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Abstract

We review progress on questions related to front propagation into unstable states and point out

open problems in the area. We strive to highlight different theoretical perspectives and challenges

while also addressing more practical questions with examples and guides to computational methods.

Throughout we take a dynamical systems point of view that focuses on the ability of invasion

processes to act as a selection mechanism in complex systems.

1 Introduction

When studying dynamical systems, one is concerned with the long-time behavior of solutions to at

times complex models arising in the sciences, in engineering, or in mathematics. In the simplest cases,

one seeks to establish convergence to a stable asymptotic state. More interesting behavior arises when

a trivial asymptotic state is unstable. One then seeks to describe the fate of perturbations of this

unstable state, following for instance its unstable manifold. In large systems, this unstable manifold is

usually very high-dimensional and there is in general no simple description of the fate of all solutions

in this unstable manifold. Spatially extended systems are an example of such complex systems. In

a translation-invariant system, instability of a trivial state can manifest itself from a small localized

perturbation at any arbitrary location, thus contributing to a high-dimensional unstable manifold.

In many contexts, one is specifically interested in such spatially localized perturbations and would like to

track their growth temporally and spatially. Monitoring the spatial leading edge of the perturbations,

one then tries to characterize the evolution of the disturbance through the evolution of a propagating

front solution. Despite the complexity arising through the high dimensionality of the unstable manifold,

one then often observes spatio-temporal behavior that is largely independent of the initial perturbation:

the growth of disturbances, mediated by fronts, propagates at selected speeds and selects distinguished

states in its wake.

In experimental or naturally observed settings, unstable states typically arise from a sudden parameter

change or quench, that renders a previously stable, trivial equilibrium unstable. Alternatively, a mode

of instability was simply not present in the system and is newly introduced, as is the case in many

problems in ecology and biology, where invasive species spread in an environment that was in a stable

ecological equilibrium until the introduction of the new species. Similarly in spirit, introduction of a

new reactant may trigger instabilities in combustion, or mutated cells may displace healthy tissue in

cancer growth through cell proliferation and migration.

A slightly different motivation arises when an instability is subject to an advection mechanism. Close to

the instability threshold, perturbations grow in amplitude but are advected out of a fixed observational
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Figure 1.1: Solution to (1.1) with small Gaussian initial condition near x “ 10, snap shots of profiles (left) and logarithms

of profiles (center) at times t “ 0, 5, 9, 15, 30, 45, 60. Also shown in the center are parabolas corresponding to Gaussians

solving the linear equation (black dashed). The space-time plot (right) shows spreading with speed 2 (black line) and

even better agreement when including logarithmic corrections x “ 2t ´ 2
2
log t (red).

window. This convective instability changes into an absolute instability only at a secondary threshold,

when the growth of perturbations in the fixed window of observation is marginal, neither exponentially

growing nor decaying. Again, the interest is in determining the speed of invasion, particularly the

critical parameter value at which the speed is zero in the laboratory frame.

Mathematical approaches toward a description of front invasion phenomena originate in early work by

Fisher [64] and Kolmogorov, Petrov, and Piscounov [100], who studied scalar parabolic equation; see

also [5, 155]. Independently, instabilities in plasmas and fluids led to the development of methods to

track instabilities pointwise in linear equations [152, 23, 32] with far-ranging implications for growth

and invasion problems in the physical sciences. Dee and Langer [45] predicted patterns in growth

processes based on these linear criteria, which were more recently matched with a nonlinear front to

obtain corrections for speeds and wavenumbers by Ebert and van Saarloos [50]. Those results expand on

logarithmic corrections found earlier in Bramson’s probabilistic approach [27, 28], which in turn was yet

more recently reproduced and refined using PDE methods in order preserving systems [78, 113, 114, 76].

The work we describe here starts with the observation that most mathematical results on front invasion

hinge on the presence of comparison principles, while much of the interest in the sciences has centered

on systems without any ordering structure; we refer to [157] for an extensive review of this latter

point of view. We therefore emphasize here mathematical tools in front invasion that do not rely on

comparison principles, taking a dynamical systems view point. We hope that such a more general and

yet rigorous mathematical approach can add clarity to our understanding of front invasion, and also

detect novel phenomena, making assumptions explicit and pointing to situations where those fail.

The purpose of this review is to demonstrate how recent work has made progress on both aspects,

bringing rigor to the selection of fronts, and pointing towards novel phenomena. Importantly, we feel

that there are indeed a multitude of interesting mathematical questions that arise in this context,

and we hope that this review will stimulate interested researchers to contribute to research on front

selection. On the other hand, we hope that the mathematical clarity that comes with a more rigorous

approach to front selection will also help more applied researchers use predictions and concepts in

their work and contribute to the development of effective numerical algorithms. This review therefore

includes in each topic, next to a description of theory and open problems, a practical guide to applying

the results, numerically or analytically.

The remainder of this introduction contains a selective illustration of both the theory in order-preserving

systems and challenges and phenomena that arise in pattern-forming systems.
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Figure 1.2: Phase portrait sketches in the u ´ ux-plane of (1.2), fpuq “ up1 ´ uq (left), with c decreasing from top to

bottom. Also shown are spectra of the linearized operator in Lp
exp,c{2 (right); see (1.7) for function spaces. The marginally

stable front is in fact the steepest front as illustrated in the bottom panel with plot sketches of u˚px; cq.

1.1 The simplest example: existence, positivity, and stability

Kolmogorov, Petrovsky, and Piscounov [100] and, independently, Fisher [64] studied the equation

ut “ uxx ` fpuq, fpuq “ up1 ´ uq, x P R, t ą 0, u “ upt, xq P R, (1.1)

where subscripts denote partial derivatives. In fact, it was proven in [100] that step-like initial conditions

of the specific form up0, xq “ 0 for x ą 0 and up0, xq “ 1 for x ă 0 propagate with speed c˚ “ 2, stated

for instance in the form that for all x,

lim
tÑ8

upt, x´ ctq “

#

0, if c ą 2,

1, if c ă 2;

see Fig. 1.1. We next explain a variety of aspects of this result.

Existence of traveling waves. Propagating front solutions can be sought in the form upx ´ ctq,

which yields an ordinary differential equation in the comoving spatial variable ξ “ x´ ct,

u2 ` cu1 ` fpuq “ 0, or

#

u1 “ v

v1 “ ´cv ´ fpuq
. (1.2)

The phase plane analysis of this system shows that there are precisely two equilibria: p´ “ p1, 0q is a

saddle and p` “ p0, 0q is a sink when c ą 0. A variety of shooting arguments can then show that there

exists, for each c ą 0, a unique heteroclinic solution pu˚, v˚qpξ; cq with pu˚, v˚qpξ; cq Ñ p˘ for ξ Ñ ˘8;

see Fig. 1.2. Note that the equilibrium p` is a node for c ą 2 and a focus for c ă 2. For c ą 2, the

heteroclinic does not lie in the strong stable manifold of the equilibrium p`. The former fact depends

only on the linearization, that is, on the fact that f 1p0q “ 1. The latter fact strongly depends on the

shape of the nonlinearity. In fact, when studying the Nagumo equation

ut “ uxx ` fpuq, fpuq “ up1 ´ uqpu` aq, a ą 0, (1.3)
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the heteroclinic belongs to the strong stable manifold of p` when c “ p1 ` 2aq{
?
2, a ă 1{2, in which

case the solution is explicitly given through u˚pξq “ p1 ` exppx{
?
2qq´1; see Fig. 1.3.

Following the nomenclature in [151], we loosely refer to the case when the heteroclinic is never contained

in the strong stable manifold as the pulled case, with the front at speed c “ 2 as the pulled front, and

to the other case as pushed with the front contained in the strong stable manifold as the pushed front.

Steepest fronts. In order to obtain the exponential rate of decay of fronts as x Ñ 8, we solve the

stationary dispersion relation ν2 ` cν ` f 1p0q “ 0 and find the roots

ν˘pcq “ ´
1

2

´

´c˘
a

c2 ´ 4f 1p0q

¯

, ν´pcq ă ν`pcq. (1.4)

If the solution is not contained in the strong stable manifold as noted above in the case fpuq “ up1´uq,

then the steepest decay occurs at

csteep “ argminctRe ν`pcqu “ 2
a

f 1p0q, (1.5)

which happens to be the speed at which step-function like initial conditions spread. If the traveling

wave lies in the strong stable manifold for some c0 ą 2, we find

csteep “ ν´pc0q ă 2
a

f 1p0q ď Re ν`pcq, (1.6)

so that the front at this speed is steeper than all fronts not contained in the strong stable manifold.

One can show, exploiting again the structure of the traveling-wave equation in this specific case, that

there exists at most one such value c0 for which the front is contained in the strong stable manifold.

It turns out that this front gives the spreading speed of step-function like initial conditions [77].

In summary, we find that in this simple example, we always find that the spreading speed of step-

function like initial conditions is given by the speed of the steepest front.

Positivity. The solution u˚px; cq is strictly positive for all values c ě 2. This can be seen directly

for this specific nonlinearity designing invariant regions in phase space and exploiting that fpuq “

up1 ´ uq ď f 1p0qu for all u ě 0. Inspecting the phase portrait, positivity then follows from

(i) the fact that the asymptotics of the solution are monotone for c ě 2; and

(ii) the fact that the unstable manifold of p´ does not intersect the strong stable manifold of p`.

Clearly, (i) ceases to hold when the linearization at p` possesses complex eigenvalues. Failure of the

second condition would typically lead to a “flip” of the heteroclinic to the other side of the stable

manifold. This phenomenon in fact occurs in (1.2) when fpuq “ up1 ´ uqpu ` aq with a ą 1{2, the

pushed case discussed above. In both cases, the spreading speed of step-function like initial conditions

is given by the slowest positive front.

Stability — monotonicity. All fronts are equilibria in a comoving frame, that is, time-independent

solutions to

ut “ uξξ ` cuξ ` fpuq.

In order to understand if those solutions are indeed observable, one would first ask if small perturbations

to a front profile stay bounded or even decay as t Ñ 8. For monotone profiles, one may now simply

consider initial conditions wedged between translates of the front, u˚pξ`δ; cq ă upt “ 0; ξq ă u˚pξ´δ; cq.
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Figure 1.3: Phase portrait sketches in the u´ux-plane of (1.2), fpuq “ up1´uqpu` aq for a ă 1
2
(left), with c decreasing

from top to bottom. Also shown are spectra of the linearized operator in Lp
exp,c{2 (right); see (1.7) for function spaces.

The marginally stable front is in fact the steepest front as illustrated in the bottom panel with plot sketches of u˚px; cq.

The parabolic comparison principle then guarantees that this inequality holds for all t ą 0, so that the

solution stays uniformly close to u˚pξ; cq.

Stability — linearization. A different perspective is gained when thinking of the stability problem

perturbatively. One therefore sets u “ u˚pξ; cq ` vpt, ξq to find the equation

vt “ L˚v `Npvq,

with

L˚v “ vξξ ` cvξ ` f 1pu˚pξqqv, Npv, ξq “ fpu˚pξq ` vq ´ fpu˚pξqq ´ f 1pu˚pξqqv “ Op|v|2q.

One then wishes to guarantee that the spectrum of the elliptic operator L˚ is negative, so that solutions

to the linear equation decay exponentially, allowing for control of the nonlinear terms. For this, one

necessarily needs to introduce weighted spaces: the essential spectrum of L˚ contains the essential

spectrum of the linearization at the leading edge, L`v “ vξξ`cvξ`f 1p0qv which one readily finds to be

unstable since f 1p0q ą 0. In fact, Fourier transform shows that specpL`q “ t´k2 ` cik ` f 1p0q | k P Ru

so that maxRe specpL`q “ f 1p0q, in translation invariant norms such as LppRq.

We define weighted Lp-spaces, 1 ď p ď 8 for a weight ωpxq ą 0 smooth, ωpxq “ eη`x, x ą 1,

ωpxq “ eη´x, x ă ´1,

Lpexp,η`,η´
“ tu P LplocpRq|}u}Lp

exp,η`,η´
ă 8u, }u}Lp

exp,η`,η´
“ }ωu}Lp , Lpexp,η “ Lpexp,η,η. (1.7)

Optimizing exponential weights, we wish to minimize maxη˘
tRe specpL˚qu, which in this simple ex-

ample is achieved through the choice η´ “ η` “ c{2. Fig. 1.3 shows how the spectra of L˚ change in

this optimal weight as the speed varies. Coincidentally, we find

Re specL˚ ď 0 ðñ u˚pξ; cq is positive.
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Figure 1.4: Sub- and super-solutions that trap solutions between speeds c˚ ˘ ε in the pulled (left, c˚ “ clin) and in the

pushed case (right, c˚ “ cpush).

We observe that, in (1.3)

• the exponential decay rate of eL˚t, |maxRe spec pL˚q|, decreases as c decreases and vanishes at

a critical wave speed c, with c˚ “ 2 when a ą 1{2 and c˚ “ p1 ` 2aq{
?
2 when a ă 1{2;

• the space of perturbations increases as c decreases since the weight η “ c{2 decreases with c.

The slowest stable front, which is only marginally stable since maxRe specpL˚q “ 0 in the optimal

exponential weight, then possesses the largest basin of attraction due to the weakest exponential local-

ization requirements. It is also coincidentally the front selected by step-function initial condition.

Selection: marginal positivity, steepest decent, and marginal stability. Thus far, we empha-

sized fronts that propagate at the speed selected by step-like initial conditions that vanish for large

x " 1 and we shall refer to those fronts as selected fronts. Somewhat coincidentally, selected fronts are

the steepest fronts, they are the slowest positive fronts, and they are marginally stable (in optimal ex-

ponential weights). In many situations, ordering structures have been shown to imply that the slowest

positive front is in fact selected. On the other hand, a long-standing conjecture that the marginally

stable front is in fact selected has recently been established absent any ordering principle [16, 7]. We

shall revisit how these selection criteria relate to each other in §7.
Selection of the slowest positive front — sub- and super-solutions. Exploiting the comparison

principle, one can see very quickly and intuitively why the slowest positive front is in fact the selected

front. In the simplest setting, consider initial conditions wedged between a sub- and a super-solution,

given, for an arbitrary small ε ą 0, through

usuppxq “ u˚px; c˚ ` εq, usubpxq “

#

u˚px; c˚ ´ εq, x ă x˚,

0, x ě x˚,
(1.8)

where x˚ “ inftx|u˚px; c˚ ´ εq “ 0u is the left most zero of the non-positive front. One verifies that

usup and usub are indeed super- and sub-solutions that guarantee that an invasion speed defined for

instance through

cinv “ lim
tÑ8

suptx | upt, xq ą δu

t
, (1.9)

is the speed c˚ of the slowest positive front; see Fig. 1.4 for an illustration.

Selection of the slowest stable front — diffusive stability. A different perspective on selection is

gained when considering classes of initial conditions that arise through cutting off the tail of the front,

such as u0pxq “ u˚px; cq for x ă L and u0pxq “ 0 for x ą L for some L " 1. Since u˚pL; cq “ Ope´ηLq

for some η, one may hope that this initial condition could be viewed as a small perturbation of the

front. Attempting to control the evolution of this perturbation of the initial condition as t Ñ 8, one

would then expect to identify the correct speed c of the selected front.
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Figure 1.5: Positive and negative fronts in the Nagumo equation (1.3) originating from a sign-changing initial condition

at the center of the domain: balanced nonlinearity a “ 1 (left two panels) and imbalanced nonlinearity a “ .2 (right two

panels). Space-time plots and snapshot at t “ 20 in both case. Note the slightly different speeds of propagation in the

imbalanced case due to a pushed front propagating to the left in the right two panels (illustrated by the red dashed line).

Invasion fronts leave behind a stationary (left) or traveling (right) kink.

In the case of a pushed front, the front tail decays with rate eν´x, with ν´ ă ´ c
2 , while we can choose an

exponential weight that enforces decay with rate e´ c
2
x in order to stabilize the essential spectrum. As

a consequence, a cutoff is a small perturbation Opepν´` c
2

qLq in this weighted norm. Since the linearized

equation gives exponential decay up to a simple eigenvalue associated with translations, one can readily

control the nonlinear evolution of disturbances up to a fixed, small shift in the position of the front;

see for instance [138].

For a pulled front, this reasoning fails as the essential spectrum of the front touches the origin. The

cutoff induces a perturbation that is not small in the optimally weighted space, in fact growing linearly

in x, while the linear equation exhibits only algebraic decay t´3{2. We will describe in more detail

in §5 how one can nevertheless control this perturbation by writing the solution as a superposition of

a front profile shifted logarithmically and a Gaussian wave packet in the leading edge; see §5 for an

outline, [50] for matched asymptotics, and [16, 7] for proofs.

We emphasize that the perturbative perspective, based on linear information, yields local selection

results, in a suitably defined neighborhood of a given invasion front, while the approach based on

comparison principles yields, when available, more global stability results, including for instance actual

Heaviside initial conditions.

Pulled fronts, pushed fronts, and the selection of states in the wake. The limitation to “small

perturbations” introduced in the absence of a comparison principle is to some extent necessary. Indeed,

the invasion can be mediated by different selected fronts, depending on the initial condition. Consider

therefore the example of the Nagumo equation with fpuq “ up1´uqpu`aq, 0 ă a ă 1{2. In addition to

the front with u˚pxq Ñ 1 for x Ñ ´8, there exists a front with u˚px; cq Ñ ´a for x Ñ ´8. Positive,

step-like initial conditions lead to invasion at the pushed speed cpush “ 1`2a?
2
, while negative step-like

initial conditions lead to invasion at the pulled speed clin “ 2
?
a. In fact, a positive perturbation in

the leading edge of a negative, step-like initial condition may lead to the selection of the positive front

and the introduction of a kink in the wake; see for instance Fig. 1.5. Global stability results without

sign conditions can then clearly not hold. Rather, the leading edge of the invasion process selects not

only a speed but also a state in the wake of the invasion. In the example of the Nagumo equation, the

selected state is either 1 with speed cpush or ´a with speed clin.

1.2 Pattern-forming fronts

The selection of states in the wake is of particular interest in systems that admit many possible stable

and unstable states, particularly pattern-forming equations with typically continua of equilibria. A
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simple example is a complex version of the Nagumo equation, known as the Ginzburg-Landau equation,

At “ Axx `A´A|A|2, A P C, (1.10)

with a family of stationary solutions Akpx; kq “
?
1 ´ k2eikx, |k| ă 1, that are stable for |k| ă 1{3.

Restricting to real initial conditions, one finds the scalar equation discussed above, which leads to

predicting propagation at speed c “ 2 and selection of the state Akpx; 0q “ 1 in the wake. It is

conjectured that this selection happens for most, possibly complex, step-like initial conditions, up

to possibly a complex rotation eiφ. Numerous results are concerned with existence and stability of

front solutions in this equation with the strongest and most recent results establishing sharp linear

decay estimates of the front propagating at the linear speed, but not convergence for step-like initial

conditions; see [17] and references therein.

The Ginzburg-Landau equation arises in many situations as an amplitude and modulation equation

near the onset of instability, in many contexts ranging from fluid dynamics to developmental biology;

see for instance [146, 110, 91, 40]. The explicit form of solutions Apx; kq and the gauge invariance

A ÞÑ eiφA are due to an averaging symmetry that is generally absent in pattern-forming systems. The

simplest example without such a gauge invariance is the Swift-Hohenberg equation,

ut “ ´pBxx ` 1q2u` ε2u` γu2 ´ u3, u P R, (1.11)

with ε Á 0 which we consider first for γ “ 0. Solutions are then well approximated by solutions

to a scaled version of (1.10) through upt, xq “ εpApε2t, εxqeix ` Āpε2t, εxqe´ixq. The trivial solution

u ” 0 is unstable and there exists a family of stable periodic patterns which are solutions of the form

uppx ` φ; kq, uppx ` 2π
k ; kq “ uppx; kq, k „ 1, φ P R. Invasion is conjectured at a linear spreading

speed clin “ 4ε ` Opε2q. Existence and stability of fronts is known for c ą clin bur neither stability

nor selection of the marginally stable front are known; see [53, 38] for some stability results and upper

bounds on the speed of propagation, and references therein. In addition to the invasion speed, the

linear analysis also predicts an invasion frequency ω˚ and an associated wavenumber k˚ “ ω˚{clin of

patterns uppx; kq formed in the wake of the invasion process; see Fig. 1.6 for an illustration of the

pattern-forming process in the wake of the front. We emphasize that the selection here appears to

be largely independent of the choice of initial condition, in contrast to the example of the Nagumo

equation where roughly a sign of the perturbation in the leading edge determines selected state and

speed.

More complex invasion dynamics arise in the Cahn-Hilliard equation,

ut “ ´puxx ` u` γu2 ´ u3qxx, u P R, (1.12)

where upxq ” ū P p´ 1?
3
, 1?

