing the
mean across n and the shaded region bounded by blue dashed lines denoting one standard deviation from the mean.

spectrum of the linearization about the solution guaranteed by Proposition 4.1 touch the imaginary axis
in the complex plane. Again we emphasize that our results in Theorem 3.2 can be applied away from
K = Kjt, while despite Theorem 3.3 not being applicable to describe the onset of synchrony in random
Kuramoto networks, it appears that similar results to Theorem 3.3 still hold in this more complex situation

of bifurcations from the essential spectrum.

To better emphasize the point here, we provide another demonstration. Consider frequencies drawn from
the Cauchy distribution, f(w) = m,
(4.4). With this distribution (4.2) has Q(z) = tan(7(2z — 1)), giving a synchronous solution profile of
u(x) = arcsin(tan(% (22 — 1))) at the critical coupling value Ki; ~ 1/(0.8284p). Figure 3 presents the same

which in this case gives v* =~ 0.8284, occurring at ¢ = 1 in

results as Figure 2, but now with frequencies drawn from the Cauchy distribution. The all-to-all (p = 1)
network of n = 500 oscillators has a critical coupling value of 1.2100, compared with K, taking the value
1.2071, while this realization of an Erdés—Rényi network (p = 0.5) of n = 500 oscillators has critical coupling
2.4265, with K.t being 2.4272 (since p = 0.5 here).

13
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Figure 2: Comparison of the synchronous solution at the critical coupling with n = 500 oscillators and frequencies

drawn from the uniform distribution (red dots) against the continuum synchronous profile 0(x) = arcsin(2x —1) (black

line) to (4.2). Synchronous solutions are plotted as {(x;,0;)};%) with each x; drawn independently from the uniform

distribution on [0,1] to generate the frequencies w; = Q(x;). Left: All-to-all coupling (p = 1). Right: Erdés—Rényi
random network (p = 0.5).

4.3 Co-dimension One Bifurcations to Synchrony

We now turn our attention to the situation where the bifurcation to synchrony occurs through a saddle-
node bifurcation due to an isolated eigenvalues crossing the imaginary axis. In particular, any probability
distribution for which ~+* in (4.5) occurs at a value g > 1 will necessarily give x > 1, which in turn provides
that the essential spectrum is bounded away from the imaginary axis per Lemma 4.2. This then allows for
the application of our results in Theorem 3.3, while away from any bifurcation point we further have the

persistence results of Theorem 3.2.

For example, consider frequencies drawn from the distribution with density

1
) P 4.14
which has cumulative distribution function F(w) = 1 — L arcsin(w) and in turn gives Q(z) = — cos(rz). In

this case one may compute that v* &~ 0.6715, occurring at ¢ ~ 1.1002. Since the maximizing value of ¢ is
larger than 1, it follows that at K. &~ 1.4892/p we have x < 1. Moreover, we can check that the zero
eigenvalue condition (4.7) is true, thus giving a standard saddle-node bifurcation at K. to synchronous

solutions in the graphon model. At K = K3y we have k = ¢ =~ 1.1002, which gives

1

C= / V1 —cos?(my)/k?dy =~ 0.7388
0

1 [t cos? (my)

KC Jo VK2 — cos?(my)

thus at least numerically confirming the presence of a zero eigenvalue at K = K5 which is separated from

— dy =~ 1.0000,

the essential spectrum.

In Figure 4 we see our results in application through the continuation of synchronous solutions in an n =

14



419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

15F 1.5
/ :
1 1 1 -
e’
4.
05F 1 0.5
0 or
U e
0.5 1 05t
4
1 11
8, L]
15 15
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x x
Figure 3: Comparison of the synchronous solution at the critical coupling with n = 500 oscillators and fre-

quencies drawn from the distribution with density (4.14) (red dots) against the continuum synchronous profile
0(z) = arcsin(tan(Z(2z — 1))) (black line) to (4.2). Synchronous solutions are plotted as {(z;,0;)}5% with each
x; drawn independently from the uniform distribution on [0,1] to generate the frequencies w; = Q(x;). Left: All-to-all
coupling (p = 1). Right: Erdés—Rényi random network (p = 0.5).

500 oscillator Kuramoto model on an Erdés—Rényi network with p = 0.5 and frequencies drawn from the
distribution with density given by (4.14). We plot the order parameter, given by

n
j=1

1
== 4.15
r n ) ( )

at a synchronous solution against the coupling coefficient K. The bifurcation to synchrony in Figure 4
comes from a saddle-node bifurcation at K = 3.0328, a 2% relative error from the graphon prediction of
Kt ~ 2.9784. By following the eigenvalues of the Kuramoto system linearized about the synchronous
solution, we find that a single eigenvalue crosses zero at the critical coupling point (denoted by a red dot)?.
The synchronous solutions along the upper curve in the bifurcation diagram are the finite-dimensional
analogues of the graphon solution u* given in Proposition 4.1, as guaranteed to exist by Theorem 3.2.
The synchronous solution at the saddle-node bifurcation point is plotted in Figure 5 and compared to
0(x) = arcsin(— cos(mz)/1.1002), coming from Proposition 4.1 at ¢ = 1.1002. For further comparison, we
also plot a solution from an all-to-all network (p = 1) at its critical coupling point K ~ 1.4756, with a 1%
relative error of the graphon model prediction of K. =~ 1.4892. We do not include a bifurcation diagram

for this case as it is nearly identical to that in Figure 4.

5 Proof of Theorem 3.3

In this section, we prove Theorem 3.3. In particular, we show that under Hypotheses 1 and 2 a saddle-node
bifurcation to synchrony in the graphon model (1.2) implies the existence of a saddle-node bifurcation to

synchrony in the discrete model (1.1) for n >> 1 occurring at a critical coupling constant Keyig.n — Kerig as

2There is always an eigenvalue at 0 that corresponds to the translational invariance of the Kuramoto system. Our analysis
is performed in the space X precisely to quotient out this eigenvalue.
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Figure 4: Left: Continuation of synchronous solutions in n = 500 oscillator random Kuramoto model on an Erddés—
Rényi network with p = 0.5 and frequencies distributed according to the density (4.14). Plotted is the order parameter
(4.15) versus the coupling coefficient K with a saddle-node bifurcation leading to onset of synchronization denoted by
a red dot at K =~ 3.0328. Linearized stability is indicated by a solid curve, while unstable solutions are along dashed
curves. Right: FEigenvalues of the linearization about the synchronous solution at two points along the bifurcation
curve indicated by green squares, showing a single eigenvalue cross at the bifurcation point (emphasized in green).

x x
Figure 5: Comparison of the synchronous solution at the critical coupling with n = 500 oscillators and fre-
quencies drawn from the Cauchy distribution (red dots) against the continuum synchronous profile 0(x) =

arcsin(— cos(rz)/1.1002) (black line) to (4.2). Synchronous solutions are plotted as {(z;,0;)}3%) with each x; drawn

independently from the uniform distribution on [0,1] to generate the frequencies w; = Q(x;). Left: All-to-all coupling
(p = 1). Right: Erdds—Rényi random network (p = 0.5).
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n — oo. We consider the graphon equation

T2 T+ K [ W) sin(ul.) = ule )y (5.1)

with Q = fol O(x)dx fixed throughout. Then, as in Section 3, we define
B 1
F(u.K) = 90(z) =T+ K [ Wia,y)sinfuly) - ulw))dy,
0

where we suppress the dependence of F on (2 since it is fixed throughout. By definition, steady-state solutions
of (5.1) at a fixed value of K correspond to solutions of the equation F'(u, K) = 0.

To analyze the discrete problem we re-cast the adjacency matrix A € R"*" as a step-graphon W, : [0,1]*> —

[0,1] and study the nonlocal equation

du,,

1
= (o)~ K[ W) sinun(nt) = un o D), 6:2)

where w? = [ Q,(z)dz is also fixed throughout and W, (x, y) is the step graphon representation of the graph.
Notice that with this choice of w; we have

0wl = \ / () — Qu(e))dz| -0

as n — oo, coming from the assumption that |2 — Q,|lcc — 0 as n — oo in Hypothesis 1.

This section is broken down as follows. First, in § 5.1 we provide a center manifold reduction for (5.1) and
prove that a saddle-node bifurcation takes place at K.y when we assume Hypothesis 2. Then, in § 5.2
we perform a similar center manifold reduction for the step graphon model (5.2), in turn showing that a

saddle-node bifurcation takes place at Kt n nearby Keir when n > 1. Finally, in § 5.3 we show that our

n

obtained solutions to (5.2) are piecewise constant on the intervals {I]”} 7—1, which in turn yields that they

correspond to steady-states of the finite-dimensional equation (3.4), completing the proof.

5.1 Center manifold Reduction for the Graphon Equation

Hypothesis 2 outlines sufficient conditions so that the graphon equation (5.1) undergoes a saddle-node
bifurcation describing the emergence of a stable synchronized state when the coupling constant K exceeds
the critical coupling constant K..; > 0. Associated to this bifurcation is a local center manifold on which
the reduced dynamics can be written in the canonical/normal form of a saddle-node bifurcation. Our main
result will show that, for n > 1, the random graph system will also undergo a saddle-node bifurcation
to synchrony at some critical value K¢ near Kqi. The construction of a center manifold in that case
will rely on properties of the center manifold for the graphon equation. Therefore, in this subsection we
will review the construction of a center manifold for the graphon equation (5.1) and the associated reduced

dynamics on that center manifold.
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Recall the definition of the closed subspace X of mean-zero functions in C([0, 1]), introduced earlier as

{uGC’Ol |/ de}

Note that F maps the Banach Space X back into itself. Now, by assumption we have there is some
u* € X so that at K Kt that F(u*, Kqi) = 0. Let L denote the linearization of F' about u* at
(K, Q) = (Keit, fo x)dz), acting on functions v € X by

Lo = Ky / W (2, y) cos(u (y) — " (2)) (v(y) — v(x))dy. (5.3)

We now state the center manifold result for the graphon equation.

Lemma 5.1. Under the assumptions of Hypothesis 2, there exists § > 0 and a decomposition X = X¢® X°
so that the system (5.1) has a local center manifold described by the graph ¥ : X X [Keyiy — 0, Kerit +6] — X°.
The graph is C* for any k > 2. Letting K = Koy + K with K € [—9, 6], the reduced dynamics on this center

manifold are described by the scalar ordinary differential equation

dw
dt

m/ apte= [ [ Weeghsin ) ) e

W (w, y) sin(u” (y) — u”(2)) (v (y) — v*(x))” v" (z)dyde. (5-4)

= aK + bw? + O(w?, Kw,, K?),

where

Finally, sign (ab) < 0.

Proof. The result follows from an application of [18, Theorem 3.3]. We verify that our system satisfies
the conditions required for this result in Appendix B. We emphasize that the center manifold is local and
only valid in some neighborhood of the origin. This requires the use of a cut-off function applied to the

nonlinearity to control the Lipschitz constant of the nonlinearity; see Appendix B of [18] and [41].

The sign condition on the coefficients a and b ensures that bifurcating steady-states exist for K > K
as assumed in Hypothesis 2, while a reversal of the sign would simply give that the steady-states exist for

K < K but not effect any other portion of the proof. O

5.2 Center-Manifold Reduction for the Step Case

We now turn our attention to the step function Kuramoto system (5.2). We will derive center manifold
results in analogy to the one obtained for the graphon equation (5.1) that hold for all n > 1. That is,
in this section we will prove the existence of a center manifold and perform a reduction to it for the step
function model (5.2), eventually proving the existence of a saddle-node bifurcation for (5.2) occurring in a

neighborhood of the graphon bifurcation point (Kcit, u*(x)).

18



495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

To begin, let
un(t7x) :U:*(J?)-F’Un(t,.%‘), K:Kcrit+K~

Then the perturbation v,, satisfies the equation

dv,,

1
ke E,(un, K) = Qp(z) —wy + (Kerit + K) / Wiz, y) sin(u*(y) + vp (¢, y) — u* (z) — va (¢, z))dy, (5.5)
0

where we again suppress the dependence on the frequency w;; since it will be fixed for each n > 1 throughout.

We perform our analysis in the Banach Space X,, given by

1 . .
-1
X, = {u €L ’ / u(x)dz = 0 and u(x) is continuous on each interval [Z, Z) } . (5.6)
0 n 'n

The linearization of F,, about (u*, K.) is thus denoted as L,, and acts on functions v € X,, by

Lot = DFy(u", Kexit)v = Kerit / Wi (2, ) cos(u () — u* (2))(0(y) — v())dy,

The following lemma characterizes the spectrum of the linear operator L,,. Recall that v* € X is the kernel
element of DF(u*, Kyt )-

Lemma 5.2. There exists constants ¢ > 0, r € (0,(), and €9 € (0, —r) such that for all € € (0,&0) there
exists an N > 1 such that for allm > N the following is true:

1. The linear operator L, : X,, — X,, has a simple eigenvalue A, with |A,| < ¢,

2. The associated eigenfunction vy (x) € X,,, normalized such that fol [v¥ (x))?dx = 1, satisfies
[or, = v"[leo <&, (5.7)
foralln > N,

3. The remainder of the spectrum lies in the ball {z € C | |z + (| < r}, and

4. The spectral projection onto v}, is

1
Pif =vila) [ @iy = o @) 07),
0
with the stable projection defined via P; =1 — Py,.

Proof. The proof mimics that of Lemma 5.1 and 5.2 of [8] and so we sketch the argument here. First, from
[8, Lemma 5.1] the spectrum of the linear operator L is equivalent on C([0,1]) and L?([0,1]). Next, the
arguments in [8, Lemma 5.2] give that ||L — L,|ja2—2 — 0 as n — oo. This follows from the assumption
that |W, — W|g — 0, |[dw, — dwllee — 0, and || — Q,]lcc — 0 as n — oo in Hypothesis 1. Recall
that Hypothesis 2 gives that L has a single eigenvalue at 0 with eigenfunction v* with the remainder of
the spectrum bounded away from the imaginary axis. Putting all of this together gives that there exists
constants ¢ > 0, r € (0,¢), and g9 > 0 so that B,,(0)N{z € C| |z + (| < r} is empty and, due to [22,
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Theorem 1V.3.1], for any € € (0,e) there exists a N sufficiently large so that for any n > N the spectrum
of L, : X,, = X,, is contained in the set {z € C | |z + (| < r} U B-(0). The fact that B.(0) contains a single
isolated eigenvalue of L, : X, — X, with algebraic multiplicity one follows from [22, Theorem IV.3.16].
This result also implies that ||v; —v*||2 — 0.