3
q is unstable. Linear predictions for the spreading speed match well with

numerical simulations and existence of fronts is known; see [143]. Fronts select periodic patterns uppx; kq

in the wake which however all are unstable, leading to subsequent coarsening. Linear predictions for

the wavenumber appear to fail for values |ū| À 1?
3
when γ “ 0; see Fig. 1.6 for an illustration.

Rather than spatially periodic, time-independent patterns, oscillatory media support temporally peri-

odic solutions of the form ukpkx´ ωpkqt; kq. Examples are the complex Ginzburg-Landau equation [4]

At “ p1 ` iαqAxx `A´ p1 ` iβqA|A|2, A P C, (1.13)
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Figure 1.6: Space-time plots (top row, time vertical) of pattern-forming fronts in SH (1.11): pulled front (left, γ “ 0, ε “

0.4) and pushed front (center left, γ “ 3, ε “ 0 ´ .4); perturbations of u ” 0 in CH (1.12) with γ “ 0 (center right) and

γ “ 2 (right). Red lines indicates linear spreading speeds from (2.33). Note the faster, pushed, speed in the center left

and the secondary coarsening in the right panel. Profiles of solution upt, xq (bottom row) at times t “ 75, 55, 90, 90 (left

to right).

and the FitzHugh-Nagumo system [154]

ut “ uxx ` up1 ´ uqpu´ aq ´ v,

vt “ εpu´ γv ` bq,

with 0 ă ε ! 1, 0 ă a ă 1, and b ě 0. In both cases, predictions for linear spreading speeds and

spreading frequencies can be derived, and existence of invasion fronts can be established, at least in

some parameter regimes. The FitzHugh-Nagumo system in fact exhibits two invasion fronts, one of

which may be pushed [34]. For pulled fronts, one can predict wavenumbers in the wake of the invasion

mostly correctly from the linearization; see Fig. 1.7 for an illustration.

1.3 Outline

In §2, we explain how to predict linearized invasion speeds, and how this relates to a linearized marginal

stability criterion, concluding with a discussion on practically computing linear spreading speeds, fre-

quencies, and wavenumbers. We discuss the nonlinear invasion problem in §3, explaining strategies for

finding front solutions and developing nonlinear marginal stability criteria which determine selected

invasion speeds. In §4, we discuss robustness of invasion processes under changes in parameters; in par-

ticular, this motivates the development of efficient numerical methods for continuing front speeds and

detecting pushed-to-pulled transitions. In §5, we formulate precise spectral conditions which rigorously

guarantee pushed or pulled front invasion, and sketch the proofs of these selection results. We return

to pattern-forming fronts in §6, describing existing results on sharp linear stability in connection with

open problems and strategies for understanding selection in this context. This section also includes

practical strategies for finding selected states in the wake as well as problems related to secondary

invasion processes that are initiated when the primary invasion selects an unstable pattern, as seen for

instance in the Cahn-Hilliard equation. We conclude with a discussion, §7 that points to many open

problems, revisiting in particular the connections with marginal positivity and steepest fronts.
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Figure 1.7: Space-time plots (top row, time vertical) of pattern-forming fronts in CGL (1.10) and in FHN (1.14). CGL

with α “ 1 (1.10) showing Reu: coherent invasion (left, β “ 0.5), and secondary chaotic invasion (center left, β “ ´2);

FHN with a “ ´0.2, b “ γ “ 0 showing a pulled front from positive perturbations (center right) and a pushed front from

negative perturbations (right). Red lines indicates linear spreading speed from (2.37) and (2.51). Note the faster, pushed,

speed in the right panel. Profiles of solution upt, xq (bottom row) at times t “ 60, 60, 150, 150 (left to right).

2 Linear marginal stability

In §1.1, we noted that for the Fisher-KPP equation, the spreading speed c “ 2 for step-like initial

conditions corresponds to the speed at which the associated front solution is marginally stable. In fact,

more is true: the spreading speed c “ 2 is precisely the speed at which we observe marginal pointwise

stability in the linearized equation ut “ uxx ` cux ` u. This further corresponds to the propagation

speed of a fixed level set of the Green’s function for the linearized equation, and we therefore refer to

this speed as the linear spreading speed. In this section, we explain this correspondence and outline

how to compute linear spreading speeds in general systems of constant-coefficient parabolic PDEs.

The methods described in this section date to the study of absolute and convective instabilities in

problems from plasma physics; see [23, 32] and [30, 93] for subsequent extensions to fluid dynamics

problems. We begin with this topic as a preface for the nonlinear marginal stability to be described later

and since the identification of linear spreading speeds is the natural starting point when investigating

invasion speeds in practice.

Ultimately, we will show that linear spreading speeds can be computed by locating certain double roots

of the dispersion relation associated to the unstable homogeneous state. For the systems we consider

here this dispersion relation is an algebraic equation and computing double roots is generally compu-

tationally tractable. The subtle aspect of this procedure is that these double roots must satisfy the

so-called pinching condition; the necessity of which we explain below. We offer some recommendations

on practical computations of these spreading speeds in §2.6.

2.1 Linear spreading speeds via pointwise growth modes

General set-up. In this section, we will be concerned with systems of the form

ut “ PpBxqu, x P R, u P RN , up0, xq “ u0pxq, (2.1)
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Figure 2.1: Small initial conditions grow in time due to the instability: in the stationary frame (left), the solution

grows exponentially at each fixed point, while also spreading spatially; in a fast comoving frame, the solution decays

exponentially at each fixed point, since the growth is advected to the left (right); for a critical intermediate speed, the

growth is marginal since the frame tracks the leading edge of the temporal growth and spatial spreading (center).

with Ppνq a matrix-valued polynomial of degree 2m such that the equation is parabolic and well-posed,

that is, Ppνq “ d2mν
2m ` Opν2m´1q, d2mp´1qm ă 0. In order to track the solution upt, xq in a moving

frame x “ ξ ` ct, we consider more generally,

ut “ PpBξqu` cBξu, ξ P R, u P RN , up0, xq “ u0pξq. (2.2)

Denote by L “ PpBξq ` cBξ the operator appearing on the right hand side of (2.2). When considered

as an unbounded, closed operator on spaces with translation invariant norms such as X “ LppR,RN q

or X “ BC0
unifpR,RN q, its spectrum is continuous and can be expressed as

spec pLq “ tλ P C | dcpλ, ikq “ 0 for some k P Ru, (2.3)

where dcpλ, νq is the dispersion relation in the co-moving frame from an ansatz upt, xq “ eλt`νξū,

dcpλ, νq “ det pPpνq ` cνI ´ λIq . (2.4)

Our focus is on unstable states d0pλ, ikq “ 0 for some Reλ ą 0 and k P R. The norm }eLt}XÑX then

grows exponentially for any wave speed c ě 0. In fact, maxtRe spec pLqu is independent of c as is easily

seen by shifting λ ÞÑ λ` cik when passing to a comoving frame.

Pointwise stability. Suppose that initial data u0pxq for (2.2) is compactly supported. We are

interested in quantifying how quickly the resulting solution will spread spatially. Informally, this can

be viewed from the perspective of a moving observer with the linear spreading speed being the slowest

speed at which the observer outruns in the instability; see Fig. 2.1. A mathematical determination of

this speed requires the calculation of pointwise exponential growth/decay rates as a function of the speed

of the moving frame. The primary aim of the remainder of this section is to explain how pointwise

growth/decay rates can be computed from singularities of the pointwise Green’s function which, in

turn, may be computed by locating repeated roots of dcpλ, νq satisfying a “pinching condition”. Before

proceeding, recall that the operator L generates an analytic semigroup on L2pR,RN q which may be

defined using the inverse Laplace transform of the resolvent operator:

eLt “
´1

2πi

ż

Γ
eλtpL ´ λq´1dλ.

Here, Γ is a sectorial contour, oriented counterclockwise, and lying to the right of spec pLq; see Fig. 2.2.

Since we are considering unstable states the spectrum of L will generally extend into the unstable half

of the complex plane resulting in exponential growth of the operator norm of eLt.

To obtain pointwise growth rates one must adopt a somewhat different perspective. The resolvent

operator appearing in the definition of eLt can be expressed as an integral operator:

pL ´ λq´1u0 “

ż 8

´8

Gλpξ ´ yqu0pyqdy. (2.5)
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The function Gλpξ ´ yq giving the resolvent kernel is called the pointwise Green’s function; see [164].

The advantage of this perspective is that the resolvent kernel may have an analytic continuation into

the spectrum spec pLq whereas such an extension does not exist for the resolvent operator directly (for

instance, if Gλpξq is pointwise analytic but is exponentially growing as |ξ| Ñ 8); see again Fig. 2.2.

Utilizing the pointwise Green’s function and the fact that u0pxq is compactly supported, the solution

to (2.2) can be expressed via the inverse Laplace transform as

upt, ξq “
´1

2πi

ż

Γ

ż 8

´8

eλtGλpξ ´ yqu0pyqdydλ, (2.6)

where Γ is a contour initially lying to the right of spec pLq. However, Cauchy’s integral theorem allows

for the deformation of the inversion contour Γ into the set spec pLq so long as singularities of Gλ are

avoided. Optimal exponential growth/decay bounds are obtained by determining how far the Laplace

inversion contour can be deformed while avoiding these singularities.

We therefore turn our attention to the location of singularities of the pointwise Green’s function. The

pointwise Green’s function can be constructed as a solution of the system of ODEs

δpξ ´ yqI “ PpBξqGλ ` cBξGλ ´ λGλ, (2.7)

with λ initially lying to the right of spec pLq. To obtain a general expression for Gλ we find it convenient

to express (2.7) as a system of first order equations, setting U “ pu, Bξu, . . . B
2m´1
ξ uq P C2mN , and solve

for the Green’s function for this first order equation via

Uξ “ MλU ` δpξ ´ yqI, (2.8)

where the λ-dependence of the matrix M is linear, appearing in the bottom left entry, only.

In order to find bounded solutions to (2.8), we need to consider eigenvalues ν of Mλ, which we refer

to in the sequel as spatial eigenvalues, as opposed to spectral values λ that are temporal eigenvalues.

For λ to the right of the essential spectrum ellipticity of the operator PpBξq implies that the stable

and unstable eigenspaces of Mλ will have equal dimension. For such λ values, denote by P sλ and P uλ
the complementary stable and unstable spectral projections for the matrix Mλ, that is, the projections

on generalized eigenspaces Es
λ and Eu

λ to spatial eigenvalues with negative and positive real parts,

respectively. Imposing decay as ξ Ñ ˘8, the equation (2.8) can be directly solved as

Upξq “

ż ξ

´8

eMλpξ´zqP sλδpz ´ yqdz ´

ż 8

ξ
eMλpξ´zqP uλ δpz ´ yqdz

Figure 2.2: Construction of the temporal solution using the integration along Γ over the resolvent: in function space (left)

the contour can be deformed up to the spectrum of L which yields singularities of the resolvent as an operator; pointwise

in x with compactly supported initial conditions, obstructions are singularities in λ of the resolvent kernel Gλpξq, in our

situation strictly to the left of the spectrum.
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Figure 2.3: Singularities in the temporal eigenvalue parameter λ of the pointwise Green’s function induced by collision of

spatial eigenvalues ν (left). Away from the singularities, Dunford integral contours can be used to continue the projections

P s{u
pλq in an analytic fashion starting at λ " 1. Also shown, the construction of the resolvent kernel via Fourier transform,

possibly transforming the Fourier integration contour γ into the complex k-plane (right).

from which we obtain that the Green’s function for the first order equation is given through

Tλpξ ´ yq “

#

eMλpξ´yqP sλ ξ ě y

´eMλpξ´yqP uλ ξ ă y
. (2.9)

An expression for Gλpξ´yq can be extracted from the entries of Tλpξ´yq and, importantly, the domains

of analyticity of both functions are identical; we refer to [88, §2.3, Lemma 2.1] for details.

From (2.9), we see immediately that analyticity of Tλ, and equivalently of Gλ, is determined by the

analyticity of the spectral projections P
s{u
λ . To the right of the essential spectrum these projections

are analytic in λ: stable and unstable spectral sets can be separated by a contour in the complex plane

so that projections can be obtained using a Dunford integral over the resolvent pν ´ Mλq´1, which

depends analytically on λ.

The analysis thus far has concentrated on λ values to the right of the spectrum spec pLq. By the

construction above, analytic continuation of Gλ into spec pLq depends only on our ability to analytically

continue the spectral projections P
s{u
λ into the spectrum. This is possible so long as the spectral

sets, that is, collections of eigenvalues defining these two projections, do not intersect. Conversely,

intersections of these spectral sets typically lead to a singularity of the pointwise Green’s function Gλ
and prevent further continuation of the Laplace inversion contour in (2.6); see Fig. 2.3. We emphasize

that for us P
s{u
λ always refer to the analytic continuations of the projections from Reλ " 1; for a fixed

λ inside the essential spectrum, these may no longer correspond to the stable/unstable subspaces for

Mλ; see again Fig. 2.3.

In this way, optimal pointwise growth/decay rates are obtained by consideration of the singularities of

the analytically continued pointwise Green’s function, which leads to the following definition.

Definition 2.1 (Pointwise growth modes). The complex number λ˚ is a pointwise growth mode if P sλ
is not analytic as a function of λ in a neighborhood of λ˚. The pointwise growth rate of (2.2) is

inf tρ P R | P sλ is analytic for Repλq ą ρu .

One can show that pointwise growth modes give sharp bounds on pointwise exponential growth

rates [88, Cor. 2.3]. Pointwise growth rates can be used to differentiate between absolute and convective

instabilities; see [23, 32, 93, 128]. If the pointwise growth rate is positive, then the instability is absolute

in the sense that the perturbation of the unstable state will grow both in norm and pointwise. If the

pointwise growth rate is negative then the instability is referred to as convective since pointwise decay is
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Figure 2.4: Pointwise growth modes (usually pinched double roots as explained in §2.2), cross the imaginary axis from

right to left as c is increased. The figure shows spectra and pointwise growth modes in the marginally stationary (left)

and marginally oscillatory (right) case. At the linear spreading speed, the system is marginally pointwise stable.

observed while the solution grows exponentially when measured in translation invariant norms. When

the pointwise growth rate is zero then the system is marginally stable and neither pointwise exponential

growth nor decay is observed.

Pointwise spreading speeds. We can now return to the original motivating problem for this section:

the determination of the linear spreading speed. The linear spreading speed characterizes how quickly

compactly supported initial data spreads for the PDE (2.1). To identify this speed, one can view this

evolution in moving frames for a variety of speeds c. One then computes pointwise growth rates of

(2.2) as a function of c. If for some fixed c the pointwise growth rate in this frame is positive then, by

definition, c provides a lower bound on the linear spreading speed. Taking the supremum over all such

lower bounds yields the linear spreading speed.

Definition 2.2 (Spreading speeds). The linear spreading speed associated to (2.2), clin, is the supremum

over all speeds c for which the pointwise growth rate of (2.2) is positive. In the frame with speed clin,

the system is marginally stable, that is, its most unstable pointwise growth mode lies on the imaginary

axis.

The linear spreading speed clin typically marks the transition between absolute and convective insta-

bilities and occurs exactly when the pointwise Green’s function has a singularity on the imaginary

axis. This crossing of pointwise growth modes is illustrated in Fig. 2.4. The supremum is finite for the

parabolic equations that we are considering here: for large speeds, spatial eigenvalues ν “ c1{2m´1ν̂

solve at leading order ´p´1qmν̂2m ` cν̂ “ 0, and one finds m roots with nonnegative real parts and

m roots with strictly negative real part. In other words, the spectrum of the operator L in a space

with exponential weight eηx, η “ δc1{p2m´1q is strictly negative for some small δ ą 0 and we conclude

that the spreading speed from Def. 2.2 is finite [88, Lem. 6.3]. One can then find the linear spreading

speed by decreasing the speed as a homotopy parameter until a pinched double root appears on the

imaginary axis; see also §3 for an analogous procedure and more details. On the other hand, the max-

imum of Reλ in the spectrum gives rise to a pinched double root in a frame moving with the group

velocity ´λ1pνq; see [88, Lem. 6.3]. As a consequence, the system is absolutely unstable for some speed

and therefore the spreading speed is well-defined as a supremum and strictly positive in systems with

reflection symmetry x Ñ ´x.

We also note that without reflection symmetry, that is, if P is not even, spreading speeds to the right

may differ from those to the left and one should differentiate between left and right linear spreading

speeds. In general, we may also have finitely many intervals of speeds where the system is absolutely

unstable. The boundaries of these intervals are then spreading speeds in an appropriately refined sense.
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An example is the modulation equation near an oscillatory Turing instability [40],

At “ p1 ` iαqAxx ` cgAx `A, Bt “ p1 ` iαqBxx ´ cgBx `B, (2.10)

with spreading intervals rcg ´ c˚, cg ` c˚s Y r´cg ´ c˚,´cg ` c˚s, where c˚ “ 2
?
1 ` α2; see (2.38).

2.2 Pinched double roots and linear spreading speeds

The direct computation of pointwise growth modes is cumbersome since it requires an explicit cal-

culation of the spectral projection matrices P
s{u
λ . However, any loss of analyticity of these spectral

projections can be traced to the coalescing of two eigenvalues: one corresponding to the stable projec-

tion and one corresponding to the unstable projection. At the collision, these eigenvalues are double

roots of the dispersion relation (2.4) and we are led to the following definition.

Definition 2.3 (Pinched double roots). A pair pλ˚, ν˚q is a pinched double root if

(i) dpλ˚, ν˚q “ 0 and Bνdpλ˚, ν˚q “ 0;

(ii) there is a continuous curve λpτq, τ ě 0, Re λpτq Õ, λp0q “ λ˚ and Re λpτq Ñ 8 as τ Ñ 8 and

two roots ν˘pλpτqq with ν˘p0q “ ν˚ and Re ν˘pλpτqq Ñ ˘8 as τ Ñ 8.

The first of these conditions is a double root condition while the second is referred to as a pinching

condition. The pinching condition is required so that the double root leads to a singularity of Gλ.

It enforces that these double roots form through the collision of one eigenvalue that originated in

the stable eigenspace (associated with the spectral projection P sλ) for Re λ Ñ `8 and one from the

unstable eigenspace (associated to the projection P uλ ).

Def. 2.3 leads to an alternate characterization of the linear spreading speed that is somewhat more

tractable in practice than the one presented in Def. 2.2.

Lemma 2.4 (Pinched double roots and pointwise growth modes [88]). For a given λ P C,

• λ pointwise growth mode ùñ pλ, νq pinched double root for some ν;

• pλ, νq pinched double root ùñ generically, λ pointwise growth mode.

As a consequence, we can define a spreading speed for (2.1) associated with pinched double roots through

clin,dr “ sup tc | dcpλ, νq has a pinched double root with Repλq ą 0u .

We then have

clin,dr ě clin, and, generically, clin,dr “ clin.

For parabolic PDEs the dispersion relation will be a polynomial in the variables λ and ν and so

computing double roots, at least numerically, is straightforward. The pinching condition is more

difficult to verify; see §2.6 below.

We emphasize that marginally stable pinched double roots provide a necessary but not sufficient con-

dition for the accurate measure of linear spreading speeds associated to (2.1). A simple obstruction to

sufficiency can be observed in a system of two uncoupled equations. Any pinched double root coming

from the interaction of the two equations will clearly not lead to a singularity of Gλpx ´ yq and the

linear spreading speed defined in Def. 2.4 will possibly over-estimate the observed linear invasion speed

in (2.1); see [88] for more details and [86] for an example in a Lotka-Volterra system.
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2.3 Exponential weights and essential spectrum

Exponentially weighted function spaces play an important role in the analysis of invasion fronts in

nonlinear systems. They enter the analysis in particular when one wishes to encode pointwise decay

in function spaces in order to control nonlinearities, whose effects on the time evolution is not as

explicitly controllable. We therefore pause to clarify the relationship between these spaces and the

method for determining the linear spreading speed just explained. Exponentially weighted Lp spaces

were introduced in (1.7). The analysis of this section only requires a single weight so we consider

u P L2
exp,ηpRq for some η ě 0. A function u belongs to L2

exp,ηpRq if and only if w “ eηξu is an element

of L2pRq. Statements throughout hold in Lp-based spaces, as well.

The resolvent operator, given through (2.5) is bounded on L2pRq precisely when Gλ P L1pRq. However,

when λ is continued into the spectrum spec pLq it is typically the case that the pointwise Green’s

function Gλ loses this spatial localization, although Gλpξq is still analytic in λ. Indeed, spec pLq is

characterized by those λ values for which dpλ, ikq “ 0 for some k P R and therefore λ crossing through

spec pLq generally corresponds to the crossing of a spatial eigenvalue from one side of the complex

plane to the other leading to spatial exponential growth of the analytically extended Green’s function

Gλpξ ´ yq on one half-line; compare also Fig. 2.3.