To obtain (5.7) we decompose the linear operators into the sum of a multiplication operator and an integral

operator as

Lv = Q(x)v + T[v]

5.8
L,v = Qn(z)v+ T v]. (58)

Note that the essential spectrum of L is exactly the range of Q(z); see [8, Lemma 4.1]. Thus, Q(x) # 0 since
the essential spectrum is assumed to be stable and belongs to the ball {z € C | |z + (| < r}. Then,

I = Ly, = Q' (@) + [ W (2,4) cos(u* () — u* (@) (4)dy — Qu(2)e5 (2)
/ W, y) cos(u” (y) — u* ()0} (4)dy
— Q@)(v" () — v(@) + (Qx) — Qulx))} (@) (5.9)
" / (W (2,9) — W, 0)) cos(u*(5) — v ()" (4)dy
+f W, ) coss (9) — " (@) (0* () — ().
Since Lv* — Lyvk = Av’ we rearrange the above to obtain
Q@) (v" () — v (@) = At} + (Qn(2) — Q@))v(a)
- [0V - Wtz eostat )~ v @ (5.10)

—/O Wa(2,y) cos(u™(y) — " (z))(v" (y) — v, (y))dy.

Then ||[v* — v} ||oo may now be controlled by the supremum norms of the terms on the right hand side of the
previous equation. In particular, |A\,| — 0 as just shown and ||Q,(x) — Q(2)]lcc — 0 due to [8, Lemma 4.10].
Since v* € C(]0, 1]) we also have that

/Ol(W(%y) — Wh(z,y)) cos(u*(y) — u*($>)v*(y>dyH

oo

can be made arbitrarily small by taking n sufficiently large; see [8, Lemma 4.7]. Also, Holder’s inequality

implies

1
[ Wt costt ) — @) () - iy <t o = e =
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We apply a similar argument to L, v}, = \,v}, re-writing to obtain

1
Vo) = g = Wl ) cosu’ () — ' (@) ().

Qn(

Then after noting that @Q,,(z) — A, # 0 applying Holder’s inequality to the second term proves that ||v};||2 = 1

implies uniform boundedness of ||v} || for all large n, which in turn can be used to show that both || A, v} | o

ol
and |[(Qn — Q)v)||s converge to 0 as n — oco. This completes the proof.
O

Remark 2. For an N > 1 sufficiently large, Lemma 5.2 provides the following decomposition of the space
X,, for all n > N:
X, =X.X,, X; =Rng(P}) = ker(Py) C X,,.

Moving forward we will let L;, = L,|x:, the restriction of L to the stable space X,.

We now proceed to transform system (5.5) into a form suitable for an application of the parameter-dependent

center manifold theorem. The first step is to introduce new coordinates so that the transformed system

dv, - =
= Hn nali ) A1

satisfies H,,(0,0) = 0. To accomplish this, we will find solutions of the equations

0= (Fn(u* + vy, Kerit + K),'U:;>

0= P (Fa(w” +vn, Kerp + K)) (5.12)

Denote the system (5.12) as Hy, (K, v,) where H,, : R x X — R x X2,
Lemma 5.3. There exists an N > 1 such that for any n > N there exist K € R and ¢}, € X, such that

Hn (K, 07,) = 0.

Additionally, it holds that
lim |K}| =0, lim ||¢;]lcoc = 0. (5.13)
n—o0 n—00

Proof. Begin by taking N large enough to guarantee that the results of Lemma 5.2 holds for all n > N.
Thus, we may assume for the remainder of the proof that the spectrum of L? is contained in the set
{z € C | |z+¢| <r}. This set avoids the imaginary axis and therefore L? is invertible as an operator on
X3

Consider n large and fixed. We proceed as in the proof of the implicit function theorem. Expand

Ho(K, ) = Hn(0,0) + DH,(0,0) ( éf ) + Nou(K, 9),

where

DH,(0,0) = < Walu'],05) 0 )

PSW,[u*] LS
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where we have introduced the notation W, | fo x,y) sin(u*(y) —u*(z))dy. We require DH.,(0,0) to
be invertible, and since L? is invertible on X;j, we see that DH,,(0,0) is invertible if and only if (W, [u*], v}) #

n

0. Perform the following expansion:
Walu™],vp) = W], v%) + Wa[u'] = Wlu™],vp) + W[u™] v, — 07,

where we have introduced the shorthand Wu fo (z,y)sin(u*(y) — v*(x))dy for simplicity. Note that
Wlu*| = —K_ 1 (Q(x) — Q), while the non- degeneracy condition (3.6) in Hypothesis 2 guarantees that the
denominator, (Q(x) — Q,v*), is nonzero. Consequently, (W[u*],v*) # 0. Recalling that 0 < W (z,y) < 1,
combining Lemma 5.2 and Holder’s inequality gives that for any € > 0 we have the bound [(W[u*], v} —v*)| <

¢ for all n sufficiently large. Next, we have that

Walu] — W], o5 / / W (e, )] sin(u (y) — " (2))o (2)dydz

(5.14)
- / vl (@) / (W, ) — W (2, )] sin(u* () — u*(x))dyda
0 0
The assumption that ||dw — dw, ||cc — 0 as n — oo then implies that
1
lim  sup / (Wi(z,y) — W(z,y)]sin(u*(y) — v (z))dy| =0, (5.15)
n=00 1:¢€[0,1]

as shown in [8, Lemma 4.7]. These facts combine to imply that, by perhaps taking n larger than the N
required for Lemma 5.2, (W, [u*],vX) # 0 and therefore DH.,(0,0) is invertible for all n sufficiently large. In
addition to invertibility, we require that the operator norm of DH,,(0,0)~! is uniformly bounded in n. We
will verify that (L$)~! is uniformly bounded in n which will then imply the same for DH,,(0,0)~!. First,

note that since the spectrum of L? is contained in the ball |z 4+ | < r; see Lemma B.1, then L? can be
2 () ()
k=0 ¢ ¢

(Ly) ™ = [1— (L5 = L)L) (@)™

inverted by Neumann series as

We then have that

Since ||L* — L% |22 — 0 as n — oo then we then obtain that ||(L$)~!||2—2 is uniformly bounded in n.
Suppose for the sake of contradiction that (L)~ is not uniformly bounded in n as an operator on X3. This
would imply that there exists a sequence w,, € X; for which ||wy,|s = 1 but for which ||(L%) ™ w,||e — 00
as n — oo. Let v, = (L) 'w,. Then |wy,|2 < |[wnlleo and [[v,]|2 is uniformly bounded in n. Then

L{ v, = w, assumes the form

w, = P [K [ 7 cos ) 0 (0)) (00 — o))
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We then re-arrange to solve implicitly

Ve = gy s [ Wz, y) cos (u (y) — u(2)) va(0)dy + g7 Jy Qn)va(y)vs(y)dy
— ot fo Jo Wala,y) cos (u*(y) — u* (@) va(y)vy, (x)dyde, (5.16)

where we recall that @, (x) is the multiplication part of the operator L,, which is uniformly bounded away
from zero for n sufficiently large; see Lemma B.1. Holder’s inequality applied to the three integrals in (5.16)

then implies that uniform boundedness of v,, in L?([0, 1]) implies uniform boundedness in X3.
We now consider H,(0,0), given by

(Qn(2) — W + KepigWh [u*], v

B ")
Hn(oa 0) - < Pg (Qn(:p) — w;‘L + Kcrith[u*]) ) '

Note that
Qn($> - W:; + Kcrith[U*] = Qn(m) - w:;, + Kcrit(Wn[u*} - W[U‘*D + Kcritw[u*]
= Qu(z) — Qx) + Q — Wl + Keie Wa[u*] — W[u*]).

By assumption we have that | — Q,|/cc — 0 as n — oo, which further gives that |Q — w*| — 0 as n — oc.
Combining these facts with the estimate (5.15) gives

lim (| (2) — w) + KerigWh[u*]]| o = 0,

n— oo

which then implies that ||, (0,0)|c — 0 as n — oo.

Next, consider the operator
Tu(K, ) = = (DH,(0,0)) " #Ha(0,0) = (DH(0,0) " Ny (K, ¢).

We will show that this operator is a contraction on the Banach space Z,, = R® X3, where a z = (21, 22) € Z,,

with z; € R and 22 € X2 and Z, is endowed with the norm ||(z1, 22)||z, := max{|z1], ||22]|cc }. Define

b =— (DHn(()?O))_l ,Hn(oa O)

Since DH,,(0,0) is boundedly invertible on Z,, and ||H,(0,0)|lcc — 0, we have that [|b,]|z, — 0 as n — oo
as well.

The nonlinear terms further satisfy the following estimate
IN(E, 9)llse < CLIE¢]l00 + Callg]%, (5:17)

for some fixed positive constants C; and Cy. Next, let (K, ¢) € B,(0) = {2z € Z,| ||z]|z, < p} C Z, for some

p € (0,1) to be selected subsequently. Then, the estimates on the nonlinear terms give the bound

17K, 6)lloe < 00l + [|DHa(0,0) 71| (€11 lloc + Call6]1%)

< [1bn

(5.18)
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for some C; > 0 independent of p so long as p < 1.

Now, let z, and 2, be any two elements of B,(0). A similar chain of reasoning to what was carried out above
leads to the estimate
170 (20) = Ta(2)l| 2, < Capllza — 20|z, (5.19)

for some fixed constant Co > 0 independent of p so long as p < 1. Taking p = mm{m, 2}
max{C1,C2

Then since ||hn|lcc — 0, we find that for all n taken sufficiently large, the above estimates guarantee that

[1bnlloc < & and we have that 7, : B,(0) — B,(0) is a contraction on Z,, with contraction constant at most

%. Therefore, for all n taken sufficiently large there exists a unique fixed point (f{,’;, @) € B,(0).

We conclude by establishing the convergence facts stated in (5.13). A priori, the contraction mapping
theorem only states that these fixed points lie in B,(0). However, if we define s,, = 7,h,, we can combine
the fact that ||h,||z, — 0 with the bounds on the nonlinear term in (5.17) to find that ||s,||z, — 0 as
well. Then a corollary of the contraction mapping theorem implies that the fixed point (f{f;, @) satisfies
H(Kv;;(b;;) - snl Zn < ﬁ”hn — Sn
mapping. We therefore obtain

1
H(K:mgb*) 5n||Zn < 1— = 1 ||hn

which in turn can be rearranged to find that

(K, 6m)lz,, < lballz, + 2lsnlz,-

Since we have already established that ||h,]|z,, |snllz, — 0 as n — oo, we arrive at the results (5.13). This
completes the proof of the lemma. O

We now consider the following transformations

= ¢f1 + {)n

N (5.20)
K = Koy + K* + K.
Define H,, : X, x R — X,, so that ¥, solves (5.11) with
Hn({}na f() =Q, — W: =+ (Kcrit + K:L + R)Wn [U* + d)z =+ ﬁn] s
where we continue with the notation W, | fo (x,y)sin(u(y) — u(z))dy introduced in the previous
proof. According to Lemma 5.3 it follovvs that H,(0, O) = 0. Moreover,
D;, H,(0,0) = (Keig + K) DWWy [u™ + ¢

(0,0) = (e + K)DWalu® + 1

Dz H,(0,0) = W,[u" + ¢;].

Lemma 5.4. Let in = D;, H,(0,0). For all € > 0 there exists an N > 1 such that for all n > N the linear
operator Ly X, — X, has a simple eigenvalue X\, with |5\n| < € and associated eigenfunction v} (z) € X,
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normalized so that (0X%,0%) =1, satisfying

[on, — Uplleo <, (5.22)
Furthermore, the remainder of the spectrum lies in the ball
{zeC||z+(¢ <1}

and the spectral projection onto the eigenspace of the isolated eigenvalue An is
~ 1
Pif =oila) [ F@)5 )y = 5301, 57).
0
A stable projection is defined via }53 =1- ]5;;.

Proof. Write

L, =L, + K;DW,[u" + ¢;] + Kerit (DWp[u" + ¢;] — DWW, [u]).

By (5.13) it follows that

||Ln - LnHoo—wo — 07

as n — 0o. The result then follows from spectral convergence results as in [22, Theorem IV.3.1 and Theorem
IV.3.16]. O

We now decompose the solution into
On(t, 2) = wi, (00, (x) + 05, (¢, ),
where wi, € R and v;, € X’fl
Proposition 5.5. There exists an N > 1 and an € > 0 such that for any n > N there exists
1. open neighborhoods BS(0) C XS and B2(0) C X3,
2. an open interval Ix = (—¢,¢€), and
3. forany k> 2, a C* mapping\IJn:RxRxR—)Xfl,

such that the manifold
My = {wi} + W (ws, K, 2 | wf, € R}, (5.23)

is a locally invariant center manifold. For any fired |K| < &, M,, contains all solutions in BS(0) x B(0)

which remain bounded for all time.

Moreover, we obtain the following facts regarding the reduced flow on the center manifold and the description
of the manifold itself:

i) The center manifold admits the following expansion
- - NG
W, (wS, K, M) = Uy 010K + O <(wa + K+ ) ) : (5.24)
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for some ¥, 919 € Xfl
ii) The reduced equation on the center manifold assumes the form

dw® - . L _
= R+ 4, K 4 by (w5)? + O K wf A, B2, [, + K 4+ 3, ) (5.25)

where
ao= [ Walesin @ 0) + 60) — (@) + 63(0) 7 @) duda

b = =2 [0, ) sin 00 (0) + 0510) = o (@) + 63.0)) (5200) = 73 0)° 5 ()l
(5.26)

Furthermore, a, — a and b,, — b as n — oo.

Proof. The function H,, is a C*¥ mapping for any k > 0 so the existence of a C* center manifold follows [18,
Theorem 3.3]. The proof is presented in Appendix C. O

Corollary 5.6. For all sufficiently large n, the discrete equation (5.2) has a saddle-node bifurcation at
coupling parameter Kot n satisfying

nh_{I;O |Kcrit,n - Kcrit| =0.
Proof. We examine the reduced flow within the center manifold given in (5.25). Recall from Lemma 5.4 that
for n > 1 the eigenvalue A, is small. Thus, we take n sufficiently large to apply the results of our previous

findings and then introduce the rescalings
Mo =mp,  wp=nz, K =0,

where || is a small quantity and we neglect the dependence of (u, z, ) on n to simplify the presentation.