By working in an exponentially weighted space this localization can often be recovered. For example,

in order to bound the resolvent operator acting on the space L2
exp,ηpRq for some η ą 0, we need to

bound

eηξ
“

pL ´ λq´1u0
‰

pξq “

ż 8

´8

eηpξ´yqGλpξ ´ yq peηyu0pyqqdy (2.11)

in L2 in terms of }eη¨u0p¨q}L2 . Inspecting the right-hand side, we then observe that pL´ λq is bounded

invertible on L2
exp,ηpRq if and only if eη¨Gλp¨q P L1pRq. This integrability requirement implies that the

spatial roots leading to the spectral projection P sλ must all lie to the left of the line Repzq “ ´η in the

complex plane while the spatial roots lending to the definition of P uλ must all lie to the right of this

line. In other words, the spectrum in L2
exp,η is given through

σηpLq “ tλ P C | dcpλ, ik ´ ηq “ 0 for some k P Ru. (2.12)

Clearly, when interested in pointwise stability, one would like to optimize the chosen weight η. One

simple approach would be to first for a given η, find the most unstable λ, that is, look for values of λ

so that Reλ is maximal in ση. To do this, one solves dcpλ, ik ´ ηq “ 0 for λ as a function of ν “ ik ´ η

so that maximality implies dReλ
dIm ν “ 0. At the same time, one would look for an optimal choice of η

that minimizes that maximum, so that dReλ
dRe ν “ 0. By the Cauchy-Riemann equations for the complex

analytic function function λpνq this then also implies dImλ
dRe ν “ 0 and dImλ

dIm ν “ 0. Together, we see that

the min-max condition minηmaxk λpk ´ iηq leads to a solution of dλ
dν “ 0, satisfied at double roots

dpλ, νq “ Bνpλ, νq “ 0.

One comes to a similar conclusion when inspecting the stable and unstable spectral sets and attempting

to separate the two by some vertical line Re ν “ ´η in the complex plane. One can show that

instabilities always lead to Re ν ă 0 so that the weight in fact enforces decay in the direction of

propagation [88, Remark 6.6]. Obstructions to this separation are the collision points between stable

and unstable spatial roots ν, precisely the pinched double roots described above, and more generally

points where stable and unstable roots possess equal real part, a set in the λ-plane referred to as the
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absolute spectrum; see [128]. Those points λ˚ all form obstructions to finding a weight eηξ so that

eη¨Gλp¨q P L1pRq for all Reλ ě Reλ˚.

Summarizing, suppose that the most unstable pinched double root is given by pλ˚, ν˚q. Then, one has

maxReσηpLq ě Reλ˚ for all η, and, commonly, ReσηpLq ď Reλ˚ for η “ ´Re ν˚. (2.13)

Examples where the second inequality does not hold have been analyzed in [60]. In most examples, sta-

bility of spectrum in a carefully chosen exponentially weighted space does however give sharp conditions

on pointwise stability.

2.4 Linear pattern selection

An imaginary pinched double root piωlin, νlinq at c “ clin induces pointwise dynamics eiωlint`νlinξ in the

leading edge of the instability. For ωlin ą 0, usually Im νlin “ klin ‰ 0, and one finds spatio-temporal

oscillations in the leading edge of the form eipωlint`klinξqe´ηlinξ, with a super-imposed exponential decay.

This suggests the creation of spatio-temporally periodic patterns derived from this linear prediction in

the form upωlint` klinpx´ clintqq, upζq “ upζ ` 2πq, in the wake of the leading edge. That is, a selected

frequency ωlin ´ klinclin and spatial wavenumber klin, with the caveat of exponentially decaying spatial

modulations.

Notably a different wavenumber can be obtained by tracking sign changes (or maxima) in the leading

edge, expecting that each leads to a sign change in a nonlinear solution, a process referred to as node

conservation [45]. The oscillation frequency ωlin in the comoving frame leads to a spatial separation

Lnode “ 2π{klin, knode “ ωlin{clin. Unfortunately, this prediction, while better than klin above, still

needs refinement and may fail; see §6, particularly §6.8.

2.5 More about double roots and linear spreading speeds

Variational criteria in order-preserving systems. For scalar equations obeying a comparison

principle another approach can be taken to obtain the linear spreading speed. For the system linearized

near the unstable state, one seeks exponential solutions of the form upx, tq “ eνx`λt. For each ν ă 0,

one can use the dispersion relation to obtain λ “ λpνq, so that these simple exponential solutions

spread with speed cpνq “ ´
λpνq

ν . Due to the comparison principle these exponential solutions are

automatically super-solutions which constrain compactly supported initial data and so cpνq is an upper

bound on the linear spreading speed. One then defines

clin “ inf
νă0

´
λpνq

ν
.

In more general contexts pertaining to inhomogeneous media this is referred to as the Freidlin-Gärtner

formula; see [69]. Since λpνq is smooth we can obtain minimizers by simultaneously solving

λpνq ` cν “ 0, ´
λ1pνq

ν
`
λpνq

ν2
“ 0.

Multiplying the second equation by ´ν and recalling that c “ ´
λpνq

ν this re-writes as

λpνq ` cν “ 0, ´λ1pνq ` c “ 0,
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which implies that minimizers of the expression cpνq are also double roots of the dispersion relation in

a comoving frame.

Double roots, group velocities, and phase velocities in scalar systems. In a scalar system,

dpλ, νq “ 0 if λ “ λstpνq, which we fix for now in the steady frame, that is, λstpνq “ Ppνq. When

λ, ν P iR, one refers to cph “ ´λ{ν as the phase velocity and to cg “ ´dλ{dν as the group velocity.

In the frame moving with speed c, we then find λ “ λspνq ` cν, and the Galilean transformation

cg Ñ cg ´ c, cph Ñ cph ´ c. Solving for the double-root criterion gives

λstpνq ´ cν “ iω, λ1
stpνq ´ c “ 0,

which can be mostly solved explicitly as

c “ Re pλ1
stpνq, 0 “ Imλ1

stpνq, ω “ Imλstpνq ´ cIm ν, 0 “ Reλstpνq ´ cRe ν.

The first and third equation define c and ω, the second and fourth equation translate into

dP
dν

“
ReP
Re ν

, (2.14)

which consists of two real equations, for real and imaginary part, in the two variables Re ν and Im ν.

We emphasize however that this equation does not incorporate the pinching condition.

Fourier-Laplace and the origin of pinching. The origin and meaning of the term “pinching

condition” in Def. 2.3 is not evident based upon our treatment here. This phrase stems from the original

analysis in the plasma physics literature where the solution to (2.2) is obtained using a combined Laplace

(in time) and Fourier (in space) transform; see again [23, 32, 93, 157]. In this setting, the goal remains

the same: to deform the Laplace contour as far as possible towards the stable half of the complex plane

so as to obtain optimal temporal estimates on the solution. An immediate issue is encountered when

the Laplace contour is deformed into the essential spectrum since one then encounters a singularity

stemming from a root of the dispersion relation. The Fourier contour must then also be deformed into

the complex plane to avoid this singularity. This simultaneous deformation continues until two curves

of singularities collide (or pinch) and prevent further deformation of the contours. The collision of

these contours occurs exactly when there is a double root of the dispersion relation whose roots can be

traced to opposite sides of the original Fourier contour.

The formulation in terms of Fourier-Laplace transform is more general than the one we have presented

here in that it applies to more general evolution equations, including for instance nonlocal operators.

The Green’s function approach that we present here is – in our opinion – a more straightforward route

to motivating the double root criterion for computing linear spreading speeds. It also generalizes readily

to variable-coefficient problems that we encounter in the discussion of nonlinear marginal stability in

§3. Finally, it also forms the basis of a direct formulation for finding pinched double roots as spectral

points of a generalized eigenvalue problem, thus enabling efficient iterative algorithms reminiscent of

the inverse power method for regular eigenvalue problems that we briefly discuss below [144].

Simple double roots and continuity. We say a double root is simple when Bλdpλ˚, ν˚q ‰ 0 and

B2
νdpλ˚, ν˚q ‰ 0 and a multiple double root otherwise. At simple double roots, the linearization of the

double-root system with respect to pλ, νq is invertible:

fpλ, νq “

˜

dpλ, νq

Bνdpλ, νq

¸

, Bpλ,νqfpλ, νq “

˜

Bλd Bλνd

Bλνd Bννd

¸

“

˜

Bλd 0

˚ Bννd

¸

,
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with invertible diagonal entries. Adding a parameter µ in f , we may then continue simple pinched dou-

ble roots in the parameter with the implicit function theorem, analytically in the sense of perturbation

theory and global continuation, and numerically using for instance arclength continuation. We note

that it is often advantageous to solve the equation for λ and ν without taking determinants, solving

at the same time for eigenvectors and generalized eigenvectors; see [120]. This approach is particularly

relevant when the system size N is large stemming for instance from the discretization of a system in

a cylinder or a periodically forced system; see §6.6.
Near a simple pinched double root, the roots of the dispersion relation have the expansion

λ´ λ˚ “ deffpν ´ ν˚q2 ` Oppν ´ ν˚q3q. (2.15)

One clearly notices that (2.15) mimics a diffusion equation for a slowly modulated eigenmode, that is,

u „ Apε2t, εxqweλ˚t`ν˚x is a solution at order ε2 if ApT,Xq solves

AT “ deffAXX , with deff “ ´
Bννdpλ˚, ν˚q

2Bλdpλ˚, ν˚q
. (2.16)

We comment on the relevance of the diffusive refined asymptotics, next.

Simple double roots and effective diffusive spreading. Solutions to the diffusion equation (2.16)

typically decay as |A| „ t´1{2 for localized initial conditions, and level sets of |u| at the critical speed

where Reλ˚ “ 0 then solve log t´1{2 ` Re ν˚x “ 0, that is, in a steady frame the propagation actually

occurs with speed

cptq “ clin ´
1

2Re ν˚t
` Op1{t2q, xptq “ clint´

1

2Re ν˚

log t` Op1q. (2.17)

We will see later that such a log-shift with slow convergence to the actual speed occurs in nonlinear

equations as well, albeit with a prefactor of 3
2Re ν˚

corresponding to the decay in the heat equation with

lossy, for instance Dirichlet, boundary conditions.

In general, the effective diffusivity can be complex when λ˚ R R, that is, for oscillatory invasion. It

need in fact not be positive, in which case the modulation (2.16) is ill-posed; see [128, 60] for examples.

In the examples that we present in this section, we however always find Re deff ą 0. We will encounter

this effective diffusive behavior in the leading edge of invasion fronts again when discussing the reasons

for nonlinear selection in §5.
Multiple double roots. Both Bλd “ 0 or Bννd “ 0 lead to higher multiplicities. In particular, small

perturbations lead to the emergence of multiple solutions to the double-root equation. One interesting

example that we will encounter again later is the case when Bλd “ 0, and the dispersion relation is

quadratic in both ν ´ ν˚ and λ ´ λ˚, at leading order. Scaling ν “ ν1λ as suggested by the Newton

polygon, we typically find two roots ν˘pλq, analytic in λ, so that, locally and up to a nonzero analytic

function,

dpλ, νq “ pν ´ ν`pλqqpν ´ ν´pλqq, ν˘pλq “ ν1,˘ ¨ λ` Opλ2q.

In the simplest example, this leading order corresponds to wave equation dynamics rather than the

diffusive dynamics encountered above.

The interest in this example is that it naturally arises in uni-directionally coupled reaction-diffusion

systems of the form, say

ut “ uxx ` u` βv, vt “ dvxx ` αv; (2.18)
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see the examples in §2.7. The analysis of double double roots presents many subtleties that we shall

discuss in §7.2. They are best understood in a broader picture of nontrivial resonances between modes

pλ, νq in the dispersion relation, generalizing the double roots we are interested in here.

2.6 Practical considerations: linear marginal stability

Understanding double roots and their pinching is of interest beyond finding spreading speeds. Locating

double roots amounts to solving a system of two complex equations in two variables, which even in the

polynomial case considered thus far is often difficult, mostly untractable analytically as we will see in

§2.7. Determining if they satisfy the pinching condition is usually cumbersome. Adding the condition

Reλ “ 0 complicates the algebra significantly by adding a real variable, c, and a real condition,

Reλ “ 0, so that we end up with 4 real rather than 2 complex equations.

Finding pointwise growth modes. Pointwise growth modes are a subset of the set of pinched

double roots, which themselves are a subset of the set of all double roots. In order to find pointwise

growth modes, one therefore usually starts with the dispersion relation dcpλ, νq and finds double roots,

looking for instance for roots of the discriminant. It is not difficult to see that the discriminant of

dc with respect to ν is a polynomial in λ which has in general 2mN2 ´ N roots, when counted with

multiplicity; see also [120, Lem. 4.5]. This excludes degenerate cases, which we shall encounter in the

next section, when there are continua of double roots. For specific parameter values, one then usually

finds all double roots as roots of the discriminant and determines which of those are pinched on a

case-by-case basis, tracking roots ν from the collision to λ “ `8. The task for a specific parameter

value is not all that cumbersome since one usually proceeds by decreasing real part, starting with the

double root with maximal Reλ that is yet to the left of the essential spectrum.

The pinching condition for the double root with maximal real part is continuous in parameters except

when it collides with another double root or when another double root takes over as root with maximal

real part, so that the pinching condition only needs to be checked in isolated instances when parameters

are changed [88, Lem. 5.8]. Simple pinched double roots are always pointwise growth modes; they lead

to branch points of the pointwise Green’s function [88, Lem. 4.4]. Pinched double roots of higher

multiplicity need to be investigated on a case-by-case basis.

Several homotopies are possible to identify the most unstable pointwise growth mode. Short of a

somewhat radical homotopy to a trivial equation, say with PpBxq “ diag pdjB
2m
x ` ajq, with all dj , aj

different, one can start homotopies at a fixed c0, for instance c0 “ 0, and compute the essential

spectrum, λjpkq, j “ 1, . . . , N ; see [120] for strategies. One then identifies the most unstable point

in the spectrum maxj,k Reλjpkq “ Reλj˚pk˚q and its associated group velocity, cg “ ´Imλ1
j˚

pk˚q.

Passing to a coordinate frame propagating at the group velocity, that is, with speed c0 ` cg, the pair

pλjpk˚q, ik˚q becomes the most unstable pinched double root in this particular coordinate frame. A

similar strategy continues the essential spectrum in the exponential weight η “ Reν “ Im k. Tracking

the maximum of the real part of the spectrum to a minimal value then yields a pinched double root.

We reemphasize that in all continuation procedures, one must be cautious that the pinched double

root tracked in the homotopy remains the most unstable pinched double root, which usually requires

tracking all double roots. We also note that knowing information about the absolute spectrum includes

in particular information about double roots; we refer to [128, 120] for both background information

and computational algorithms.
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Finding spreading speeds. With an algorithm to identify pointwise growth modes, or rather pinched

double roots, one now simply continues these in the parameter c associated with the comoving frame

until the real part vanishes. If relying on numerics, one could also identify a good initial guess for the

linear spreading speed from direct simulations and use this numerical data as an initial guess in the

root finding procedures.

The arguably most direct method for finding spreading speeds is based on solving (2.14), using a simple

root finding algorithm. We emphasize however that solutions to this equation do not in any known way

guarantee pinching conditions or extremal properties of the spreading speed obtained in this fashion.

Nonlinear eigenvalue problems. We mentioned, and will emphasize throughout, that pointwise

growth modes share many properties of spectral values. One might therefore wonder if there are

algorithms similar to the (inverse) power method, or more generally QR-iteration, that converge to

pointwise growth mode. Such algorithms were recently proposed in [144], exploiting extensively the

first-order formulation (2.8). The algorithm proposed there identifies the closest pointwise growth

mode to a fixed initial guess λ0 in the complex plane, or alternatively the closest k pointwise growth

modes, alias singularities of the pointwise Green’s function. We emphasize that the algorithm does

not compute double roots and then verify pinching conditions, but it rather identifies singularities

of subspaces via an iterative nonlinear eigenvalue iteration. Examples in [144] demonstrate linear

convergence as usual for inverse-power type methods. Roughly speaking, the method first computes

automated power series expansions of stable and unstable subspaces Es{upλq as graphs over a fixed

reference subspace. It then forms a square matrix Apλq with power series column vectors from Es{upλq

and treats Apλqu0 “ 0 as a nonlinear polynomial eigenvalue problem. The inverse power method to this

nonlinear eigenvalue problem consists of a straightforward multi-term recursion that provably converges

to the nearest spectral value. We refer to [144] for more details but note here that this method also

generalizes to other situations. In fact, treating the wave speed c as a nonlinear eigenvalue parameter

and setting λ “ 0 allows one to directly identify the spreading speed associated with a pointwise growth

mode closest to an initial guess c0. Unfortunately, no such algorithm is known for spreading speeds

associated with a nonzero frequency iω.

More generally, the algorithm also allows one to treat eigenvalue problems that we shall encounter in

§3, with x-dependent coefficients, and thus investigate nonlinear marginal stability.

Compared to direct simulations, the approach here

• introduces correct, or “asymptotic” boundary conditions;

• converges linearly, that is the error decays exponentially in the number of iterates, rather than

algebraically when relying on direct simulations.

2.7 Linear spreading speeds: examples

We illustrate the concepts and tools presented in this section with several examples.

Starting example: linear spreading speeds in a scalar reaction-diffusion equation. We first

compute the linear spreading speeds and pointwise growth modes in the simplest example consisting

of a scalar reaction-diffusion equation posed in a co-moving frame with speed c,

ut “ uξξ ` cuξ ` u. (2.19)
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This equation is obtained for instance by linearizing the Fisher-KPP (FKPP) equation ut “ uξξ`u´u2

in a co-moving frame of speed c. The invasion speed for this scaling of FKPP is well known to be 2.

This follows from a simple calculation of double roots of the dispersion relation. Indeed,

dpλ, νq “ ν2 ` cν ` 1 ´ λ,

and so double roots must satisfy

0 “

˜

dpλ, νq

Bνdpλ, νq

¸

“

˜

ν2 ` cν ` 1 ´ λ

2ν ` c

¸

.

from which we obtain the existence of a pointwise growth mode at

λ˚ “ 1 ´
c2

4
.

Requiring that λ˚ “ 0 leads to the linear spreading speed |clin| “ 2.

As described previously, these pointwise growth modes arise from singularities of the pointwise Green’s

function. It is instructive to work through the derivation of Gλ in this example. The Green’s function

satisfies the following differential equation:

δpξ ´ yq “ G2
λ ` cG1

λ `Gλ. (2.20)

Construction of Gλ requires the identification of exponential solutions which decay as ξ Ñ ˘8. These

decay rates correspond to roots of the dispersion relation,

ν˘pλq “ ´
c

2
˘

1

2

a

c2 ´ 4 ` 4λ.

Note that Repν´pλqq ă 0 for all λ while ν`pλq crosses the imaginary axis when λ “ 1 ´ k2 ` cik lies in

the spectral set spec pLq. Consulting (2.20) we obtain the formula

Gλpξ ´ yq “

#

1
ν´pλq´ν`pλq

eν´pλqpξ´yq ξ ě y
1

ν´pλq´ν`pλq
eν`pλqpξ´yq ξ ă y

. (2.21)

Note that Gλ R L1pRq for λ with Repν`pλqq ă 0 but that for fixed ξ, Gλpξq can be continued analytically

in λ into this set regardless. Substituting the explicit formulas for the roots ν˘pλq the Green’s function

takes the form

Gλpξ ´ yq “

#

´1?
c2´4`4λ

e´ c
2

pξ´yqe´ 1
2

?
c2´4`4λpξ´yq ξ ě y

´1?
c2´4`4λ

e´ c
2

pξ´yqe
1
2

?
c2´4`4λpξ´yq ξ ă y

. (2.22)

Note that singularities of the Green’s function, i.e. pointwise growth modes, occur at λ “ 1 ´ c2{4,

where the square root vanishes — precisely as computed from double root criterion.

We conclude this example with some comments on the use of exponential weights. Starting again from

the original PDE (2.19) we could take wpξ, tq “ e´ηξupξ, tq after which the PDE is transformed to

wt “ wξξ ` pc` 2ηqwξ `
`

η2 ` cη ` 1
˘

w.

Observe that the coefficient η2 `cη`1 contributes the pointwise growth or decay of the solution in this

weighted space while the advective coefficient pc ` 2ηq affects the pointwise decay rate via transport.
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Setting both coefficients to zero, and thus obtaining the simple heat equation predicted more generally

in (2.16), amounts to solving the following system of equations

0 “

˜

η2 ` cη ` 1

2η ` c

¸

.

This is precisely the double root condition and recovers the linear spreading speed c “ 2. In a frame

moving with this linear speed and in a weighted space with η “ ´1 we find that the dynamics reduce

to the heat equation thereby recovering the diffusive dynamics predicted more generally from (2.15).

Example: Spreading speeds in fourth order scalar equations, multiple and complex double

roots. More interesting yet still explicit examples are scalar fourth-order equations, such as the Swift-

Hohenberg (1.11) and the Cahn-Hilliard equation (1.12). Spreading speeds were listed in [157] and we

give some details here. There are in fact multiple double roots and it requires care to identify which

ones are pinched. The results are summarized in Fig. 2.5 and formulas for roots ν in (2.27), (2.29),

and speeds and frequencies in (2.32), (2.33), for the regions (II) and (IV), respectively. Specifically,

consider

ut “ ´uxxxx ` auxx ` bu. (2.23)

The essential spectrum tλ “ ´k4 ´ ak2 ` b, k P Ru possesses a maximum at k “ 0, λ “ b, when a ě 0,

and at λ “ a2

4 ` b, k “
a

´a{2, when a ă 0. We therefore restrict to the regions

A “ ta ě 0, b ą 0u; and B “ ta ă 0,
a2

4
` b ą 0u. (2.24)

In (2.14), we then use Ppνq “ b` aν2 ´ ν4 with ν “ νr ` iνi, to find

´2aνr ´ 12ν2i νr ` 4ν3r “
´b` aν2i ` ν4i

νr
´ aνr ´ 6ν2i νr ` ν3r ,

´2aνi ` 12ν2r νi ´ 4ν3i “ 0.

(2.25)

The value of νi from the second equation can be substituted into the first equation to yield solutions

(listing only solutions with νr ă 0 corresponding to c ą 0 [88, Rem.6.6], and with νi ě 0, thus omitting

complex conjugates ˘νi),

(I): νr,I “ ´

a

a´
?
a2 ´ 12b

?
6

, νi,I “ 0, (2.26)

(II): νr,II “ ´

a

a`
?
a2 ´ 12b

?
6

, νi,II “ 0, (2.27)

(III): νr,III “ ´

a

a´
?
7a2 ` 24b

2
?
6

, νi,III “

a

´3a´
?
7a2 ` 24b

2
?
2

, (2.28)

(IV): νr,IV “ ´

a

a`
?
7a2 ` 24b

2
?
6

, νi,IV “

a

´3a`
?
7a2 ` 24b

2
?
2

. (2.29)

We find roots in (III) are not real in region AYB from (2.24), and roots are real in (I), (II), (IV) when

(I): ta ą 0, 0 ă b ă
a2

12
u; (II): ta ą 0u Y ta ă 0, b ă 0u; (IV): ta ą 0, b ą

a2

12
u Y ta ă 0, b ą ´

a2

4
u;

(2.30)
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Figure 2.5: Parameter regions (green and red) where the origin in (2.23) is unstable, divided into a region (IV) (green)

where the spreading speed is induced by a complex conjugated pair of pinched double roots, with ensuing oscillations in

the leading edge, and (I) (red), where the leading edge behavior is stationary. In the latter case, two real double roots

cross the origin as c decreases but only the more stable one is pinched; see 2.30 for a description of regions.

Clearly, complex values of Re ν and Im ν are irrelevant. The speeds and frequencies associated with

double roots are

(I): clin,I “
2

3
?
6

p2a`
a

a2 ´ 12bq

b

a´
a

a2 ´ 12b,

ωI “ 0, (2.31)

(II): clin,II “
2

3
?
6

p2a´
a

a2 ´ 12bq

b

a´ `
a

a2 ´ 12b,

ωII “ 0, (2.32)

(IV): clin,IV “
2

3
?
6

p´2a`
a

7a2 ` 24bq

b

a`
a

7a2 ` 24b,

ωIV “
1

8
?
3

p´3a`
a

7a2 ` 24bq3{2

b

a`
a

7a2 ` 24b, (2.33)

In case (II), clin,II ă 0 when a ă 0 so that only the region a ą 0, 0 ă b ă a2{12 is admissible. In this

region, one easily checks that clin,II ą clin,I. We claim that the double root associated with clin,II is not

pinched. For this, we consider the essential spectrum in a weighted space, setting ν “ ´
a

a{6 ` ik,

with the weight being an average of the weights from νr,I and νr,II, to find, in a frame with speed clin,II,

Reλ “
1

36

´

a2 ´ 12b´ a
a

a2 ´ 12b
¯

´k4 “
a2

36

`

p1 ´ τq ´ 4
?
1 ´ τ

˘

´k4, with b “ τa2{12, τ P p0, 1q.

Since the right-hand side is strictly negative, we conclude that at speed clin,II, the system is exponentially

stable in this weighted space so that the double root at the origin cannot be pinched.

Altogether, we found spreading speeds cI{IV with double roots pλ, νq “ piωI{IV, νr,I{IVq in

(I): ta ą 0, 0 ă b ă a2{12u, (IV): ta ą 0, b ą a2{12u Y ta ă 0, b ą ´a2{4u,

respectively. When crossing the curve b “ a2{12, a ą 0 with increasing b, two real double roots meet

at the origin and become complex conjugates. The spreading speeds are obtained by setting the real

parts of those double roots equal to zero. It remains to check that the double roots are in fact pointwise

growth modes. In both cases, there necessarily is a crossing of a pinched double root for some speed c,

and, having eliminated all other options, the speeds clin,I{IV are necessarily the correct ones.

Continuing in the pa, bq-plane from b ą a2{12 into b ă a2{12 while a ą 0, the two complex pinched

double roots merge into two real double roots, where only the more stable one is pinched. We shall

later see an example (2.43) where both double roots are pinched.
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Finally, we also list effective diffusivities (2.16), obtained by Taylor expanding at the double root:

(I): deff,I “
a

a2 ´ 12b; (2.34)

(IV): deff,IV “
3a´

?
7a2 ` 24b

2
´

i

2

?
3

b

a

7a2 ` 24b´ 3a

b

a

7a2 ` 24b` a`
3a

2
. (2.35)

Complex Ginzburg-Landau equation, complex double roots. The onset of oscillations in spa-

tially extended systems is described at leading order by the universal complex Ginzburg-Landau mod-

ulation equation

At “ p1 ` iαqAxx ` p1 ` iωqA´ p1 ` iβqA|A|2, (2.36)

where ω measures the detuning of the frequency with the parameter, α the detuning with spatial

modulation (linear dispersion), and β the detuning with amplitude (nonlinear dispersion). With the

gauge invariance, one could eliminate ω but we shall keep this parameter. The linearization at the

(unstable) origin is

At “ p1 ` iαqAxx ` p1 ` iωqA, A P C. (2.37)

Quickly setting A “ eλt`νpξ`ctq, we find dcpλ, νq “ λ´ cν ´ p1` iαqν2 ´ p1` iωq. Then solving Bνd “ 0

gives ν “ ´c{p2p1 ` iαqq, which, substituting into d “ 0 and setting λ “ iΩ gives

c “ 2
a

1 ` α2, Ω “ α ` ω, ν “ ´1 ´ iα. (2.38)

Clearly, in this scalar equation, deff “ p1 ` iαq. Alternatively, one writes A “ u` iv, finds

ut “ uxx ´ αvxx ` u´ ωv, vt “ vxx ` αuxx ` v ` ωu,

with dispersion relation d0pλ, νq “ pν2p1 ` iαq ` 1 ` iω ´ λqpν2p1 ´ iαq ` 1 ´ iω ´ λq, and double roots

of dcpλ, νq at λ “ ˘ipα`ωq, ν “ ´1¯ iα for c “ 2
?
1 ` α2. We will return to this example later when

studying pattern-forming fronts.

Parametrically forced Ginzburg-Landau equation, splitting of multiple double roots. We

now turn to a variation of (2.36) with parametric forcing: the original oscillations with approxi-

mate frequency ωHopf are subjected to a weak, spatially homogeneous external forcing with frequency

ωforcing “ 2ωHopf . In the modulation approximation, this forcing breaks the gauge symmetry and

introduces a term γĀ

At “ p1 ` iαqAxx ` p1 ` iωqA´ p1 ` iβqA|A|2 ` γĀ; (2.39)

see [48, 29, 97] for background, derivations, and validity. Higher resonances in the forcing ωforcing “

ℓωHopf , ℓ “ 3, 4, 5, . . . lead to terms Āℓ´1 and do not change the linear part at leading order. Possibly

rotating A ÞÑ eiφA, we can assume that γ ą 0. The linearization

At “ p1 ` iαqAxx ` p1 ` iωqA` γĀ, (2.40)

of (2.39) leads to a dispersion relation

d0pλ, νq “
`

α2 ` 1
˘

ν4 ` p2αω ´ 2λ` 2qν2 ´ γ2 ` λ2 ´ 2λ` ω2 ` 1.
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Finding pinched double roots, one can solve Bνdc “ 0 for λ as a function of ν and substitute into

dc “ 0, to find a 6th order polynomial in ν with no obvious way to analyze the solutions analytically.

We therefore focus on a perturbative analysis near ω “ α “ γ “ 0 where the dispersion relation is

dcpλ, νq “ pλ´ cν ´ 1 ´ ν2q2,

simply an uncoupled product of two copies of the linearized Fisher equation. We readily conclude that

the spreading speed is c “ 2 associated with a double root λ “ 0, ν “ ´1. Near the double root, setting

ν “ ´1 ` ν̂, we have

dpλ´ 2p´1 ` ν̂q,´1 ` ν̂q “ pλ´ ν̂2q2.

The double root in this equation is degenerate as there is a family of double root solutions for all λ,

albeit not pinched. It is therefore not possible to assign a multiplicity to this double root. In fact,

depending on perturbations, there may be two or four double roots in a vicinity of λ “ 0, ν “ ´1. For

generic α, γ, ω, however, the system has 6 double roots; see [120, §4] for a homotopy argument.

We next set α “ εα1, γ “ εγ1, ω “ εω1. In an exponential weight η “ 1 and a frame with speed 2 ` ĉ,

we find that the essential spectrum is given through

σess “ tiĉk´ ĉ´k2´
a

γ2 ´ α2 ´ 2αω ´ α2k4 ´ 4iα2k3 ` 6α2k2 ` 2αk2ω ` 4iα2k ` 4iαkω ´ ω2|k P Ru.

In particular, maxReλ “ Opεq when α, ω, γ, ĉ “ Opεq. We may therefore scale α “ α1ε, γ “ γ1ε, ω “

ω1ε, λ “ λ1ε, ν “ ν1ε, and track only double roots with λ1, ν1 “ Op1q as ε Ñ 0. We then set λ1 “ iΩ1

and find at Opε2q,

α2
1 ` 2α1ω1 ` c21 ´ γ21 ` ω2

1 ´ Ω2
1,´2

`

c21 ` 2c1ν1,r ` 2
`

α2
1 ` αω1 ´ ν1,iΩ1

˘˘

“ 0,

2cΩ1,´2pcp2νi1, ` Ω1q ` 2ν1,rΩ1q “ 0.
(2.41)

This polynomial system can be solved in pΩ1, c1, ν1,r, ν1,iq with solutions, setting D “ pα1 ` ω1q2 ´ γ21 ,

• Case 1: D ą 0:

c1 “ 0, Ω1 “ D, ν1,r “ 0, ν1,i “
α1pα1 ` ω1q

?
D

; (2.42)

• Case 2: D ă 0:

c1 “
?

´D, Ω1 “ 0, ν1,r “
α2
1 ` γ21 ´ ω2

2
?

´D
, ν1,i “ 0; (2.43)

In fact, there is also the complex conjugate solution with Ω1 “ ´D in Case 1, and a solution with

c1 “ ´
?

´D in Case 2. The former is simply the complex conjugate mode, the latter is irrelevant since

the speed is less than the other spreading speed.

Computing the essential spectrum in a weighted space with weight η “ 1 ´ εν1,r, one finds at leading

order that the spectrum is pinched at λ “ εiΩ1, so that the spreading speeds correspond to pinched

double roots and give accurate predictions.

The transition between Cases 1 and 2 is equivalent to the merging of two real eigenvalues that then

split into a complex pair as the parameter is varied. The parameter here is D, and the eigenvalues are

rather double roots of the dispersion relation, while the parameter c is adjusted so that the rightmost

eigenvalue is located on the imaginary axis. A similar transition has been observed in multiple other

instances; see for instance [75] for an example in a phase-field system.
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The sign of D compares the size of the linear frequency α`ω to the size of the forcing γ. Heuristically,

large linear frequency favors oscillations, while large γ favors locking, zero frequency. Case 2 then

reflects locking of the leading edge into the periodic forcing, while Case 1 implies oscillatory detuning

by α and ω and suggests the creation of non-p1 : 2q-resonant oscillations.

Mode competition, resonant and anomalous spreading. Until now, γ effectively favored the

real part of the amplitude, breaking the gauge invariance and attempting to lock to this real, in-phase

oscillation. More complicated competition arises when including higher-order terms and simultaneous

effects of other resonances. For simplicity, we focus here on the real-coefficient setting, introducing

however differences in diffusivities between the in-phase and anti-phase modes,

At “ Axx ` δĀxx `A´A|A|2 ` γĀ` βĀ2, (2.44)

with linearization for A “ u` iv,

ut “ p1 ` δquxx ` p1 ` γqu, vt “ p1 ´ δqvxx ` p1 ´ γqv, (2.45)

and dispersion relation.

dpλ, νq “ dupλ, νq ¨ dvpλ, νq, dupλ, νq “ λ´ p1 ` δqν2 ´ p1 ` γq, dvpλ, νq “ λ´ p1 ´ δqν2 ´ p1 ´ γq.

Clearly, δ, γ ą 0 favors the real mode spatio-temporally, leading to faster spreading. We therefore focus

on δγ ă 0, allowing for a competition between the two contributions to spreading. Without loss of

generality, after possibly switching u and v, we may assume γ ą 0 ą δ ą ´1. As long as |δ|, |γ| ă 1,

we find spreading speeds cu “ 2
a

p1 ` δqp1 ` γq and cv “ 2
a

p1 ´ δqp1 ´ γq. It is worth noting though

that the dispersion relation possesses more double roots, arising through the collision of roots ν in the

u equation with roots νv in the v-equation, some of which may in fact induce a stronger instability

and, nominally, faster spreading. To find those, we set both factors in d to zero and find

λ´ p1 ` δqν2 ´ p1 ` γq “ 0, λ´ p1 ´ δqν2 ´ p1 ´ γq “ 0.

In the comoving frame of speed c, we find in this fashion a double root pλddr, νddrq and a spreading

speed cddr which leads to λddr “ 0,

pλddr, νddrq “

ˆ

γ ´ δ ´ c
?

´γδ

δ
,

c

´
γ

δ

˙

, cddr “
γ ´ δ
?

´γδ
. (2.46)

Of course, this linear spreading speed is not relevant in the sense that it does not lead to spreading at

this speed. Technically, the second implication of Lem. 2.4 fails. Near this double root, the dispersion

relation has a quadratic expansion,

d pλ1 ´ cddrpνddr ` ν1q , νddr ` ν1q “ ´

`

λ1
?

´γδ ` ν1p´2γδ ` γ ` δq
˘ `

λ1
?

´γδ ` ν1p2γδ ` γ ` δq
˘

γδ

` O
`

|λ1|3 ` |ν1|3
˘

. (2.47)

In particular, Bλd “ 0 at the double root, which violates the nondegeneracy condition. In fact, this

double root is a double solution to the system pd, Bνdq “ 0, a double double root. Checking if this

double root corresponding to cddr is pinched, we find after some sign checking that the associated root
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Figure 2.6: Region Qddr in parameter space where the most unstable double root of the dispersion relation is a double

double root coupling u and v equations in (2.45). Space-time plots of numerical solutions to (2.48) with γ “ 0.8, δ “ ´0.9,

in the region Q, in a frame moving with the linear spreading speed c “ 2
?
1 ´ δ

?
1 ´ γ of (2.45). The left panel with

ε1 “ 1, ε2 “ ι “ 0 illustrates “relevant” coupling; the center panel with ε1 “ 1, ε2 “ ´1, ι “ 0 breaks the double

double root into a pair of complex double root leading to oscillations; the right panel with ε1 “ ε2 “ 0, ι “ 1 illustrates

1 : 2-resonant backcoupling. Also shown in left and right panel are the linear spreading speed (vertical, magenta) and the

predicted spreading speed associated with the double double root (left) and the resonant speed discussed in §7.2.

ν is the larger of the two roots of dup´cddrν, νq if and only if γ ` δ ` 2γδ ą 0 and it is the smaller of

the two roots of dvp´cddrν, νq if and only if γ ` δ ´ 2γδ ă 0. The double root is then pinched if

pγ, δq P Qddr “

"

pγ, δq |
´γ

1 ´ 2γ
ă δ ă

´γ

1 ` 2γ

*

, so that pγ ` δ ` 2γδqpγ ` δ ´ 2γδq ă 0,

a region depicted in Fig. 2.6. One also verifies that precisely in this region, the linear spreading speed

is less than the double double root speed,

clin “ max
!

2
a

p1 ` δqp1 ` γq, 2
a

p1 ´ δqp1 ´ γq

)

ă cddr “
γ ´ δ
?

´γδ
, for all pγ, δq P Q.

Adding linear or nonlinear coupling terms, for instance through the parameters ε1{2 and ι,

ut “ p1 ` δquxx ` p1 ` γqu´ upu2 ` v2q ` ε1v ` ιpu2 ´ v2qq

vt “ p1 ´ δqvxx ` p1 ´ γqv ´ vpu2 ` v2q ` ε2u` ιuv
(2.48)

exhibits the effect of these double double roots through an acceleration to the speed cddr when ε1 ‰ 0

and a more subtle resonant speed when ι1 ‰ 0; see Fig. 2.6 for simulations and §7.2 for a discussion.

Example: FitzHugh-Nagumo, real double roots, oscillatory fronts. The linearization at the

unstable origin of (1.14), when a ă 0, is

ut “ uxx ´ au´ v,

vt “ εpu´ γvq,
(2.49)

Unfortunately, spreading speeds do not appear to be explicit in systems of two reaction-diffusion

equations, not even when one of the diffusivities vanishes. The case γ “ 0 is an exception! The

dispersion relation in the comoving frame is

dcpλ, νq “ cν3 ` pc2 ´ λqν2 ´ p2cλ` acqν ` λ2 ` aλ` ε,
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with derivative at λ “ 0, Bνdcp0, νq “ cp´a ` 2cν ` 3ν2q. This latter equation is solved for c ą 0

as c “ pa ´ 3ν2q{p2νq and the result substituted into dcp0, νq “ 0 gives a quartic equation in ν,

4ε´a2 `2aν2 `3ν4 “ 0, with solutions and associated speeds (listing only potentially positive speeds)

νlin “ ´
1

?
3

b

´a´ 2
a

a2 ´ 3ε, clin “

?
3

`

´a´
?
a2 ´ 3ε

˘

a

´a´ 2
?
a2 ´ 3ε

(2.50)

νlin “ ´
1

?
3

b

´a` 2
a

a2 ´ 3ε, clin “

?
3

`

´a`
?
a2 ´ 3ε

˘

a

´a` 2
?
a2 ´ 3ε

. (2.51)

For a2 ą 4ε there is precisely one negative real root, for 4ε ą a2 ą 3ε there are two, and for a2 ă 3ε

there are none. For a2 ă 3ε, we necessarily find spreading caused by a pair of complex conjugate pinched

double roots not visible in this calculation. For 0 ă ε ! 1, perturbation from ε “ 0 immediately shows

that the first root in (2.50) indeed gives the correct spreading speed, that is, it is associated with the

crossing of a right-most pinched double root in C as c is decreased. In summary, we have shown that

for all ε ą 0, sufficiently small, and γ “ 0, we have a spreading speed c with real crossing double root

λ “ 0 and associated ν given by (2.51). The stationary dynamics and monotone leading edge are in

contrast to the observed pattern formation in the wake; see Fig. 1.7.

3 Nonlinear marginal stability

Invasion is usually not a small-amplitude phenomena, governed entirely by the linearization at the

unstable state. It is rather mediated by nonlinear propagating structures. We nevertheless mimic the

viewpoint detailed in §2, starting with an informal statement of the marginal stability conjecture that

reflects the speed selection process from compactly supported initial conditions for linear equations

in §3.1. We then provide context, identifying the selected front as member of a family of nonlinear

fronts, §3.2, characterized by marginal pointwise stability, §3.3, and conclude with practical strategies

in §3.4 and examples in §3.5. We focus throughout on rigidly propagating fronts leaving behind a stable

equilibrium, and turn to time- and space-periodicity in §6.