With this rescaling, equilibrium solutions on the center manifold (5.25) satisfy
0 =10 (uz + ank + b,2%) + O(n?).
Upon dividing through by 7?, solving the leading order quadratic equation pz + ans + b,2? = 0 gives the

existence of two branches of equilibria which coalesce at

. 1 I

b, " danh,

The implicit function theorem allows one to smoothly perturb this critical point in 1 about n = 0, and so

reverting to the original coordinates we obtain the existence a saddle-node bifurcation in (5.25) occurring at

2

- A -
K=-'» O(N\3).
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Reverting further to (5.20) we obtain

22 .
Kcrit n = Kcrit + K:, + n + O()\i) (527)
’ da,by

Since we have K*, \,, — 0 as n — oo via Lemmas 5.3 and 5.4, respectively, we have now proven all statements

n?

the corollary. O

The result of the work in this section is that we have demonstrated that under the assumptions of Theorem 3.3
we have shown that a saddle-node bifurcation also takes place in the step function model (5.2). Moreover,
this bifurcation takes place at Keritn, as given in (5.27) which asymptotically approaches K, as n — oo.
Note however that we have not proven Theorem 3.2 in its entirety yet though since we have not returned
to the finite-dimensional model G,, in (3.4), representing the right-hand-side of the Kuramoto model (1.1).

This final step is taken care of in the following subsection.

5.3 Finite-Dimensional Solutions

Up to this point, we have only dealt with the step graphon equation (5.2), whose steady-states correspond to
solving F,,(u,, K) =0 in (3.3). As was discussed in Section 3, if we have that some pair (u}, K*) € X,, xR
solves I, (uy,, K*) = 0 with u* piecewise constant over the intervals {I}'}"_,, then F}, = 0 completely reduces
to the finite-dimensional problem G,, = 0 in (3.4) at the same K = K*. Thus, here we provide a result
showing that under the assumptions of Proposition 5.5 all steady-state solutions on the center manifold M,,,
as defined in (5.23), are piecewise constant over the intervals {I7'}"_;. This in turn will complete the proof

of Theorem 3.3 as it brings us back to the finite-dimensional Kuramoto model.

Lemma 5.7. Let N > 1 and € > 0 be as guaranteed by Proposition 5.5. Then, for every n > N, every

steady-state solution on the center manifold M,, in (5.23) is piecewise constant over the intervals {I}'}7_;.

Proof. The proof of this result is exactly the same as that of [8, Lemma 4.18], and so here we only sketch
out the details at a high level for the reader. First, the linearization of F,,, denoted DF,,, about any root
uy € X, at a fixed value of K is broken up into two pieces: a nonlocal Hilbert—Schmidt integral operator

and a multiplication operator. The multiplication operator v(x) — Qn(z)v(x) takes the form

Qn(x) = —K/O cos(uy (y) — uy (z))dy.

Further, the spectrum of DF;, (u, K) is broken into disjoint sets defined as those A € C for which DF,, (u}, K)—
A is a non-invertible Fredholm operator (the point spectrum) and when it is not a Fredholm operator (the
essential spectrum). The result [8, Lemma 4.1] proves that the essential spectrum is exactly equal to the
range of @,,. Moreover, Lemma 5.4 proves that the essential spectrum must be confined to the left half of
the complex plane for any steady-state solution (u), K) € M,,, giving that @, (z) < 0 for all z € [0,1] and
n > N, and in particular Q,(x) # 0 everywhere. One then achieves the proof of this result by assuming that
for some fixed n the solution uj, is non-constant over one of the subintervals {/7'}7_;. The contradiction is
reached by showing that this would imply that @, (x) = 0 for some z, which we have already argued cannot

happen. O
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With Lemma 5.7 we have now proven Theorem 3.3 in its entirety. The most important takeaway from the
sketch of the proof above is that it is only the stability of the essential spectrum that is used to show that
solutions of F;,, = 0 are piecewise constant. Thus, our results could be applied more broadly to capture
other bifurcations in random Kuramoto networks, as well as prove the existence of higher-dimensional center

manifolds using only the nonlocal graphon model (1.2).

6 Comments on the Proof of Theorem 3.2

We provide only a brief commentary on the proof of Theorem 3.2. This is because it is can be seen as an
application of our previous result [8, Theorem 3.1]. Alternatively, one can arrive at the proof following in a
manner similar to that of Theorem 3.3 in the previous section. Precisely, the proof of Theorem 3.2 is similar
to that of Lemma 5.3 in a simplified setting. This is because according to the assumptions of Theorem 3.2
the spectrum DF(u*, K) is bounded away from the imaginary axis, meaning that there is no need to divide
X, since X¢ = 0 in this case. This means that we need only solve F,(u* 4+ v,, K) = 0 for v, € X,,, while
the linearization DF,, (u*, K) is boundedly invertible on X,,. The existence of such a v, is obtained with a
nearly identical application of the contraction mapping theorem, but now keeping in mind that K is fixed,
thus simplifying the problem slightly. Finally, an identical result to Lemma 5.7 will show that the solution
u* + v, € X,, is piecewise constant over the intervals {I7}7_, since the essential spectrum is again bounded

away from the imaginary axis.

7 Discussion

In this paper we have developed a framework for characterizing both the onset and persistence of synchronous
solutions to random Kuramoto models through the study of a single master nonlocal equation. The result
is an applicable way of studying random networks of coupled oscillators to predict both when synchronous
solutions exist and what they look like. A major application of our work herein was to Erdés—Rényi networks
in Section 4, where we leveraged and extended Ermentrout’s pioneering work in [15]. With this application we
also saw that bifurcations to synchrony in the graphon equation do not always come in the form of a standard
saddle-node bifurcation, thus rendering our Theorem 3.3 inapplicable in this scenario. In particular, we were
able to prove that in some cases the onset of synchrony comes from bifurcations involving the essential
spectrum, a situation that warrants a follow-up investigation. Interestingly, we saw that while bifurcations
from the essential spectrum may violate our theoretical assumptions, the results still seem to hold in that
both the critical coupling point and the shape of the synchronous solutions are predicted by the master

graphon equation.

While the application in this manuscript was to coupled oscillators, we believe that they are broadly ap-
plicable to patterns and oscillations over a variety of randomly networked dynamical systems. That is,
Theorem 3.2 is mostly a particular instantiation of the previous work [8] which used nonlocal graphon mod-
els to predict the existence of steady-states to dynamical systems on networks. Thus, it seems reasonable to
expect that our bifurcation results from Theorem 3.3 could similarly be extended to more general networked
dynamical systems, as well as other co-dimension one bifurcations. Moreover, extending our center manifold

results (see Lemma 5.1 and Proposition 5.5) to more general networked systems would provide a method of
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Figure 6: Bifurcation diagrams comparing random small-world Kuramoto networks (blue) with the graphon model
(black) as the order parameter (4.15) versus the coupling coefficient K. The Kuramoto networks have n = 1000
oscillators arranged over a random weighted graph H(1000, W) (left) and a random simple graph G(1000, W) (right).

obtaining invariant manifolds for dynamical systems on random networks.