3.1 Marginal stability and selection

We consider the nonlinear parabolic system

ut “ PpBxqu` fpuq, u P RN , Ppνq “

2m
ÿ

j“0

Pjνj P RNˆN polynomial of degree 2m. (3.1)

We assume that there is an unstable equilibrium u “ 0, so fp0q “ 0, and assume f 1p0q “ 0 after

possibly absorbing f 1p0q into PpBxq. We also assume that there is a stable equilibrium u´ P Rn, that
is, Pp0qu´ ` fpu´q “ 0 and all eigenvalues of Ppikq ` f 1pu´q have negative real part for all k P R. In

particular, setting k “ 0, we see that u´ is a stable equilibrium in the ODE ut “ Pp0qu`fpuq. Clearly

this includes the Fisher-KPP equation where PpBxq “ Bxx ` 1, fpuq “ ´u3, with u´ “ 1 and negative

eigenvalues ´1 ´ k2 of the scalar Ppikq ` f 1pu´q. We could allow more general f “ fpu, ux, . . .q with

straightforward modifications.

In the comoving frame of speed c, we look for front-like equilibria u˚px; cq, which solve the ODE

PpBξqu` cBξu` fpuq “ 0, upξq Ñ 0 for ξ Ñ `8, upξq Ñ u´ for ξ Ñ ´8. (3.2)
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As we shall see in §3.2, front solutions typically exist for a range of speeds c, and the question then is

which of those fronts are actually selected, that is, observed when starting from initial conditions with

support in x ă 0, say. This “selection” of fronts was made precise in [16, Def. 1], and states, mildly

rephrased, the following.

Definition 3.1. A speed c˚ and associated front u˚px; c˚q are selected if an open class of steep initial

conditions propagates with asymptotic speed c˚ and stays close to translates of the front u˚. More

precisely, we require that there exists a non-negative continuous weight ρ : R Ñ R and, for any ε ą 0,

a set of initial data Uε Ď L8pRq such that:

(i) for any u0 P Uε, there exists a function hptq “ optq such that the solution upx, tq to (3.1) with

initial data u0 satisfies, for t sufficiently large,

}up¨ ` c˚t` hptq, tq ´ u˚p¨q}L8pRq ă ε; (3.3)

(ii) there exists u0 P Uε such that u0pxq “ 0 for all x ą 0 sufficiently large;

(iii) Uε is open in the topology induced by the norm }g}ρ “ }ρg}L8.

The key observation we wish to highlight here is that fronts selected in this sense can be found as

marginally stable members of the larger family of fronts. We therefore shall discuss in §3.3 concepts

of pointwise and spectral stability of nonlinear fronts, in contrast to the stability of the trivial state

u “ 0 in §2.

Theorem 3.2 (Marginal stability conjecture [16, 7]). Suppose that the front u˚px; c˚q at speed c˚ is

marginally stable due to

• (pulled) a simple branch point pλ, νq “ p0, νlinq at λ “ 0; or

• (pushed) a simple eigenvalue at λ “ 0.

Then this front is selected in the sense made precise above in Def. 3.1.

The marginal stability assumption in pushed and pulled cases is spectral (in a fixed exponentially

weighted space — see Section 2.3), rather than pointwise. In the pulled case, the positional shift is

hptq “ 3
2ηlin

logptq ` Op1q. In the pushed case it is hptq “ h0 ` Ope´δtq for some δ ą 0. Higher order

asymptotics of the positional shift in the pulled case have been derived with matched asymptotics [50]

and proven when comparison principles are available [114]. The marginal stability of pushed fronts

has been established much earlier, going back to [139, 77]. We will sketch the proof of the marginal

stability conjecture in §5, explaining in particular how the marginal stability is necessary and sufficient

for a matching of a diffusive leading edge to the appropriately shifted front profile. The remainder of

this section focuses on first the existence of a family of fronts and then the characterization of marginal

stability through spectral properties.

3.2 Families of fronts

We may write (3.2) as a first-order differential equation for U “ pu, Bξu, . . . B
2m´1
ξ uq P R2mN ,

U0,ξ “ U1, U1,ξ “ U2, . . . , U2m´1,ξ “ P´1
2m

˜

´cU1 ´ fpU0q ´

2m´1
ÿ

j“0

PjUj ,

¸

(3.4)
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where we look for heteroclinic orbits in (3.4) connecting U´ “ pu´, 0, . . . , 0q and U` “ p0, 0, . . . , 0q.

Counting arguments. Heteroclinic orbits lie in the intersection of the stable manifold of U` and the

unstable manifold of U´. A first step in understanding those intersections consists of determining the

dimension of those manifolds. The dimension of the unstable manifold of U´ is mN , that is, precisely

half the dimension of the ambient space, independent of c. To see this, consider the matrices Mλ that

arise when writing the linearization PpBξqu` cBξu` f 1pu´qu “ λu as a first-order system U 1 “ MλU :

• For λ " 1, the equation can be written as a small perturbation, after suitable rescaling, of the

principal part P2mB2m
ξ u´λu, which does not possess solutions of the form eikξ when p´1qm`1P2m

is negative, that is, when the equation is well-posed.

• During a homotopy from λ " 1 to λ “ 0, Mλ does not have purely imaginary eigenvalues ν “ ik

since that correspond to a solution u „ eλt`ikξ and hence instability of u´.

As a consequence, the unstable dimension is mN during the entire homotopy. The dimension of the

unstable manifold of U` “ 0 does in general depend on the equation and on c. Mimicking the homotopy

that we outlined for U´, crossings of eigenvalues ν of Mλ now may occur due to unstable spectrum,

that is, we cannot exclude solutions of the form u „ eλt`ikξ for some λ ą 0. A homotopy in c at λ “ 0

gives some general insight:

• For c Ñ 8, only the highest derivatives contribute, distributed in each component according to

p´1qm´1ν2m`cν “ 0, for all N components of the system, resulting in N zero roots, mnN stable

roots, and pm ´ 1qN unstable roots, all at size c1{p2m´1q. At next order, one finds that the zero

roots split according to cν ` f 1p0q “ 0. If we denote by if the number of unstable eigenvalues

of f 1p0q, that is the unstable dimension in the kinetics, we find that the dimension of the stable

manifold is mN ` if when c is sufficiently large.

• Eigenvalues cross the imaginary axis precisely when there are solutions of the form u „ eikpξ´ctq

for some c and some k ‰ 0. We shall exclude this more complex instability in the sequel.

Altogether, we find that the dimension of the stable manifold of U´ and the dimension of the unstable

manifold of U` add up to 2mN`if , predicting generically transverse intersections of dimension if . For

an instability with only one real positive eigenvalue, as say in the Fisher-KPP equation, this predicts

generically the unique intersection that we find in the phase plane for any speed c.

Existence at large speeds. For large speeds, we rescale cBξ “ By to find formally the pure backward-

in-time kinetics uy “ ´fpuq ` Opεq, with ε “ c´1, where the higher-order terms contain higher

derivatives in y. Rigorously, we invoke Fenichel’s geometric singular perturbation theory [61], setting

for instance U “ pu, u1, u2m´1q, defined through uj “ ε
j

2m´1 B
j
ξu, j “ 1, . . . , 2m´ 1, and desingularizing

time via Bξ “ ε
´1

2m´1 By, to obtain

uy “ u1, u1,y “ u2, . . . u2m´1,y “ p´1qm
´

u1 ` ε
2m

2m´1 fpuq

¯

` Opεu1, ε
2m´2
2m´1u2, ε

2m´3
2m´1u3, . . .q.

(3.5)

At ε “ 0, there is an N -dimensional slow manifold u1 “ u2 “ . . . u2m´1 “ 0, with linearization having

roots 0 of multiplicity N and roots of unity p´1q
m

2m´1 off the imaginary axis. Expanding the manifold

in ε gives u1 “ ´ε
2m

2m´1 fpuq at leading order and reduced flow uy “ ´ε
2m

2m´1 fpuq, or cuξ “ ´fpuq as

the formal calculation, dropping higher ξ-derivatives, suggests.
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Figure 3.1: Phase portrait sketches in the u ´ ux-plane of (1.2), fpuq “ up1 ´ uqpu ` aq for a ă 1
2
, with c decreasing from

left to right. The front connecting u “ 1 to u “ 0 ceases for exist for c ă csplit “ p1 ´ aq{
?
2.

Figure 3.2: The invasion front of (3.6) with µ “ 0.03 selects the lowest of the three equilibria emerging neat u “ 1: phase

portrait of traveling-wave equation (right) showing how only the lower, closest of the equilibria connects to the origin

with a front; direct simulation with step function u “ 1 for x ă 50, snapshots in time (center) and space-time plot (right),

show the selection through the formation of a secondary front propagating slowly to the left; see text for details.

As a consequence, we find fast traveling waves at leading order as heteroclinic orbits in the kinetics

ut “ fpuq, in slow reversed time ξ “ ´εt. Such heteroclinics exist quite generally, following for instance

trajectories in the unstable manifold of u “ 0. In summary, we typically find traveling waves for c " 1.

Homotopies. We wish to continue from c " 1 to c “ Op1q and therefore focus on the case if “ 1.

Of course, there are numerous potential obstacles to guaranteeing the existence of heteroclinics for all

positive c and we list some possibilities here.

• Front splitting: A simple example arises in the Nagumo equation, where the front connecting

u “ 1 to u “ 0 splits into a front connecting u “ 1 and u “ ´a and a front connecting u “ ´a

and u “ 0; see Fig. 3.1. More generally, the derivative of the front could split its support as one

of the options in the concentration-compactness trichotomy [106];

• Loss of transversality or saddle-nodes of fronts seems rare; we are not aware of bifurcations of

invasion fronts due to a loss of transversality in the literature other than [14, §2,Ex.4].

• Bifurcations of asymptotic states can lead in particular to staged invasion fronts; see [14, §2].
Somewhat subtle examples, motivated for instance by multi-dimensional spreading in coupled

amplitude equations, were studied for instance in [87, 57]. A simple example is

ut “ uxx ´ upu` 1qpu´ 1qppu´ 1q2 ´ µq, µ „ 0, (3.6)

with unstable equilibrium u “ 0 and linear spreading speed clin “ 2
?
1 ´ µ. One can readily show

that for µ ą 0, the front selects the bifurcating equilibrium 1 ´ µ; see Fig. 3.2. A more subtle

example, discussed also in [14], arises in coupled FKPP-type equations,

ut “ uxx ` u´ u3, vt “ dvxx ` gpµ, uqv ´ v3. (3.7)

Bifurcations occur when gpµ, 1q “ 0 or gpµ, 0q “ 0, leading to instabilities in the wake or additional

instabilities in the leading edge. More intricate bifurcations occur in situations with differential
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transport speeds. Those may arise naturally as amplitude equations near an oscillatory Turing

bifurcation [141, §2.2],

ut “ uxx ` cgux ` µu´ upu2 ` βv2q, vt “ uxx ´ cgvx ` µv ´ vpv2 ` βu2q. (3.8)

The linearization at u “ v “ 0 in a comoving frame of speed c possesses a pair of imaginary

eigenvalues that crosses the imaginary axis as c decreases through |cg|.

3.3 Stability of fronts

We now turn to the linearization at a family of fronts u˚pξ; cq parameterized by the wave speed c,

vt “ PpBξqv ` cBξv ` f 1pu˚qv “: Lcv. (3.9)

We can now in fact mirror the the strategy from §2 to identify marginal stability:

(i) determine pointwise stability of Lc in the leading edge;

(ii) find the speed and associated front with Lc marginally stable in the leading edge.

The idea again is that an instability in the leading edge will lead to an acceleration of the front, while

stability leads to decay in the leading edge and a slow-down. In order to determine stability, we would

like to understand the “heat kernel” Γpt, ξ, yq, solution to (3.9) with vp0, ξq “ δpξ ´ yq, which one in

turn calculates from the pointwise resolvent Gλpξ, yq,

pLc ´ λqGλpξ, yq “ δpξ ´ yq, (3.10)

via inverse Laplace transform as in (2.5). Analyticity of Gλ in λ then allows one to deform the integral

contours in the inverse Laplace transforms up to the rightmost singularity of Gλ in the complex plane.

Marginal stability as in (ii) then is equivalent to a singularity of Gλ being located on the imaginary axis.

We outline below some general strategies to analyze the pointwise resolvent Gλ but emphasize that in

general, the spatio-temporal growth of disturbances can be rather complex; see for instance [30, 31],

and [87] for examples where such intricate spatio-temporal growth governs front invasion.

Pointwise analysis. The most refined results on the structure of Gλ are often obtained using dynam-

ical systems techniques, reformulating (3.10) as a first-order system as in (2.8),

Uξ “ MλpξqU ` δpξ ´ yqI. (3.11)

The subspaces Eu
λ,y and Es

λ,y of initial conditions at ξ “ y that lead to bounded solutions as ξ Ñ ´8

and ξ Ñ `8, respectively, are of dimension mN for Reλ " 1 and depend analytically on λ. There are

then two main sources for singularities of Gλ:

• singularities at 8, related to branch points: the limiting subspaces lose analyticity as elements

of the Grassmannian;

• singularities at y, related to intersections of Eu
λ,y and Es

λ,y.
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The latter singularities are referred to, depending on context and specific situation, as extended point

spectrum [128], as resonances, as embedded eigenvalues, or as zeros of the analytic extension of the

Evans function; see [98, 63, 127, 132] for background on the Evans function and its extensions. The

former singularities are simply the branch points of the dispersion relation identified as sources of

instability in §2. The fact that one can largely decouple these two sources of singularities relies on

extending stable and unstable subspaces defined for the limiting problems at ˘8 to finite ξ using fixed

point arguments similar to stable and strong stable manifold theorems; see for instance [68, 99].

We remark that it can be useful to analyze existence and stability jointly, that is, to append the stability

ODE to the existence problem, finding an autonomous nonlinear problem

PpBξqu` cBξu` fpuq “ 0, PpBξqv ` cBξv ` f 1puqv “ λv, (3.12)

in which one of course is interested in a specific solution u, only. Stable and unstable subspaces then

are found simply within stable and unstable manifolds. The v-equation can also be analyzed with a

specific focus on stable or unstable subspaces by writing subspaces as graphs and studying the resulting

matrix Riccati equations; see for instance [132, §4] and [44].

Marginal stability occurs at c “ c˚ when Gλ is analytic in Reλ ą 0 for c ą c˚ and either

(i) Gλ has a branch point singularity for some λ P iR for c “ c˚; or

(ii) Gλ has a pole for some λ P iR for c “ c˚.

The first case (i) is commonly referred to as a pulled front, since the marginal stability is induced by

marginal stability ahead of the front, at the trivial state, which can be thought of pulling the front into

the unstable region. The second case is commonly referred to as a pushed front, since the marginal

stability is related to the shape of the interface, which then pushes the front into the unstable region.

Spectral analysis. In most cases, singularities of Gλ relate to spectrum of the operator Lc in appro-

priately weighted function spaces. Therefore, consider a weight ωηpξq “ 1, ξ ă ´1, ωηpξq “ eηξ, ξ ą 1,

ωηpξq ą 0 and smooth, with associated function spaces Lpη with norm }u}p,η “ }ωu}Lp . It is often pos-

sible to choose η ą 0, so that in Lpη, the singularities of Gλ that detect marginal stability correspond

to spectrum, that is, Re specLc ă 0 for c ą c˚, and (compare Figs. 1.2 and 1.3)

• Lc has essential spectrum on iR for c “ c˚ (pulled fronts); or

• Lc has point spectrum on iR for c “ c˚ (pushed fronts).

In order to obtain the correct value of c˚, it is however necessary to choose an optimal η, pushing the

essential spectrum as far as possible to the left. This minimization over η of the maximum real part of

λ in the spectrum naturally yields the branch points of the dispersion relation as discussed in §2.
We emphasize here that spectral stability is a stronger condition than pointwise stability. Clearly,

spectral stability implies the existence of a bounded resolvent in Reλ ě 0, analytic in λ, from which

one readily concludes the analyticity of the resolvent kernel in λ. On the other hand, instability in

a fixed norm may amount to instabilities that do not correspond to singularities of the pointwise

resolvent, so that in general, the speed detected by spectral marginal stability may be larger than the

speed corresponding to pointwise marginal stability. Examples arise for instance when the right-most

point of the absolute spectrum is not a branch point; see [60] for an example.
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Stability for c " 1. As an illustration, we show stability in weighted spaces for large c, thus giving

an a priori upper bound for nonlinear speeds similar to the a priori bounds on linear speeds in [88,

Lem. 6.4]. The existence and stability problem (3.12) can be scaled jointly as in (3.5) to find

uy “ u1, u1,y “ u2, . . . u2m´1,y “ p´1qm
´

u1 ` ε
2m

2m´1 fpuq

¯

` Opεu1, ε
2m´2
2m´1u2, . . .q,

vy “ v1, v1,y “ v2, . . . v2m´1,y “ p´1qm
´

v1 ` ε
2m

2m´1 pf 1puq ´ λqv
¯

` Opεv1, ε
2m´2
2m´1 v2, . . .q.

(3.13)

For bounded λ and ε ! 1, the v-equation is a small perturbation of a constant-coefficient equation with

eigenvalues 0 and p´1q
m

2m´1 , each of multiplicity N . In particular, there is δ ą 0, small, so that there are

mN eigenvalues with real part less than ´δ and mN eigenvalues with real part larger than ´δ, so that

the equation for weighted eigenfunctions eδyv is hyperbolic and does not possess bounded solutions.

Fenichel’s theory [61], guarantees that this hyperbolic structure persists for small ε. Similarly, scaling

in λ " 1, gives hyperbolicity in the v-equation related to well-posedness of the parabolic equation and

absence of eigenvalues for λ " 1. Together, we find stability in a weight η “ δc
1

2m ξ, 0 ă δ ! 1.

3.4 Practical considerations: nonlinear marginal stability

In order to find selected invasion fronts numerically, both speeds and states selected in the wake, one

usually turns to direct simulations in a steady frame. We discuss here several strategies that can

complement such a first investigation in light of the marginal stability criterion.

Direct simulations. One first discretizes (3.1) in a large bounded domain x P r0, Ls with, say,

Dirichlet boundary conditions, B
2j
x u “ 0, j “ 0, . . .m ´ 1 at x “ L, Neumann boundary conditions

B
2j`1
x u “ 0, j “ 0, . . .m ´ 1 at x “ 0, and initial conditions u0pxq supported in x P r0, 1s. One should

keep in mind that the state in the leading edge is unstable and will thus amplify round-off errors.

Simulations quickly become meaningless, determined by round-off error fluctuations. A first remedy is

to adjust variables to guarantee that the leading-edge state is the trivial state u ” 0 rather than u ” 1,

say, so that disturbances are represented with a resolution of „ 10´308 rather than „ 10´16 in double

precision. The speed is then estimated from the front position x˚ptq, defined through say thresholding,

x˚ptq “ argmaxx t|upt, xq| ě δu, δ ą 0 not too small,

after interpolating on the grid. The derivative x1
˚ptq converges to the speed c˚, albeit slowly, with rate

1{t for pulled fronts. Extrapolation, fitting x1
˚ptq “ a0 ` a1{t for large t, can improve the estimates.

Since speed estimates converge with rate 1{L and computational time increases with rate L2, due to

the increased domain size and length of the computation, the error ∆c decreases for pulled fronts slowly

like

∆c „ pCostq´1{2.

Exploring regions of parameter space in this fashion can quickly become quite expensive. We show

some of those convergence rates in Fig. 3.3 in the case of pulled fronts.

Comoving frames. With a rough estimate c0 of the speed, one could simulate in a comoving frame

ut “ PpBξqu ` c0Bξu ` fpuq, where fronts propagate with speed c˚ ´ c0, allowing for observations for

times T „ L{|c0´c˚|. More sophisticated methods would improve c0 continuously during the simulation

using an appropriate phase condition [24], or, one can simply shift the solution at discrete time steps,

extending it by zeros at the upstream edge of the domain. Yet more directly, since one is looking for
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Figure 3.3: Speed of the front interface in the FKPP equation on a domain of size L plotted against time for L “ 300,

showing that the speed increases monotonically (left). Also shown for comparison is the rapid, exponential convergence in

the case of a pushed front with appropriate cubic nonlinearity. The maximal speed cmax increases slowly with L (center).

Extrapolated speeds cext, using that c „ c0 ` c1{t gives better approximations. The error of the speed decreases as 1{L

(right).

a stationary solution in such a frame, one could then resort to a Newton method to compute the front

solving for u and c in, for instance,

PpBξqu` cBξu` fpuq “ 0,

ż L`

L´

u “ MpL` ´ L´q, ξ P r0, Ls, u1p0q “ 0, upLq “ 0, (3.14)

where rL´, L`s is an interval centered roughly at ξ “ L{2 and M a value of u at the front interface.