While the extension of our results to other dynamical systems is interesting, there still remains much to
work on the coupled oscillator models considered herein. That is, our applications exclusively focused on
Erdés—Rényi networks, but our theoretical results can be applied to a much wider range of graphon families.
This therefore could open up the study of (1.2) with different graphons to better understand synchronization
in (1.1) when both the frequencies and the network are random. For example, in Figure 6 we provide the

bifurcation diagram (in black) for the graphon model (1.2) with the small-world graphon

0.9 min{l— |z —y|, |z -y} <0.25
W(x,y) = . (7.1)
0.1 otherwise,

and frequencies drawn from the distribution (4.14). We see what appears to be three distinct saddle-node
bifurcations at K = 4.99,5.01,7.30, all of which could be applicable to our analysis. For comparison, we
further provide continuations of synchronous solutions (in blue) for the Kuramoto model (1.1) on random
weighted H(1000, W) and simple G(1000, W) graphs (using the notation of Section 2) of n = 1000 oscilla-
tors. While the finite-dimensional saddle-node bifurcations are close to the graphon model prediction, much
analysis is required to demonstrate that our theorems apply to the results in the figure. Precisely, (i) are
the bifurcations a standard saddle-node or something more complicated from the essential spectrum, and
(ii) can we prove that all bifurcating solutions to the graphon model are continuous? Such questions and

applications remain for a follow-up investigation.

Finally, we note that we have focused on graphons defined on the canonical space [0, 1]. Extensions to other
probability spaces is feasible, as laid out in [19]. In particular, we expect that our results can be extended
to graphons taking the form W (x,y) where x = (z1,22) € [0,1] x [0, 1] with the natural frequency of an
oscillator given by Q(zx1), while the probability of a connection between an oscillator with latent position
(@1,5,2,5) and (21,1, x2,1) is given by W(x;,xx) = W(z2;, Z2,%) thus decorrelating the intrinsic frequencies
of each oscillator and their network structure. We expect this to be a straightforward extension of the work

herein, but leave the details to a follow-up investigation.
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A  Proof of Lemma 3.1

Begin by assuming that Q : [0,1] — [—1, 1] is a continuous function and for each n > 1let {x1,z2,...,2,} be

an ordered n-tuple of independent uniform random points drawn from [0, 1]. Define the empirical distribution

Z X(zj,00) (I)v
j=1

where xg(z) is the indicator function associated to the set S. We further consider the generalized inverse of

function

F,(z) =

SRS

F,,, the empirical quantile function, given by

J-17
Gn(z) =z; for z € {n’n)

Note that the Glivenko—Cantelli Theorem implies that

|F — Flloo =sup |Fp(z) —2| — 0

as n — oo almost surely, where F'(x) = z is the cumulative distribution function for the uniform distribution

on [0,1]. We will now show that ||G,, — G|l~ — 0 as n — oo almost surely as well, where G(y) = F~1(y) = y.

Letting € > 0, there exists N > 1 so that for all n > N we have ||F,, — F|l« < & with probability 1.
Now, suppose that for some n > N there exists a y, such that |G, (yn) — yn| > €. We will show that
this is a probability 0 event when n > N, which in turn shows that |G, — G|lec — 0 as n — oo almost
surely. Indeed, there exists a j € {1,...,n} so that y, € I and monotonicity of G(y) = y implies that
the maximal deviation between G, and G in I} occurs at an endpoint of this interval. At the left endpoint
¢ =(j—1)/n= F(x;), we use the fact that G,,(¢) = z; to get

1Gn(C) — ¢l = |2 — Fulz;)| > &

The equality above shows that |G, (¢) — ¢| > ¢ happens with probability 0 for n > N, showing that
|G (Yn) = Yn| < 1Gn(C) — ¢| < e with probability 1.

The above shows that ||G,, — Gljc — 0 as n — oo almost surely. Finally, note that ,(x) = Q(G,(x)) for
each n > 1. Since 2 is assumed continuous, it follows that ||, — Q|lcc = |20 G, — Q0 G|lec = 0 as n —
almost surely, completing the proof.
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B Proof of Lemma 5.1

We verify the hypothesis of the parameter-dependent center manifold theorem; see [18, Theorem 3.3]. Let
u(t, ) = u*(x) + v(t,z) and K = Koy + K in (5.1). Then,

d ~
de; = Fu* 4+ v, Koyt + KJ. (B.1)

For the ease of presentation, let us denote H (v, K’) = Flu* + v, Kt + K} Note that H is smooth in its
arguments, H(0,0) = 0, and D, H(0,0) is the linear operator L described previously. Thus, equation (B.1)

assumes the form required for an application of Theorem 3.3 of [18]. The spectral properties required for an

application of this result are spelled out in the following lemma.

Lemma B.1. The linearization L : X — X has the following properties:

i) The spectrum o(L) as an operator on X has the decomposition o = og U o, where o9 = {0} and there
exist an o« > 0 such that
sup Re(\) < —a.
A€oy

ii) Restricted to the class of continuous mean-zero functions X, the algebraic multiplicity of zero as an
eigenvalue of L is one and there exists a function v* € X mnormalized such that the (central) spectral

projection P°: X — X has the following representation
1
Pef =) [ S )y
0

i1i) There exists a & > 0 and r < £ — a such that
osC{zeC||z+¢& <},

with (stable) spectral projection P* =1 — P°.

iv) Let X* = RngP?® and define L° = L|xs. Then L*° generates an analytic semigroup on X*°, which we

denote e="t. Moreover, the following estimate holds
le¥"]| < Cem, (B.2)
for any t > 0.
v) Let f € Cy(R, X*) where || fll, = sup;cr (e[ f(t,)lloc) Then

dug
dt

= sts + f(t)7

has a unique solution given by

vs(t) = /t e=ILE P f(7)dr.

— 00
Furthermore, there exist a continuous function k(n) such that ||vsllc, < k(n)||fllc, for n sufficiently

small.
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Proof. Conclusion (i) is simply a re-statement of part (i) of Hypothesis 2. Hypothesis 2 also gives that the zero
eigenvalue is simple by assumption. Then (ii) follows from self-adjointness of the operator L = DF (u*, Kcyit)
which implies that the eigenfunction and adjoint eigenfunction are identical. Since 0 < W(z,y) < 1, the
linear operator L is bounded and therefore the stable spectrum is contained in a ball as stated in (iii). Recall
that the absence of unstable spectrum was also assumed in Hypothesis 2. As a result of (iii), the operator
L? is bounded and its spectrum is separated from the imaginary axis and can be contained in a sector. The

resolvent operator can be constructed by Neumann series:

e I N AL T
&7 =A _(Hg)kZ:O(H&)

There exists a ¢ € (%, 7r) and a constant = > 0 such that for any X satisfying |arg(A + «)| < ¢ the following

resolvent estimate holds:

H(A ta)(L° - A)*H

00— 00

> s+ e\" 1 _
o3 (555) <A+§>Hmmga'

k=0

Thus, the linear operator L? is sectorial and the existence of an analytic semigroup obeying the temporal

bound (B.2) follows from standard arguments. These estimates can be used to verify v), with x(n) = a%fjiz
and 1 < a. We omit the details of this calculation. O

Lemma B.1 confirms the necessary hypotheses to apply [18, Theorem 3.3] and therefore provides the existence

of a center manifold to our graphon model. This center manifold can be written as the graph
M= {wcv* +U(w K) | w e R},

where U : R x R — X* is C* in its arguments for any k& > 2. The manifold is invariant and contains all
solutions that remain locally bounded for all ¢ € R. The reduced equation on the center manifold is obtained

by
dw®

dt

= (F(u* + w* + U(w®, K), Kot + K), v"). (B.3)