Locally, this problem possesses a unique solution (roughly, the phase condition fixing
ş

u selects a

distinguished front out of the family of fronts with varying speed) and the speed c will converge to the

selected spreading speed, with finite-size corrections

cpLq “ c˚ ` Op1{L2q for pulled fronts; cpLq “ c˚ ` Ope´ηLq for pushed fronts. (3.15)

Existence, local uniqueness, and error estimates were derived in [10]. Since effort for Newton iterations

in a domain of size L scales linearly, we find the improved error estimate for pulled fronts

∆c „ pCostq´2.

For pushed fronts, the error is again exponentially small in L and hence in the computational effort.

An advantage of the methods proposed thus far is that they apply to both pulled and pushed fronts,

although they are less effective for pulled fronts. We describe an algorithm that achieves exponential

convergence for both pulled and pushed fronts in §4,

∆c „ e´δ¨pCostq, δ ą 0.

Linear predictions. Estimates for speeds obtained in this fashion can be compared to linear predic-

tions from §2. On the other hand, linear predictions can provide initial guesses for comoving frame

speeds, in particular when a larger parameter space is explored.

Global considerations. We expect (generically) selected fronts to be isolated, that is, there are

discrete sets of fronts u˚,jpξ; cjq with possibly different speeds. We discussed the example of the

Nagumo equation ut “ uxx`up1´uqpu`aq, with a ă 1{2 in the introduction: negative step-like initial

conditions lead to spreading with the pulled speed c˚,1 “ 2
?
a, while positive step-like initial conditions

lead to pushed fronts with speed c˚,2 “ p1 ` 2aq
?
2 ą c˚,1. In general, there can be many more fronts;
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see [14]. There do not appear to be good strategies on how to find those fronts or determine their basin

of attraction, although c " 1 may be a good starting point for homotopies in many situations.

Stability of fronts. Establishing stability and detecting marginal stability in some generality is pos-

sible using either comparison principles where available or a perturbative scenario that we shall discuss

in §4. When computing spectra directly for a discretized problem, one clearly needs to be cautious

about boundary conditions. Routines that phrase the eigenvalue problem as an ODE can systematically

compute and incorporate boundary conditions. Implementations then rely on computing determinants

and find eigenvalues through winding number computations or root finders [18], or, alternatively, use

iterative methods that interpret the eigenvalue problem as the characteristic equation to a multi-term

recursion [144]. Rather than continuing in c and detecting marginal stability, it is often advantageous

to continue marginally stable fronts and speeds in system parameters starting in a somewhat well

understood situation; see §4 where we shall discuss effective algorithms that in particular track the

pushed-to-pulled transition.

3.5 Nonlinear spreading speeds and marginally stable fronts: examples

Example: Scalar reaction-diffusion — constructing fronts. A variety of methods can be used

to construct fronts in simple scalar FKPP-type equations. We present here a template that somewhat

separates the phase-plane structure of the traveling-wave equation from the general strategy. We start

with the construction of traveling waves, pursuing here the dynamical systems perspective of finding

heteroclinic orbits. Consider therefore traveling waves to (1.1) that solve

uξ “ v, vξ “ ´cv ´ fpuq. (3.16)

where we assume fp0q “ fp1q “ 0, fpuq ą 0 for u P p0, 1q, f 1p0q “ a ą 0, and f 1p1q ă 0. A traditional

analysis finds fronts by constructing trapping regions, using the explicit form of the vector field. We

instead explore a continuation from the large c limit, as outlined in Section 3.2. For c “ 1{ε, ε ! 1, we

can rescale εξ “ y and find

uy “ εv, vy “ ´v ´ εfpuq. (3.17)

At ε “ 0, the manifold of equilibriaM0 “ tpu, vq|v “ 0u is normally hyperbolic, that is, the linearization

at each equilibrium possesses a simple zero eigenvalue associated with the tangent vector to M0, and a

second eigenvalue off the imaginary axis, here -1. This manifold then continues smoothly as a smooth

manifold Mε for small ε ‰ 0 given as a graph tv “ εhpu; εq|u P Ru [61]. Substituting this expression

into the equation for v in (3.17) and using the equation for u we find pεhuq¨pεvq “ ´εh´εf, which gives

hpu; 0q “ ´fpuq, and, from the first equation, the vector field on Mε projected onto the u-direction as

uy “ ´εfpuq ` Opε2q,

Since f has nondegenerate zeros at 0 and 1 they persist, and therefore in fact do not depend on ε, with

a heteroclinic orbit since fpuq ą 0 for u P p0, 1q, with explicit expansion

upξq “
1

1 ` eεξ
p1 ` εRpεξ, εqq , R smooth .

Note also that in this construction, both equilibria have one unstable eigenvalue, in addition to one

unstable eigenvalue for the origin and one stable eigenvalue at u “ 0, reflecting the more general
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formula (3.2). We note that more direct methods are available to treat this singular limit; see for

instance [121].

Depending on f , the heteroclinic orbit to (3.16) may persist for all values of c, limit on a chain

of heteroclinics, or become unbounded. To see this, one inspects the energy Epu, vq “ 1
2v

2 ` F puq,

F 1 “ f , which is non-increasing for all non-negative c and forces all bounded solutions to be heteroclinic

for nonzero c. Compactness of a sequence of bounded solutions in the local topology then ensures

convergence to a heteroclinic after appropriate shifts.

For a quadratic nonlinearity, one finds that trajectories in the branch of the unstable manifold of

p1, 0q with u ă 1 are bounded, staying inside the sublevel set of the energy formed by the homoclinic

trajectory to p1, 0q at c “ 0, so that the heteroclinic exists for all values of c ‰ 0. In the case of a

cubic nonlinearity, fpuq “ up1 ´ uqpu ´ aq with a ă 0, the global bifurcation picture depends on the

magnitude of a. For ´a ď ´1, the heteroclinic exists for all values of c, arguing as in the case of

the quadratic nonlinearity. For 0 ą a ą ´1, the heteroclinic connecting u “ 1 to u “ 0 limits on a

heteroclinic connecting the two PDE stable equilibria u “ 1 to u “ ´a and a “subsequent” heteroclinic

connecting u “ ´a to u “ 0 at cbist “ p1`aq{
?
2 ą 0. Before this heteroclinic splitting, the heteroclinic

passes through the strong unstable manifold of u “ 0 at the pushed front speed cpush “ p1 ´ 2aq{
?
2;

see Fig. 1.3 for the crossing of the strong stable manifold near cpush and Fig. 3.1 for the phase portrait

near c “ cbist. Establishing details here relies on monotonicity properties of invariant manifolds in c.

Example: Scalar reaction-diffusion — stability of fronts. In the FKPP equation, fronts u˚pξ; cq

are monotone in ξ and have asymptotics u˚pξ; cq „ eν`ξ for c ą 2, where ν` “ ´c{2 `
a

c2{4 ´ 1 is

the larger of the two roots of the dispersion relation. In the exponentially weighted space with L2
η

with η “ ´c{2, the essential spectrum of the linearization is stable for all c ą 2 as one readily infers

from the dispersion relation. For c " 1, we saw fronts never have unstable point spectrum. Since the

linearization is a Sturm-Liouville operator, potential point spectrum is real. We therefore only need to

exclude point spectrum crossing at λ “ 0, in which case the only potential eigenfunction bounded at

ξ “ ´8 is u1
˚pξ; cq. As a consequence, point spectrum crossing corresponds precisely to the presence

of a front with steep decay, a pushed front, which one can exclude in the specific case of a quadratic

nonlinearity; see [2] for more examples.

Example: Local bifurcation. Fronts can be constructed near onset of instability using reduction

methods. Assuming for instance that fpu;µq depends on a parameter µ P R and undergoes a generic

bifurcation, such as saddle-node, transcritical, or cusp (with µ P R2), at u “ 0, µ “ 0, one can try to

find heteroclinic orbits nearby using a center-manifold reduction for the traveling-wave ODE. The ideas,

in particular assumptions on P, were generally described in [141, §2], without emphasis on spreading

speeds. A more detailed analysis of stability for bifurcating fronts was carried out in the case of a

transcritical bifurcation both for fronts faster than the linear spreading speed [42] and for the critical,

selected fronts [122]. Nonlinear selection of the critical fronts was established in [7].

Example: Anomalous spreading. Supplementing FKPP with a simple diffusion equation

ut “ uxx ` up1 ´ uq ` αv, vt “ dvxx, (3.18)

we still find the front solutions in u˚pξ; cq simply setting v “ 0. For d ą 2, however, the linearization

at the front with speed 2 is

ut “ pBξ ` 1q2u´ 2u˚u` αv, vt “ dpBξ ` 1q2v ` 2p1 ´ dqpBξ ` 1qv ` pd´ 2qv,
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so that in an exponential weight with growth η “ 1 the u-equation is marginally stable but the v-

equation exhibits exponential growth with rate epd´2qt. Clearly, for α “ 0 the front with speed 2 is the

selected front, yet it is unstable in any exponentially weighted space∗. In fact, α ą 0 and v ‰ 0 lead

to an acceleration of the front in the u-equation. An analysis of the pointwise resolvent will of course

not exhibit singularities in λ ą 0 since resolvent computations simply decouple. This phenomenon can

also occur in examples with nontrivial coupling; see also §7.2.
Example: Order preservation and marginal stability. Another setting where marginal stability

can be rigorously verified are monotone systems such as the Lotka-Volterra competition system

ut “ uxx ` up1 ´ u´ avq

vt “ dvxx ` rvp1 ´ bu´ vq.
(3.19)

When 0 ă a ă 1 ă b the homogeneous steady state pu, vq “ p1, 0q is unstable. Traveling front

solutions invading this unstable state have been studied extensively and there exist parameter regimes

for which these fronts are pulled [105, 161], while for other parameter values the invasion fronts are

pushed [86, 90, 92]. In either case, the system (3.19) preserves the ordering

pu1, v1q ľ pu2, v2q ðñ u1pxq ě u2pxq and v1pxq ď v2pxq for all x P R. (3.20)

This ordering can be used to exclude unstable eigenvalues in a manner analogous to scalar equations

obeying a comparison principle. Intuitively this is achieved by comparison to the non-zero translational

eigenfunction which precludes exponential growth of any other eigenfunction that can be scaled to

satisfy the ordering (3.20). In practice, the details are slightly more complicated and we refer the

interested reader to [19, 58, 104].

4 Robustness of invasion processes

We study structural stability of invasion, focusing on robustness of spreading speeds, pushed and pulled

fronts, and the pushed-to-pulled transition under small perturbations. We introduce our approach based

on farfield-core decompositions and then extend to systems and singularly perturbed equations. We

rely on Fredholm properties for linearized operators. Roughly speaking, a linear operator is Fredholm

if it is invertible after factoring out a finite dimensional kernel and/or co-kernel. Fredholm properties

of traveling waves can be computed by considering their end states, only; see [126, 63, 98] for a review.

We stress throughout that the perspective on wave speed selection emphasizing marginal stability

is advantageous as it reduces the selection problem for reaction-diffusion PDEs to the problem of

existence and stability of traveling fronts which can be treated using ODE methods. This is particularly

convenient for the study of singularly perturbed systems where there is a well established, generally

applicable literature on reduction methods at our disposal.

4.1 Robustness and bifurcations in scalar reaction-diffusion

Motivation: bistable fronts. We start with a bistable front in the scalar reaction diffusion equation

ut “ uxx ` fpu; δq, fp0; δq “ 0 “ fp1; δq, fup0; δq ă 0, fup1; δq ă 0, (4.1)

∗One can in this case choose different weights in the u- and v-equation, and obtain stabilization for α “ 0, but more

general examples would not allow for this strategy [60].
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where both asymptotic states are stable and rescaled to one and zero, respectively, for any δ sufficiently

small. We suppose we know existence of a monotone traveling front solution q0pxq propagating with

speed c0 when δ “ 0 and wish to show that this front survives small changes in the parameter δ. This

problem is classical and can be attacked from several different approaches. We emphasize an approach

using the implicit function theorem in preparation for the subsequent study of pushed and pulled fronts.

When (4.1) is recast as a system of first order equations,

u1 “ v

v1 “ ´cv ´ fpu; δq, (4.2)

the traveling front is identified as a heteroclinic orbit in the intersection of the one-dimensional unstable

manifold of the rest state p1, 0q and the one dimensional stable manifold of the rest state p0, 0q. As

such this heteroclinic orbit lacks structural stability and is expected to be destroyed under small

perturbations. To retain the front solution for δ ‰ 0, we must vary another parameter which in this

case is simply the wave speed c. We argue using the implicit function theorem applied to the nonlinear

equation

F pq, c; δq :“ q2 ` cq1 ` fpq; δq
!

“ 0, with root F pq0, c0; 0q “ 0.

We wish to work in spaces of localized functions and therefore set q “ χ´`w, where χ´ is a smooth cut-

off function, χpξq “ 1 for ξ ă ´1 and χpξq “ 0 for ξ ą 1, and where the “core function” w is localized in

the sense that w P L2pRq, in fact exponentially localized. One now checks that F̃ pw; cq :“ F pχq`w, c; δq

maps F̃ : H2 ˆ R2 Ñ L2 locally, in fact smoothly. To apply the implicit function theorem directly we

would need the linearization BwF pχ´ ` w0, c0; δq “ BqF pq0, c0; δq to be bounded invertible. However

this fails due to the presence of a kernel induced by translational invariance which gives a family of

solutions q0pξ` ξ0q and and associated translational eigenfunction q1
0 by differentiation with respect to

ξ0. We remove this translational invariance by augmenting the operator F with a phase condition and

consider

Gpw, c; δq “

˜

q2 ` cq1 ` fpq; δq

xq ´ q0, q
1
0y

¸

, Bpw;cqGpw0, c0; 0q “

˜

B0 q1
0

x¨, q1
0y 0

¸

. (4.3)

where we understand q “ u´pδqχ´ ` w, and wrote B0 “ B2
ξ ` c0Bξ ` fupq0; 0q. Note that B0 is a

Fredholm operator with index zero: we have kerpB0q “ spantq1
0u and cokerpB0q “ spantec0¨q1

0u. Then

Bpw,cqGpw0, c0; 0q, the joint linearization of Gpw, c; 0q with respect to w and c, is also Fredholm of

index 0, essentially by virtue of simultaneously adding one condition and one degree of freedom. The

kernel is trivial since q1
0 does not lie in the range of B0, that is, λ “ 0 is algebraically simple, so that

Bpw;cqGpw0, c0; 0q is bounded invertible. This implies that the front solutions can be continued in δ as

a family of front solutions qpδq with speeds cpδq for |δ| ! 1. Monotonicity of the front is preserved

and therefore Sturm-Liouville implies that the front will remain stable. Furthermore, expansions of the

wave speed in the parameter δ can be obtained using a Lyapunov-Schmidt reduction and projecting

onto the co-range one obtains,

cpδq “ c0 ´
xfδpq0; 0q, ψy

xq1
0, ψy

δ ` Opδ2q, where ψ “ ec0ξq1
0pξq spans the cokernel.

Pushed fronts. The persistence result for bistable fronts can be adapted in a somewhat straightfor-

ward fashion to pushed fronts in scalar reaction-diffusion equations. With the set-up as in (4.1) we now
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assume that the zero state is unstable, fup0; 0q ą 0. The pushed front that exists at δ “ 0 is assumed

to have steep exponential decay in the sense that

q0pξq „ e
1
2

´

´c0´
?
c20´4fup0;0q

¯

ξ
as ξ Ñ 8. (4.4)

Repeating the approach for bistable fronts, we set q “ χ´ ` w and seek solutions of Gpw, c; δq “ 0.

An important difference arises here, however, as the linear operator B0 is no longer Fredholm index

zero. Indeed, it retains a one-dimensional kernel spanned by the translational eigenfunction q1
0, but the

cokernel is now trivial since the candidate adjoint eigenfunction ψ “ ec0ξq1
0pξq grows exponentially as

ξ Ñ 8 and is thus not square integrable. Therefore, the Fredholm index of B0 is one. We could now

simply solve Gpw, c0; 0q “ 0 without varying c, which would however give solutions without the steep

decay that we require for pushed fronts. This is also clear from the planar phase portrait, where the

front corresponds to a saddle-sink heteroclinic which is of course robust.

The resolution is to work in an exponentially weighted space to exclude solutions with weak exponential

decay, for instance L2
exp,

c0
2
,0

pRq; see (1.7). The L2-adjoint then acts on spaces with the inverse weight,

B0 : H
2
exp,

c0
2
,0

pRq Ñ L2
exp,

c0
2
,0

pRq, B˚
0 : H2

exp,´
c0
2
,0

pRq Ñ L2
exp,´

c0
2
,0

pRq.

In particular, the domain of the adjoint now contains ψ and B0 is Fredholm of index zero, with

kerpB0q “ spantq1
0u, cokerpB0q “ span tec0¨q1

0u .

We can now proceed as above, noting that q1
0 does not belong to the range of B0, and solve Gpw, c; δq “ 0

with the implicit function theorem. Monotonicity combined with the steep exponential decay of the

front imply that the perturbed fronts remain marginally stable due to an isolated zero eigenvalue

with translational eigenfunction q1
δpξq. Altogether – in the scalar reaction-diffusion equation setting –

marginally stable pushed fronts are robust to small changes in system parameters!

Pulled fronts. We now consider pulled fronts, where the analysis deviates somewhat from the template

followed thus far. Suppose that for δ “ 0 there exists a traveling front q0pξq propagating with the linear

spreading speed c0 “ 2
a

fup0; 0q. Further assume that this front is monotone with asymptotics

q0pξq „ ξe´
c0
2
ξ, ξ Ñ 8. (4.5)

We establish persistence of this marginally stable pulled front for small δ ‰ 0.

The linearization at the origin has a Jordan block which leads to the algebraic prefactor in the asymp-

totics. In contrast to the bistable and pushed case, the wave speed is not a free parameter but needs

to be fixed as the linear spreading speed clinpδq “ 2
a

fup0; δq, which also preserves the Jordan block

structure in the traveling-wave equation. Nevertheless, as in the case of pushed fronts, the heteroclinic

orbit in the traveling wave equation (4.2) is structurally stable as a saddle-sink connection upon varying

δ and c “ cδ.

We can now consider Gpw, clinpδq; δq “ 0 and solve for w, only, with the implicit function theorem.

In the following, we design however a functional-analytic approach to persistence that extracts more

precise information on the asymptotics in the leading edge. This turns out to be essential when studying

stability and identifying a transition to pushed fronts.

These refined asymptotics are obtained, following [16, Theorem 2], with a modified ansatz for q, namely

q “ χ´pξq ` wpξq ` χ`pξqpaξ ` bqe´
clinpδq

2
ξ, (4.6)
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where χ˘ are smooth cut-off functions on R˘, and a, b are real parameters. The “core” function

w P L2
exp,η0`ε,0pRq is localized in the sense that it has stronger decay than the front itself. We then

wish to solve

Gpw, a, b; δq “

˜

q2 ` clinpδqq1 ` fpq; δq

xq ´ q0, q
1
0y

¸

, (4.7)

where we again use the shorthand q for the sum in (4.6). We first verify that G : H2
exp,η0`ε,0 ˆ

R2 ˆ R Ñ L2
exp,η0`ε,0 ˆ R. Since the ansatz for q involves far-field terms that decay with rate e´η0ξ,

the fact that the map Gpw, a, b; δq preserves the strong localization of the core function w is not

immediately apparent from the definition of the operator. It is rather implied by the fact that the

far field terms are chosen to be exact solutions of the asymptotic system. This can be seen explicitly

setting ψpξq “ χ`pξqpaξ ` bqe´
clinpδq

2
ξ and focusing on ξ ą 1 where χ`pξq “ 1 and χ´pξq “ 0. Then

q2 ` clinpδqq ` fpq; δq “ w2 ` clinpδqw1 ` fpw ` ψ; δq ´ fup0; δqψ `
`

ψ2 ` clinpδqψ1 ` fup0; δqψ
˘

.

Since ψ solves the linear equation in ξ ą 1, the terms in the parenthesis vanish. Since also fpw`ψ; δq´

fup0; δqψ P L2
exp,η0`ε,0, we find the desired localization of G. It is also not difficult to show smoothness

of G, so that we may try to apply the implicit function theorem. Since Gpw0, a0, b0; 0q “ 0 for some

a0 ą 0 and appropriate w0, b0, we need to examine the linearization

Bpw,a,bqGpw0, a0, b0; 0q “

˜

B0 B0

”

ξe´
c0
2
ξχ`pξq

ı

B0

”

e´
c0
2
ξχ`pξq

ı

x¨, q1
0y xχ`pξqξe´

c0
2
ξ, q1

0y xχ`pξqe´
c0
2
ξ, q1

0y

¸

.

Strong localization eliminates one direction in the asymptotics, thus adds a condition and thereby

reduces the Fredholm index of B0 to ´1. Adding two parameters and one condition implies by Fredholm

bordering theory that Bpw,a,bqGpw0, a0, b0; 0q is Fredholm with index zero. It remains to verify that the

kernel of this operator is trivial. While this may appear more intricate, it follows exactly as in the

bistable and pushed cases: the only bounded solution of B0 is given by q1
0, but this potential kernel

element is not compatible with the linearization of the phase condition which requires βxq1
0, q

1
0y “ 0

forcing triviality of the kernel. The implicit function theorem then implies persistence of the pulled

front. Marginal stability is obtained from monotonicity owing to the fact that the parameter apδq ą 0

for all δ sufficiently small.

The pushed-to-pulled transition. The most interesting situation at this point is the boundary

between pushed and pulled propagation. Reinspecting persistence of pulled fronts, a monotone pulled

front at δ “ 0 persists for δ sufficiently small. Monotonicity in the leading edge was encoded in the

fact that the parameter a measuring leading edge decay aξe´clinpδq{2qξ was positive when δ “ 0. The

approach outlined in the pulled section works without modification in the scenario where the front

instead has pure exponential decay in the sense that a “ 0 when δ “ 0, yielding a family of traveling

fronts parameterized by δ. Generically, a1p0q ‰ 0 and one obtains that fronts propagating with the

linear speed lose monotonicity whenever a1p0qδ ă 0. Fix a1p0q ą 0. Then for δ ą 0 and sufficiently

small the fronts are pulled, but for δ ă 0 the front with speed clinpδq is non-monotone, hence unstable

and not selected. So what happens for δ ă 0? It turns out that in this case a marginally stable pushed

front bifurcates. We analyze this bifurcation with some small refinements to the method we used for

robustness of pushed fronts undertaken previously.
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Recall that clinpδq “ 2
a

fup0; δq is the linear spreading speed in the unperturbed case.The bifurcating

pushed fronts we seek will have speed c “ clinpδq ` σ2 where we now posit the following decomposition

qpξq “ χ´pξq`wpξq`χ`pξqβeνpσ,δqξ, with νpσ, δq “ ´
1

2

´

clinpδq ´ σ2 ´
a

pclinpδq ` σ2q2 ´ 4fup0; δq

¯

.

(4.8)

In analogy to (4.7) this leads to finding roots of G : H2
exp,η0`ε,0 ˆ R2 ˆ R Ñ L2

exp,η0`ε,0 ˆ R for some

ε ą 0,

Gpw, β, σq “

˜

q2 ` pclinpδq ` σ2qq1 ` fpq; δq

xq ´ q0, q
1
0y

¸

, (4.9)

with linearization again Fredholm of index zero,

Bpw,β,σqGpw0, β0, 0; 0q “

˜

B0 B0

”

e´
c0
2
ξχ`pξq

ı

B0

”

ξ Bν
Bσ p0, 0qe´

c0
2
ξχ`pξq

ı

x¨, q1
0y xχ`pξqe´

c0
2
ξ, q1

0y xξ Bν
Bσ p0, 0qχ`pξqe´

c0
2
ξ, q1

0y

¸

.

The kernel is trivial as before since, (i) the only bounded solution of B0 is q1
0, and (ii) the potential

kernel element is not compatible with the linearization of the phase condition; see [12] for details. The

implicit function theorem then generates a family of monotone pushed fronts for δ À 0 with speed

cpspδq “ clinpδq ` σ1p0q2δ2 ` Opδ3q. In this scalar setting, the imposition of strong exponential decay

of the front as encoded in (4.8) together with monotonicity imply marginal stability and hence that a

pushed, selected front has bifurcated.

Stability and extensions to higher order parabolic equations and systems. Extensions of

these methods to systems of reaction-diffusion equations or, more generally, higher order parabolic

equations is possible adapting the methods described here see [16]. A crucial difference is that stability

is no longer inherently intertwined with monotonicity and so marginal stability of the constructed

fronts must be established directly in those settings. We illustrate the idea, first developed in [119],

once again restricting to the scalar setting and to robustness of marginal stability of pulled fronts.

Assume the existence of a front with asymptotics (4.5). We study the linear eigenvalue problem and seek

eigenfunctions of the operator B0 ´ λI, bounded in the weighted space L2
exp,0,ηδ

, where ηδ “ clinpδq{2

and recall that B0 “ B2
ξ ` clinpδqBξ ` fupqδ; δq. The essential spectrum of B0 in the weighted space

L2
exp,0,ηδ

touches the imaginary axis and so our principal concern is that an eigenvalue emerges from

the essential spectrum upon perturbation. We first record the exact solution at ξ “ `8

upξq “ Ce

´

´
clinpδq

2
´

?
λ

¯

ξ
, u2 ` clinpδqu1 ` fup0; δqu´ λu “ 0,

for any Repλq ě 0. We again apply a far-field core ansatz. Letting γ2 “ λ we then seek bounded

solutions of the form

upξ, δ, γq “ wpξq ` βχ`pξqe´pηδ`γqξ,

where w P L2
exp,0,ηδ`ε. Recall that B0 : H2

exp,0,ηδ`ε Ñ L2
exp,0,ηδ`ε is Fredholm with index ´1 with

cokerpB0q “ spantψu. Writing P for the projection of B0 onto its range, one can show that eigenvalues

correspond to values of γ “
?
λ for which there is a non-trivial solution to

P
´

pB0 ´ γ2qpw ` βχ`e
pηδ´γq¨

¯

“ 0

xpB0 ´ γ2qpw ` βχ`e
pηδ´γq¨, ψy “ 0

(4.10)
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Since the exponential in the far-field term is an exact solution of the asymptotic system at ξ “ `8

and the front converges exponentially, pB0 ´ γ2q maps χ`e
pηδ´γq¨ to the weighted space L2

exp,0,ηδ`ε.

Consequently, the first of these equations can be solved via the implicit function theorem to obtain

w “ βw̄pγ, δq. Substituting into the second equation and factoring β, we obtain the existence of a

bounded solution (and hence an eigenfunction), whenever the function

Epγ, δq :“ xpB0 ´ γ2qpw̄pγ, δq ` χ`e
pηδ´γq¨, ψy “ 0.

Note Epγ, δq is continuous in a neighborhood of pγ, δq “ p0, 0q. When γ “ δ “ 0 the only bounded

solution of B0w “ 0 is q1
0, which however is not an element of the weighted space L2

exp,0,ηδ`ε so that

Ep0, 0q ‰ 0. Continuity of Epγ, δq then precludes the existence of an eigenvalue for Repλq ě 0 for λ

near the origin. Away from the essential spectrum, regular spectral perturbation theory shows upper

semicontinuity of the spectrum which gives the desired marginal stability for δ „ 0.

4.2 Singular perturbation approaches to systems of reaction-diffusion equations

Systems of reaction-diffusion equations pose analytical challenges for the study of front propagation for

a variety of reasons. The traveling wave equations are higher dimensional rendering phase space meth-

ods more complicated to employ while some powerful PDE tools (comparison principles, variational

methods, Sturm-Liouville theory) may not apply. More systematic insight into systems is gained in

singular limits where an at least formal reductions may be possible. Making such reductions rigorous

at the level of the PDE can be challenging if not impossible as one seeks to reduce for all solutions.

We sketch here, how to use geometric singular perturbation theory [61] to reduce ODEs for traveling

waves and their stability. This affords a systematic and rigorous method to study pushed and pulled

invasion fronts in singularly perturbed reaction-diffusion settings. The results on nonlinear marginal

stability from §5 then imply that these fronts are selected in the sense that they attract open sets

including compactly supported initial data in the reaction-diffusion PDEs. The construction of travel-

ing fronts using geometric singular perturbation theory has a long history; see for example [125] and

references therein. We emphasize however that the approach to stability outlined here – in particular

for pulled fronts – constitutes a novel and convenient method for establishing the requisite properties

of the traveling front required for selection; see [13] for details of the method in a specific problem.

Systems of equations with one fast-reaction. As a motivating class of examples, consider

ut “ uxx `
1

δ
fpu, vq

vt “ dvxx ` gpu, vq,
(4.11)

where 0 ă δ ! 1 is a small parameter. We assume that p0, 0q is an unstable homogeneous state while

there also exists a stable coexistence steady state pu˚, v˚q. Fronts solve the system of ODEs
?
δ 9u1 “ u2, 9v1 “ v2,?
δ 9u2 “ ´c

?
δu2 ´ fpu1, v1q, 9v2 “ ´cv2 ´ gpu1, v1q.

(4.12)

Setting δ “ 0, (4.12) becomes differential-algebraic and solutions are constrained to lie on slow manifolds

describing branches of the zero set of fpu, vq “ 0. Suppose that that there exist a smooth function

ϕpvq such that (i) fpϕpvq, vq “ 0, (ii) ϕp0q “ 0, and (iii) ϕpv˚q “ u˚. Then we denote by

M0 “ tpu1, u2, v1, v2q | u1 “ ϕpv1q, u2 “ 0u ,
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the associated “slow manifold”. On M0, we obtain the limiting slow subsystem

9v1 “ v2

9v2 “ ´cv2 ´ gpϕpv1q, v1q,
(4.13)

which is exactly the traveling wave equation associated with the scalar reaction-diffusion equation

vt “ vxx ` gpϕpvq, vq. (4.14)

We suppose that existence and stability of fronts in (4.13) has been established, using any of the tech-

niques discussed previously. The question then becomes under what conditions those fronts in the

singular limit yield marginally stable fronts in the full system when δ Á 0? For existence, only, the typ-

ical requirement is normal hyperbolicity of the slow manifold M0; Fenichel’s persistence Theorem [61]

then implies that this manifold will smoothly continue as an invariant manifold for δ sufficiently small.

The perturbed manifold has the form

Mδ “ tpu1, u2, v1, v2q | u1 “ ϕpv1q ` δψ1pv1, v2, δq, u2 “ δψ2pv1, v2, δqu , (4.15)

for smooth functions ψ1,2. The manifold Mδ includes all locally bounded solutions including the

steady states and the heteroclinic orbit connecting them. Restricting (4.12) to Mδ then reduces the

slow existence problem to a regular perturbation problem as treated in §4.1.
Marginal spectral stability can be studied in a similar fashion and we outline here the ideas, developed

in [13] for a specific example. Writing the front propagating with selected spreading speed csel (pulled

or pushed) as pU1pξq, U2pξq, V1pξq, V2pξqq, denote perturbations as

u1 “ U1pξq ` p1, u2 “ U2pξq ` p2, v1 “ V1pξq ` q1, v2 “ V2pξq ` q2,

and write the combined existence and linear stability problem as

?
δ 9U1 “ U2,

?
δ 9p1 “ p2

?
δ 9U2 “ ´csel

?
δU2 ´ fpU1, V1q,

?
δ 9p2 “ ´csel

?
δp2 ´ fupU1, V1qp1 ´ fvpU1, V1qq1 ´ δλp1

9V1 “ V2, 9q1 “ q2
9V2 “ ´cselV2 ´ gpU1, V1q, 9q2 “ ´cselq2 ´ gupU1, V1qp1 ´ gvpU1, V1qq1 ´ λq1. (4.16)

One can again perform a singular perturbation reduction to this system obtaining the existence of a

four dimensional slow manifold expressed as a graph over the slow variables pV1, V2, q1, q2q:

U1 “ ϕpV1q ` δψ1pV1, V2, δq, U2 “ δψ2pV1, V2, δq

p1 “ ϕ1pV1qq1 ` δψ̃1pV1, V2, δ, λqpq1, q2qT , p2 “ δψ̃2pV1, V2, δ, λqpq1, q2qT ,
(4.17)

where ψ1,2 are as in (4.15), ψ̃1,2 are linear maps and we restrict to a priori bounded |λ| ă Λ; see [13,

Prop 2.4]. Fenichel’s theorem allows the reduction of the stability problem to a system of equations

9q1 “ q2

9q2 “ ´cselq2 ´
“

gupϕpV1q, V1qϕ1pV1q ` gvpϕpV1q, V1q
‰

q1 ´ λq1 ` Opδq, (4.18)

which is, to leading order in δ, the linearization of the reduced scalar PDE (4.14) near the singular front.

The only possible bounded solutions lie in this slow manifold and the stability problem is therefore
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reduced to a regular perturbation problem. Finally, one needs to examine the region |λ| ą Λ separately,

using some version of a priori bounds on spectrum; we refer to Appendix B of [13] for an example.

Example: Model of tumor invasion. In the system of reaction-diffusion equations,

ut “ uxx `
1

δ
pp1 ´ u´ vqpu` vq ´ αuq ` p1 ´ u´ vqv

vt “ vxx ` vp1 ´ u´ vq.
(4.19)

upt, xq represents a tumor cell density and vpt, xq cancer stems cell density; see [6, 149] for modeling

and analysis which we recount here as an illustration of the general reduction methodology introduced

previously. When α ą 1 and δ ! 1, the zero state is unstable (with linear spreading speed 2) and the

tumor free state p0, 1q is stable. A slow manifold for the traveling wave equations is given through

ϕpv1q “ ´
α ´ 1 ` 2v1

2
`

1

2

b

p1 ´ α ´ 2v1q2 ´ 4v21 ` 4v1, ϕp0q “ 0, ϕp1q “ 0.

This leads to a reduced scalar equation with pulled fronts and spreading speed clin “ 2 of the form

vt “ vxx ` p1 ´ ϕpvq ´ vqv;

see [149]. From the perspective taken here, these fronts then perturb as pulled, marginally stable fronts

for δ ą 0, sufficiently small; see [6] for details.

Example: The Lotka-Volterra model revisited. We return to the population model (3.19):

ut “ uxx ` up1 ´ u´ avq

vt “ dvxx ` rvp1 ´ bu´ vq.
(4.20)

where 0 ă a ă 1 ă b so that pu, vq “ p1, 0q is an unstable state. Invasion dynamics across the pd, r, a, bq

parameter space have not been completely characterized, although there is significant progress in some

regimes; see for example [86, 89, 90, 92, 105]. Motivated by [89], we consider the asymptotic limit

r Ñ 8. Setting r “ 1
δ , (4.20) fits the framework of (4.11) with interchanged u and v species. We

obtain the slow manifold as a graph over the u component and a reduced scalar equation for u,

ut “ uxx ` u p1 ´ u´ aϕpuqq , ϕpuq “

#

0 u ě 1
b ,

1 ´ bu u ă 1
b .

(4.21)

This reduced equation was analyzed in [89], with pulled fronts when a “ 0 and pushed fronts for a near

one. The methodology presented above could then be applied in the current context with one caveat:

the slow manifold loses normal hyperbolicity at v “ 1
b and so additional work would be required.

We suspect that dynamical systems techniques available for this slow passage through a transcritical

bifurcation [102] could be used to determine the location of the pushed-to-pulled transition as r Ñ 8

rigorously; see [89] for a more detailed discussion and conjectures.

We conclude this discussion with the observation that the procedure outlined above will not always be

successful. Extensions would need to for instance treat situations where the selected front is constructed

from concatenations of several slow manifolds and fast jumps between them; see [86] for an example,

again in the context of the Lotka-Volterra equations.
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4.3 Practical considerations: Efficient numerical continuation

The perspective presented here leads to novel numerical algorithms, substantially improving on the

approach presented in §3.4.
Bistable fronts can be computed efficiently by truncating to a bounded interval, adding suitable bound-

ary conditions (in simple cases Dirichlet boundary conditions will work), and adding a phase condition,

thus finding roots of a discretized version of

GLru, cs “ 0 ðñ

$

’

’

’

&

’

’

’

%

u2pξq ` cu1pξq ` fpupξqq “ 0, ξ P p´L,Lq

up´Lq ´ u´ “ 0,

upLq “ 0,
şL

´L upξqu1
refpξqdξ “ 0.

(4.22)

Here, u1
ref mimics the derivative of the front via some reference template, which in numerical continua-

tion could be the derivative of the solution at a previous parameter value. One finds that pu, cq converge

exponentially, with error Ope´ηLq for some η ą 0 depending on spectral gaps in the linearization.

Pushed fronts can be analyzed with the exact same boundary-value problem. However, numerical

performance is improved if instead of finding u, one substitutes ωpξqupξq “: wpξq with weight ω “

1 ` ec{2ξ, for instance. In fact, numerically continuing bistable fronts in the parameter a when fpuq “

up1 ´ uqpu ´ aq from a ą 0 to a À 0, one finds that the bistable front connecting 1 to 0 continues

as the pushed front, still connecting 1 to 0. In both cases of bistable and pushed fronts, convergence

is improved if the asymptotic eigenspace is used as a boundary condition, for instance uξ “ νssu

where νss “ ´c{2 ´
a

c2{4 ´ f 1p0q gives the asymptotic exponential decay. In more general situations,

choosing asymptotically correct boundary conditions also avoids spurious bifurcations related to non-

transversality of the Dirichlet subspace to the spectral complement of the stable eigenspace.

Pulled fronts, or pushed fronts in the vicinity of the pushed-to-pulled transition require a modified

setup, where one explicitly substitutes the far-field ansatz and requires a core correction to be strongly

localized. One therefore replaces the first component in (4.22) by the first equation in (4.7), with q given

by the farfield-core decomposition. The strong localization of the core component can be accurately

encoded in requiring u to belong to the strong stable subspace, which can generally be computed

directly. In the scalar case, this subspace is trivial and one would impose Dirichlet and Neumann

boundary conditions. In more general situations, one can impose Dirichlet boundary conditions and

an integral phase condition in the far-field that prohibits decay in the direction of the eigenspace

associated with the front decay in the leading edge; see [12]. Throughout, the pulled speed can be

found by continuing a double-root of the dispersion relation at ν “ 0 in c, thus solving

dcp0, νq “ 0, Bνdcpλ, νq “ 0,

for the variables ν, c with a Newton method and numerical continuation. For larger systems, a gener-

alized eigenvalue-problem formulation may be more robust; see [120, 144].

Pushed-to-pulled transitions. When continuing pulled fronts, one can easily add the condition a “ 0 in

the linear term of the leading edge (4.6) and continue in two parameters to find the transition; see [12,

§6.2] for examples.
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Figure 5.1: Typical spectra of rigid pushed and pulled invasion fronts, encoded in Defs. 5.1 and 5.4, respectively, in

optimal exponentially weighted spaces. Solid curves and shaded regions denote essential spectra; pink crosses denote

discrete eigenvalues. Blue curves correspond to essential spectra of the unstable state u ” 0; green curves correspond to

spectra of the selected state in the wake, u´pξq.

5 Analysis: proof of the marginal stability conjecture

We summarize recent results on front selection via marginal stability. We start by formulating several

sufficient conditions for establishing front selection for steep initial data. We phrase definitions and

results for semilinear parabolic systems

ut “ PpBξqu` cuξ ` fpuq, upξ, tq P RN , ξ P R, t ą 0, (5.1)

where again P is a matrix-valued polynomial such that PpBxq is an elliptic operator of order 2m. We

assume that fp0q “ 0, so that u ” 0 is an equilibrium solution, and that the linearization L0 “

PpBξq ` cBξ ` f 1p0q at u “ 0 in (5.1) is unstable in a translation-invariant norm.

5.1 Rigidly propagating fronts: rigorous results and conjectures

Pushed rigid fronts. We formulate assumptions that encode the properties of pushed fronts: namely,

they should travel faster than the linear spreading speed, and they should be contained in the strong

stable manifold of the unstable state, giving rise to marginally stable point spectrum.

Definition 5.1 (Marginal spectral stability — pushed fronts). A stationary solution upspξq to (5.1)

with c “ cps is a pushed front if it is marginally spectrally stable in the following sense:

(i) Selected state in the wake: There is an exponentially stable equilibrium u´ P RN to (5.1).

(ii) Exponential asymptotics: The front upspξq has the asymptotics

upspξq “ u´ ` Opeηξq, ξ Ñ ´8, upspξq “ u0`e
´ηpsξ ` Ope´pηps`ηqξq, ξ Ñ 8,

for some u0` P RN and η ą 0.

(iii) Minimal marginal spectral stability: The linearization Lps “ PpBξq ` cpsBξ ` f 1pupspξqq at upspξq

as an operator

Lps : H
2m
exp,0,ηps´η̃ Ă L2

exp,0,ηps´η̃ Ñ L2
exp,η̃,ηps´η̃, η̃ ą 0 small, arbitrary,

has a single geometrically and algebraically simple eigenvalue at λ “ 0, with eigenfunction Bξups,

and its spectrum is otherwise stable.