We next expand

. . K e
F(u" +wv" + ¥ (w, K), Koyt + K) = LV + LY + K/ W (z,y)sin(u*(y) —u*(z))dy
0

crit

(B.4)
+ (Kexit + K)R(wev” + ¥(w, K)),

where we introduce R(w®v* 4+ ¥(w®, K)) as a remainder term to capture all higher-order terms in the
expansion. Letting he(w® f() denote the right hand side of (B.3), we note that h.(w®, K) = aK + O(2)

where a = —

Kcm Q-Q,v* fo (z,y) sin(u*(y) —u*(x))dy. Then, the mapping ¥ satisfies the invariance

condition

(D W) ho(w, K) = P* (F(u* F vt + U(wC, K), Kot + f()) . (B.5)
To obtain an expansion for ¥ we begin with the linear ansatz:

\IJ(’U)C7 k) =P qw® + \If()lk + 0(2),
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where W1p and Uy, are elements of X*. Substituting this first-order expansion into (B.5) and retaining only
linear terms, we obtain the solvability condition

1
aVioK = weL* Wy + KL oy + RPS(/ W(z,y)sin(u*(y) — U*(m))dy)a
0

from which we obtain ¥y = 0 and

Vo = —(LS)_IPS</O1 W(z,y)sin(u*(y) — u*(m))dx)

We now compute higher-order expansions for the reduced equation on the center manifold. With the above

determined linear terms in ¥, we now obtain

he(w®, K) = (F(u" + w* + \Il(wc,f(),Kcrit + K),v*)

e _ _ (B.6)
= <K/O W (x,y) sin(u*(y) — u*(2))dy 4+ (Kerit + K)R(w 0™ + ¥ (w’, K)),v")

Since V¥ lacks linear terms in w® and R is quadratic in its argument we obtain that the reduced equation on
the center manifold has the expansion

dw*®
dt

=aK +b(w)?+ 0 (wcf(,f(z, |we + [~(|3) )

where b is given in (5.4). This concludes the proof of Lemma 5.1.

C Proof of Proposition 5.5

We will apply the center manifold theorem to the system of

dv, .=
— :Hn naK )
o (Un, K)

where we recall

H, (0, K) = Qp — w? + (Kt + K+ K)W, [u* 4 ¢% + 0]

. - - . (C.1)
= LpOp + KW, [u" + ¢)] + KDW,[u* + ¢5]0n + (Kait + K + K)Ry,(0r)

By Lemma 5.4, the linearization L, has a simple eigenvalue near the origin (for n sufficiently large) while
the remainder of the spectrum is separated from the imaginary axis and contained in a ball lying strictly to
the left of the line Re(\) = —a.

We therefore obtain an analogous result to that of Lemma B.1 which we state now.

Lemma C.1. There exists a N > 1 such that for all n > N the linearization I~/n : X, — X,, has the

following properties

i) The spectrum U(in) as an operator on X, has the decomposition o = 6o U 65 where &g = {S\n} and
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for a > 0 as in Lemma B.1 it holds that

sup Re(\) < —a.
AEGS

i1) Restricted to the space X, the algebraic multiplicity of Ao as an eigenvalue of L, is one and there
exists a function U} (x) € X,, normalized such that the (central) spectral projection has the following

representation

1
Pif =) [ S
0
i) For & >0 and r < £ — « as in Lemma B.1, we have that
gs C{ze€C||z+& <7},

with (stable) spectral projection PS = I — P¢,
w) Let X3 = RngP® and define L% = E’N‘Xn Then L3 generates an analytic semigroup on X2 which we
denote etnt. Moreover, the following estimate holds

leF=t| < e,

for any t > 0 and a constant C independent of n.

v) Let f € C3(R, X3). Then
o -
n — LS ~S
N R0}

has a unique solution given by
t Fs ~
s (t) = / et=7Lu ps f(1)dr.
—00

Furthermore, there evist a continuous function &(7) such that |9, |lc, < &)l fllc, for 7 sufficiently

small.

Proof. Properties (i) through (iii) follow from the spectral results obtained in Lemma 5.4. The primary
challenge is to validate that the constant C in (iv) can be chosen independent of n, after which (v) follows
from calculations analogous to those in Lemma B.1. As we did in Lemma B.1, we obtain a formula for the

resolvent operator via Neumann series:

~ k
o e (Lare)_w
(2:-) “’“Z<A+g> A+

k=0

where £ > 0 is as given in property (iii). Since the spectrum of the shifted operator f/fl + £ is contained
strictly inside a ball of radius r we therefore have the resolvent operator is bounded for any |A + &| > r.

Furthermore, there exists a ¢ € (g, 77) such that for any A satisfying |arg(A+ a)| < ¢ the following resolvent
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estimate holds:

<

n-

H()\ o) (L - )\)_1

AN

>

+
(]
/N
YF
~|
~
~

+ | =
o

[1]

coTree k=0 00— 00

We now verify that =, can be taken independently of n. Our strategy is as follows. We show that the
resolvent operator is uniformly bounded on L? and then use this to derive uniformity with respect to the

norm on X,,.

The second resolvent identity;

(i; - A)fl (L) = (is - A)fl (LS - ES) (L5 — A1,

n n

implies that
(L - )\)71 S LA ATIARS Teenh

n

Note that the inverse of the terms in the square brackets may be obtained from a Neumann series expansion
provided that ||Lf, — L®||a_,2 is sufficiently small. Therefore, when considered as an operator on L2([0,1]),

the operator norm convergence of f/; — L? implies the following resolvent bound

=

for some constant © > 0 and independent of n.

©
< )
252 A+ af

(C.2)

In the case of X equipped with the supremum norm we no longer have operator norm convergence in

general; see [8]. So, suppose for the sake of contradiction that

=

but with Z, — co. This would imply that there exists a sequence w, € X with ||w,|s = 1 but for

—

< ;
A+ «af

00— 00

N -1
which v,, = (L% - A) wy, satisfies ||vn]lco — 00 as n — o0o. Since ||wy |2 < ||wn|leo the resolvent estimate
(C.2) implies that ||v,||2 is uniformly bounded. We then argue as in the proof of Lemma 5.2. Recall that

L, = (Keit + K5)DWy[u* + ¢5]. Let

Ou(2) = —(Kesie + K7) / Wa(,y) cos (u*(y) + 65 () — u™(z) — ¢5(2)) dy,

be the multiplication part of the operator L,,. Recall the definition of Q,, (2) in (5.8). We note that Lemma 5.4
implies that ||@, (x) — Qn(z)||ec — 0 as n — co. Therefore Q,(z) — A # 0 for [\ + £| > r and n sufficiently
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large. Recalling that f/fl = Pjim we express

= (Qu(@) = Nvn + (Kerie + K) / Wa(z,y) cos(u™(y) + &5, — u”(x) — &5, (x))on (y)dy

~ %
— Up

+ Cr1t+K* / /

[/ 51(5) O (y)n )y

This can be re-arranged as

Un\T) = wn(x) _ cr1t+K* l‘ COS
i Qn(xgb_)\ [/0 5 () Qn (y)on (y)dy
# e+ 1) [ [ 5 @Wa o) cos(u” () + 65.0) — 07 () -

Wa(,y) cos(u™(y) + o5, — u™(2) — &5 ())vn

(y)dydz| .

u*(z) — u*(y))vn(y)dy

¢5 ()

on(y)dyda | .

Holder’s inequality then implies that uniform boundedness of v, in L? translates to uniform boundedness of

v, in X;ﬁ equipped with the L norm. The stated temporal bound in (iv) can then be obtained by standard

estimates. Property (v) follows as in the proof of Lemma B.1 and we omit the details. This completes the

proof.

O

In contrast to the construction of the center manifold in the graphon case, in this situation we no longer

have a zero eigenvalue, but rather an isolated eigenvalue close to the origin. To account for this, following

[18], we instead study the equation ‘%’“” = Jo (o, K,v) where
Jn (O, K, v) = M0y + KWy [u* + ¢3] + vPSD, + KDW,, (u* + ¢5) i, +

see (C.1) for reference but with the linear operator L,, replaced with

M, = Ly — AP,

(Kerit + K 4+ K)Ry, (3,),

The spectrum of M,, on the space X,, consists of an algebraically simple isolated eigenvalue at the origin

with the rest of the spectrum being contained in the set Re(A\) < —a for n sufficiently large. Therefore the

d'an —_—

equation “z*

3.3]. The manifold can be expressed as a graph

M = {wiin + W, (w5, K,v) | wi € R},

where the function ¥,, : R® — X3 is C* for any k > 2.

The reduced equation on the center manifold is obtained as

&
dwg,

dt

:<(V_

M) PE(wl ) + Qp + (Kewie + K+ K)W, |u* + 63 + wCo

36
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Let hen(wS, K,v) denote the right hand side of (C.5). We note that he,(w, K,v) = a,K + O(2) where
an = Whlu*+¢3],0%) and O(2) denotes terms that are at least quadratic in the variables (w¢, K, v). Then,
the mapping W,, satisfies

(D W) B (W, K ) = B (Qu(@) + (Ko + Ky + K)Walu* + 65 + wity + Walwh, K,v)]) . (C6)
To obtain an expansion for ¥,, we begin with the linear ansatz:

U, (ws, K,v) = W, 100wE 4 W, 010K + Uy 0017 + O(2),

where W, ... are elements of XTSL Substituting into (C.6) and retaining only linear terms we obtain the

solvability condition
an ¥ 100K = wE L5, 100 + KL, 010 + VLE W, 001 + KPiW,[u* + 65,
from which we obtain ¥,, 100 = ¥y 001 = 0 while
U010 = —(L5) T PIW, [u” + @3]

Since ¥,, lacks linear terms in w¢ and R,, is quadratic in its argument we obtain that the reduced equation

on the center manifold has the expansion

duw ~ - a
;”tn = S+ anK + b (wS)? + O (w;K,KQ, o + K + y|3) ,

where a,, and b,, are given in (5.26).

The proof of the center manifold theorem in [18] requires the use of a cut-off function that then describes
the size of the neighborhood on which the center manifold reduction is valid. In what follows we establish
uniformity in large n of the size of this neighborhood of validity.

_N\T
Following [18] let V,, = (f}n, K, V) and

M, Wplu*] (%) KDW,[u* + ¢3]0n + (Kerit + K + K) Ry, (0r,)
0 0 0 0

so that the system is recast as
OtVn = LoV + Npy(Vn).

The spectrum of £,, is unchanged while the algebraic multiplicity of zero is now three. There exist center and
stable projections associated to these spectral sets which we denote Py, and P;. Note that these projections

have the following structure

P x 0 Py % 0
Py = o 10|, P= 0 0 0 |,
0 01 0 00
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where the * denote non-zero terms which will not be relevant to the remaining analysis. A smooth cut-off

function is selected to modify the nonlinearity. The following modified nonlinearity is considered
~ % wfw Ra V)|loo ~ -
N (o ) = X (”()”> N, ),

where x : R — R is a smooth cutoff function satisfying x(x) = 0 if |2| < 1 and x(z) = 0 if |z| > 2. This gives
that the system is unchanged when |w°| < ¢, |K| < ¢, and |v| < ¢, i.e. NE(tn, K) = N (0, K) whenever
|(#,,9%)] < € and |K| < . Then, the contraction mapping employed in the proof of the center manifold

requires control of three terms: the function k,(n) appearing in Lemma C.1 and the quantities

Soun(e) = sup {IPENE @, ) ooy PN (0, ) oo |
KeR,veERwEXE X B (0)C X

~ _ (C.7)
S1.ne) = sup {IDVPEN (0, ) aosos [DYPING (0, )l oo soc }
KeR,veR,veXE x B (0)CXg

We now provide the following estimates.

Lemma C.2. Under the assumptions of Lemma C.1, there exist positive constants Cy and C1, independent
of n, such that
So.n(e) < Coe®,  b1mle) < Cue, (C.8)

for anye >0

Proof. The e-scaling in both estimates stems from the quadratic nature of the nonlinearity N, (v, K ) and
smoothness of the cut-off function, so the main item to prove is that the scaling constants Cy and C; may

be chosen independent of n.

To condense notation, let

Qz,y) = u'(y) + ¢,.(y) —u'(z) — O (),  Au(z,y) = 0n(y) — On(x).
Then

1

Ry (0n) = / Wa(z,y) [sin (Q(z,y) + Ay(2,y)) — cos(Q(z,y))Av(z,y) — sin(Q(z,y))] dy. (C.9)

0

Combining the fact that 0 < W,,(z,y) < 1 with Taylor’s Theorem gives |9, |2, only
- 1 2 <2
[R5 (0n) ][00 < 9 sup ’Av(x,y) ’ < T 5
(z,y)€[0,1]?

We therefore obtain
INSD (G, K)[loo < [DWn[u* + 03] [loo—s o0 K [|Tn]loo + | Kexit + K7 + K|[|5n]|2,

where /\/}(Ll) denotes the first, and only non-zero, entry of A,,. We have a coarse bound for the operator norm
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DWW, [u* 4+ ¢5]|lco—oo < 2 after recalling that
1
DWplu® + ¢ ]w = /0 Wa(z,y) cos (u”(y) + ¢7.(y) — u”(x) — ¢p(2)) (w(y) — w(z))dy

and provided |f( | < Kepit/2 we also obtain |Ko + K + K | < 2Kyt for n sufficiently large since we have
shown in Lemma 5.3 that K — 0. This provides an n-independent bound

H-N;Sl)(ﬁm R)Hoo < 2|R|”7~1HH00 + 2Kcrit||ﬁn||zo-
Then owing to the structure of the center projection PS we have that

PeNY
PN, (D, K) = 0 ,
0

and therefore we obtain

HPrCLNS(ﬂmf()HOO <2(1+ Kcrit)Hﬁ;kLHgoEQv
where the additional ||7% |2, comes from the application of P¢ to N through the results of Lemma C.1.
Similarly, the stable projection yields the stated estimate for dy,(¢) in (C.8).

The verification that C; may be chosen independently of n follows from a similar line of analysis so we omit
the details.

O

We now have the existence of a locally invariant center manifold depending on the artificial parameter v.

Taking v = A, for n sufficiently large so that |5\n| < g, we then recover the result stated in Proposition 5.5.
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