We note that this definition encodes spectral stability in a fixed exponentially weighted space, which

is typical but not necessary — pointwise stability may hold despite unstable spectrum [60]. For a rigid

pushed front, the only neutral spectrum is an isolated simple eigenvalue, with the essential spectrum

separated by a finite spectral gap. Hence, using classical semigroup methods [82, 139], one obtains the

following stability result.
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Theorem 5.2. Suppose (5.1) admits a pushed front ups, for which λ “ 0 is an isolated simple eigenvalue

of Lps : H
2m
exp,0,ηps´η̃ Ñ L2

exp,0,ηps´η̃ for some η̃ ą 0. Then ups is orbitally stable with asymptotic phase

against small perturbations in L2
exp,0,ηps´η̃.

Since upspξq „ e´ηpsx as ξ Ñ 8, small perturbations in L2
exp,0,ηps´η̃ include some which cut off the front

tail, and so the above stability result immediately implies the following.

Corollary 5.3 (Selection of rigid pushed fronts). Assume the conditions of Thm. 5.2 hold. Then ups
is a selected front in the sense of Def. 3.1, with hptq “ x8pu0q ` Ope´µtq for some µ ą 0.

Pulled rigid fronts. We turn our focus now to pulled fronts.

Definition 5.4 (Marginal spectral stability — pulled fronts). A stationary solution uplpξq to (5.1)

with c “ clin is a pulled front if it is marginally spectrally stable in the following sense:

(i) Linear spreading speed and weighted spectral stability: Assume the linear spreading speed clin
in (5.1) is determined by a simple pinched double root at pλ, νq “ p0,´ηlinq, and that the L2

exp,ηlin
-

spectrum of the linearization L0 about the unstable state is contained in the open left half-plane

except for a single branch touching the origin.

(ii) Selected state in the wake: There is an exponentially stable equilibrium u´ P RN to (5.1).

(iii) Exponential and Jordan block asymptotics: The front uplpξq has the asymptotics

uplpξq “ u´ ` Opeηξq, ξ Ñ ´8,

uplpξq “ rbpu0`ξ ` u1`q ` au0`se´ηlinξ, ξ Ñ 8

for some u
0{1
` P RN , a, b P R, b ‰ 0, and η ą 0.

(iv) Minimal marginal spectral stability: The linearization Lpl “ PpBξq ` clinBξ ` f 1puplpξqq as an

operator

Lpl : H
2m
exp,0,ηlin

Ă L2
exp,0,ηlin

Ñ L2
exp,0,ηlin

has stable spectrum apart from the simple branch at the origin induced by (i).

(v) No resonance at λ “ 0: There is no nontrivial solution u P L8
0,ηlin

to Lplu “ 0.

The asymptotics captured in Def. 5.4(iii) are generic given a pinched double root of the dispersion

relation at pλ, νq “ p0,´ηlinq, as this double root corresponds to a length 2 Jordan block in the

linearization of the traveling wave equation at the origin. The non-generic case b “ 0 would lead to a

violation of condition (v), and corresponds to a transition between pushed and pulled invasion [12].

Selection of pulled fronts is significantly more subtle when compared to pushed fronts since there is no

exponential weight that induces a spectral gap in the linearization. Selection of rigid pulled fronts in

systems without comparison principles has only recently been established [15, 7].

Theorem 5.5 ([15, 7] — selection of rigid pulled fronts). Suppose upl is a pulled front in the sense

of Definition 5.4. Then upl is a selected front in the sense of Def. 3.1, with position correction hptq “

´ 3
2ηlin

log t` Op1q.
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The universality of the logarithmic position correction, that is, that the shift ´ 3
2ηlin

log t is independent

of the steep initial condition and depends on the equation only through ηlin, was predicted for pulled

fronts in [50] based on matched asymptotics, and is confirmed rigorously by Thm. 5.5.

Rigid fronts at the pushed-to-pulled transition. If a front utr satisfies Def. 5.4 but with b “ 0,

and a one-dimensional solution space to Lplu “ 0 in L8
0,ηlin

spanned by Bξutr, then the system is at

a boundary point between pushed and pulled invasion; see §4.3. Recent work relying on comparison

principles establishes that in scalar second order equations, these fronts at the pushed-to-pulled transi-

tion are selected in the sense of Def. 3.1, with position correction hptq “ ´ 1
2ηlin

log t`Op1q [1, 2, 3, 71].

We expect that the methods of Thm. 5.5 extended to an analogous result more generally in systems. It

would also be interesting to get uniform asymptotics for nearby parameter values, where shifts change

from ´ 1
2ηlin

logptq to ´ 3
2ηlin

logptq and to Op1q.

Conjecture 5.6 (Selection at the pushed-to-pulled transition). Assume utr is a pushed-to-pulled tran-

sition front. Then utr is a selected front in the sense of Def. 3.1, with position correction hptq “

´ 1
2ηlin

log t` Op1q.

5.2 Rigidly propagating fronts: proof sketches

5.2.1 Selection of rigid pushed fronts: proof of Thm. 5.2

Letting ups denote a rigid pushed front, one studies the dynamics of perturbed solutions upξ, tq “

upspξq ` vpξ, tq. To stabilize the spectrum in the leading edge, we fix η̃ ą 0 small enough so that

condition (iv) of Def. 5.1 holds. We set η0 “ ηps ´ η̃, and define the weighted perturbation w “ ω0,η0v,

which then solves the perturbed equation

wt “ Lωpsw ` ω0,η0N

ˆ

w

ω0,η0

˙

, (5.2)

where Lωpsw “ ω0,η0Lωps
´

w
ω0,η0

¯

, and Npvq “ Opv2q is a quadratic nonlinear remainder. We set

Ñpwq “ ω0,η0N
´

w
ω0,η0

¯

, and note that Ñpwq “ Op 1
ω0,η0

w2q contains an exponentially localized prefac-

tor. Solutions to (5.2) with initial data w0 small may be constructed as fixed points of the variation of

constants formula,

wptq “ eL
ω
pstw0 `

ż t

0
eL

ω
pspt´sqÑpwpsqq ds. (5.3)

The spectrum of Lωps contains an isolated eigenvalue at λ “ 0, with eigenfunction ω0,η0Bξups and is

otherwise stable. Using classical semigroup methods [82], one finds for the linearized dynamics

eL
ω
pst “ ω0,η0BξupsP0 ` Ope´µtq, (5.4)

where P0 is a projection along the adjoint eigenfunction at λ “ 0. The lack of temporal decay of eL
ω
pst

is an apparent obstruction to a nonlinear stability argument. One may overcome this by capturing the

neutral dynamics associated to the translational mode with a temporal modulation ansatz, w̃pξ, tq “

ω0,η0pξqrupξ ` ψptq, tq ´ upspξqs. Using a fixed point argument to construct ψ and w̃ simultaneously,

one can show [139] that if }u0 ´ ups}L8
0,η0

is small, there exists ψ8 P R such that

}ω0,η0rup¨, tq ´ upsp¨ ` ψptqqs}L8 ` |ψptq ´ ψ8| ď Ce´µt
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Figure 5.2: Schematics of attempts to construct an approximate solution which governs the propagation dynamics,

matching a front with speed c in the wake (green) to a tail governed by the linearized dynamics in the leading edge (navy

blue), in the frame moving with the front speed, ξ “ x ´ ct. If c ă clin (left), the tail grows exponentially in time, and so

cannot be matched with the stationary front; if c ą clin (center), the tail decays exponentially in time, and so still cannot

be matched with the front. If c “ clin, the tail is neither exponentially growing nor decaying in time, and so it is possible

to match it with the front in the wake.

for some constants C, µ ą 0, and hence the solution indeed converges to the shifted wave upspξ ` ψ8q,

exponentially quickly in time; see Fig. 6.2, left panel. Since the initial perturbation is allowed to decay

more slowly than ups itself (that is, η0 ă ηpsq, the basin of attraction of the front includes many steep

initial conditions, and so the front is a selected front.

5.2.2 Selection of rigid pulled fronts: proof of Thm. 5.5

While for pushed fronts, perturbations that cut off the front tail remain localized perturbations in the

weight that stabilizes the essential spectrum, this is not the case for pulled fronts: if we conjugate with

a weight ω0,ηlin that marginally stabilizes the essential spectrum, a perturbation that cuts off the front

tail is large, of size Opξq as ξ Ñ 8. As a result, selection of pulled fronts cannot be established by a

direct stability argument viewing the front uplpξq as an equilibrium in the co-moving frame.

The asymptotic matching analysis of [157] suggests that after the front tail is cut off by a perturbation,

it rebuilds itself according to the linearized dynamics near the unstable state u ” 0. The solution

therefore develops a Gaussian tail, which is matched with the front profile on an intermediate length

scale, thereby determining the front location and the typical logarithmic delay.

The proof of Thm. 5.5 starts with this asymptotic matching procedure to construct an approximate

solution describing the transition from a front profile to a diffusive tail. A nonlinear stability argument

for this approximate solution establishes that nearby actual solutions also exhibit these dynamics,

including solutions with steep initial data.

Why marginal stability? To execute this strategy, one determines the leading order tail behavior

from the linearized equation near u ” 0, and then matches this on an intermediate length scale with

the front profile. The linearized equation in the leading edge is ut “ PpBξqu ` cBξu ` f 1p0qu, and

the linear analysis of §2 predicts that solutions with localized initial conditions resemble exponential

profiles, upξ, tq „ eν˚pcqξeλ˚pcqt, where λ˚pcq is the pointwise growth mode with maximal real part,

and ν˚pcq is the associated spatial eigenvalue (keeping track here only of the exponential rates, and

neglecting algebraic pre-factors). On the other hand, a rigid front with speed c is an equilibrium in

its co-moving frame, with spatial exponential asymptotics ufrpξq „ eνpcqξ. In order to achieve the

matching eν˚pξqξeλ˚pcqt „ eνpcqξ, we need Reλ˚pcq “ 0: otherwise the tail will be exponentially growing

or decaying in time and cannot be matched with the stationary front profile; see Fig. 5.2. In other

words, we must require pointwise marginal stability in the leading edge.
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We additionally assume in Def. 5.4 that this marginal stability arises in the simplest fashion, determined

by a simple pinched double root of the dispersion relation. Applying an exponential weight, vpξ, tq “

eηlinξupξ, tq, the linearized equation in the leading edge at speed c “ clin becomes

vt “ Deffvξξ ` OpB3
ξ qv, (5.5)

where Deff ą 0 is determined solely by the leading order expansion of the dispersion relation near

the double root, and by OpB3
ξ qv we mean terms which include three or more spatial derivatives. In

self-similar variables τ “ log t, y “
ξ

?
t
one can compute solutions to the heat-like equation (5.5) (see

e.g. [67]) and find that localized solutions at leading order resemble the heat kernel

vpξ, tq „
1

?
t
e´ξ2{p4Deff tq.

Then the unweighted tail utailpξ, tq “ e´ηlinξvpξ, tq still exhibits pointwise decay at rate t´1{2, which

obstructs matching with a stationary front. This mismatch is resolved by passing to a logarithmically

drifting frame,

utail

ˆ

ζ ´
1

2ηlin
log t, t

˙

“ e´ηlinζe
´pζ´ 1

2ηlin
log tq2{p4Deff tq. (5.6)

The matching procedure and the logarithmic delay. To fully achieve pointwise marginal stability,

with no algebraic decay, (5.6) suggests that we should consider the problem in a logarithmically shifted

frame, ζ “ ξ ` α logpt` t0q ´ α log t0, so that our equation (5.1) reads

ut “ PpBζqu`

ˆ

clin ´
α

t` t0

˙

uζ ` fpuq,

leaving α P R free for now. The linearized equation at u ” 0 reads

ut “ PpBζqu`

ˆ

clin ´
α

t` t0

˙

uζ ` f 1p0qu.

Applying an exponential weight vpζ, tq “ eηlinζupζ, tq, one finds

vt “ Deffvζζ ´
α

t` t0
vζ `

αηlin
t` t0

v ` OpB3
ζ qv.

We will use this equation to describe the tail of the solution, say for ζ ą 0. Since the state created in

the wake of the front is exponentially stable, it is natural to accompany this equation with an absorbing

boundary condition, v “ 0 at ζ “ 0. To see how the logarithmic shift affects the dynamics, we then

pass to self-similar variables, V py, τq “ vpζ, tq with y “ 1?
Deff

ζ
?
t`t0

, τ “ logpt` t0q, solving

Vτ “ Vyy `
1

2
yVy ` αηlinV ` Ope´τ{2qV. (5.7)

The spectrum of the operator L∆ “ B2
y `

y
2By ` 1 is well-known, for instance via its relation to the

quantum harmonic oscillator [67]. With the Dirichlet boundary condition V “ 0 at y “ 0, the first

eigenvalue of L∆ is located at λ “ 0, with eigenfunction V0pyq “ ye´y2{4. Hence, the leading order

behavior of the solution to (5.7) is

V py, τq “ βepαηlin´1qτV0pyq
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Figure 5.3: Left: schematic of the approximate solution constructed in the proof of Thm. 5.5. Right: schematic of a steep

initial datum obtained by perturbing uappζ, 0q.

for a constant β P R. In pζ, tq variables, this corresponds to an approximate tail solution

vtailpζ, tq “ βpt` t0qαηlin´3{2ζe´ζ2{p4Deffpt`t0qq,

or,

utailpζ, tq “ βpt` t0qαηlin´ 3
2 ζe´ηlinζe´ζ2{p4Deffpt`t0qq. (5.8)

To be able to match with the pulled front, which has asymptotics uplpζq „ ζe´ηlinζ , we choose α “ 3
2ηlin

which eliminates the non-stationary prefactor pt` t0qαηlin´3{2. The coefficient β can then be chosen to

match the coefficient of ζe´ηlinζ in the asymptotics of uplpζq.

Note that the correct choice for the coefficient of the logarithmic delay is α “ 3
2ηlin

rather than α “ 1
2ηlin

,

as (5.6) would suggest. This is an effect of the absorption provided by the front interface: if the Dirichlet

boundary condition V “ 0 were replaced by a non-absorbing, say Neumann boundary condition Vy “ 0

at y “ 0, the first eigenfunction of L∆ would be e´y2{4 with eigenvalue λ “ 1
2 , and utail would become

ũtailpζ, tq “ βe´ηlinζpt` t0qαηlin´1{2e´ζ2{p4Deffpt`t0qq,

and so choosing α “ 1
2ηlin

would eliminate the non-stationary prefactor. However, note that now the

ζ factor is absent in the tail asymptotics, and so this tail could not be matched with a pulled front

uplpζq « pbζ`aqe´ηlinζ except in the non-generic case b “ 0, which corresponds to the pushed-to-pulled

transition. Hence, for the typical pulled front upl from Def. 5.4, the logarithmic delay is ´ 3
2ηlin

log t.

We can finally construct the approximate solution which governs the propagation dynamics by gluing

the tail to the front at the length scale ζ “ pt` t0qµ, 0 ă µ ! 1. More precisely, we set

uapppζ, tq “

#

uplpζq, ζ ď pt` t0qµ,

utailpζ, tq, ζ ě pt` t0qµ ` 1,

and use cutoff functions to smoothly transition across the region pt ` t0qµ ď ζ ď pt ` t0qµ ` 1; see

Fig. 5.3. We also record the weighted approximate solution, vapppζ, tq “ ω0,ηlinpζquapppζ, tq. To measure

the accuracy of our weighted approximate solution, we define the residual evaluator

F̃resrus “ ut ´ PpBζqu`

ˆ

clin ´
3

2ηlinpt` t0q

˙

uζ ` fpuq,
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and the weighted residual evaluator, Fresrvs “ ω0,ηlinF̃res

”

v
ω0,ηlin

ı

. One finds [16, Proposition 2.5] the

residual error estimate

}ρ0,1Fresrvapps}L1 À pt` t0q´1{2`4µ,

where ρ0,1 is a one-sided algebraic weight satisfying ρ0,1pζq “ 1 for ζ ď ´1 and ρ0,1pζq “ ζ for ζ ě 1.

Hence, if we choose the length scale to satisfy 0 ă µ ă 1
8 and choose t0 " 1, vapp solves our weighted

equation with small residual error for all times t ą 0.

Stability argument. To complete the proof of Thm. 5.5, one inserts an ansatz vpζ, tq “ vapppζ, tq `

wpζ, tq into the weighted equation Fresrvs “ 0. The goal is to show that if the initial perturbation w0 is

small in an appropriate norm (but one which allows for cutting off the tail of vapp), then wpζ, tq remains

small for all time, so that the real solution resembles the approximate solution vpζ, tq « vapppζ, tq.

The only structure which we can exploit to control w in this general setting is the spectral in-

formation encoded in Def. 5.4, which leads to estimates on the linearized evolution eL
ω
plt, where

Lωplu “ ω0,ηlinLpl

´

u
ω0,ηlin

¯

is the weighted linearization about upl. Although we are perturbing from

vapppζ, tq, which encodes more detailed tail dynamics than ω0,ηlinpζquplpζq, we observe that since the

matching point ζ “ pt` t0qµ grows as t Ñ 8, we have at least pointwise uapppζ, tq Ñ uplpζq as t Ñ 8.

More precisely, one has the quantitative estimate }ρ0,1ruappp¨, tq´upls}L8 À pt` t0q´1{2`4µ [16, Lemma

2.8]. This allows one to replace the linearized term f 1puappp¨, tqqw in Fresrvapp ` ws with f 1puplqw, at

the price of an additional error term E1 “ rf 1puappp¨, tqq ´ f 1puplqsw, hoping to view the linearized

evolution near the front itself, wt “ Lωplw, as the leading part of the equation. One may then write an

evolution equation for the perturbation w, with the form

wt “ Lωplw ´
3

2ηlinpt` t0q

„

wζ ` ω0,ηlinBζ

ˆ

1

ω0,lin

˙

w

ȷ

`R ` E1 `Npwq, (5.9)

where R “ Fresrvapps and Npwq “ O
´

1
ω0,ηlin

w2
¯

is a quadratic nonlinear remainder which carries a

localizing factor from the exponential weight.

The linearized problem wt “ Lωplw is comparable to the heat equation on the half-line with a Dirichlet

boundary condition. Note also that for ζ ě 1, the factor multiplying ´ 3
2ηlinpt`t0q

becomes wζ ´ ηlinw.

So, a good but heavily simplified model problem for (5.9), neglecting the last three terms, is

$

’

’

&

’

’

%

wt “ wζζ ´ 3
2pt`t0q

wζ ` 3
2pt`t0q

w, ζ ą 0, t ą 0

w “ 0, ζ “ 0, t ą 0,

w “ w0, ζ ą 0, t “ 0.

(5.10)

However, for instance computing expansions in self-similar variables, one finds that generic solutions to

this equation do not decay in time, even for very localized initial conditions. This is a consequence of

the term 3
2pt`t0q

w, and is the exact same effect that informed our choice of the logarithmic delay, so that

the tail dynamics could be marginally stable. This presents a challenge for controlling the dynamics

in (5.9): we want to view wt “ Lωplw as the principle part of the equation, use spectral information to

obtain estimates on eL
ω
plt, and control all other terms perturbatively. But solutions to wt “ Lωplw decay

in time in suitable norms, while we should now expect solutions to (5.9) not to decay at all, and so we

cannot hope to treat the additional terms perturbatively.
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The solution to this obstacle presented in [16] is to consider instead the variable z “ pt ` t0q´3{2w,

which in the case of the model problem (5.10) solves the equation

zt “ zζζ ´
3

2pt` t0q
zζ , ζ ą 0, t ą 0, with boundary condition z “ 0, ζ “ 0, t ą 0,

and initial condition zp0, xq “ z0pxq “ t
´3{2
0 wpxq. If one can prove that z decays with rate pt` t0q´3{2

for large times, for small initial data, then w remains bounded and small for all times, which is enough

to conclude Thm. 5.5. Key to this proof are the linearized estimates, valid for t ą 0,

}ρ0,´1e
Lω
pltz0}L8 À t´3{2}ρ0,1z0}L1 ,

}ρ0,1Bζe
Lω
pltz0}L1 À t´1{2}ρ0,2`µz0}L8 ,

}ρ0,2`µBζe
Lω
pltz0}L8 À t

1´µ
2 }ρ0,2`µz0}L8 ,

where ρ0,rpζq is a one-sided algebraic weight satisfying ρ0,rpζq “ 1, ζ ď ´1 and ρ0,rpζq “ ζr, ζ ě 1. The

first estimate is used to establish pt ` t0q´3{2–decay of zptq, after also perturbatively controlling the

term ´ 3
2ηlinpt`t0q

zζ via the second two estimates and a bootstrap procedure. All linear estimates are

inherited from the fact that the dynamics in the leading edge resemble the heat equation on the half-

line (and there is no additional critical spectrum which competes with these dynamics), but proven via

inverse Laplace estimates and a careful analysis of the resolvent operator near the essential spectrum;

see [16, Sections 3-4] and [15] for details.

Eventually, the nonlinear stability argument for zptq may be closed, establishing that }ρ0,´1wptq}L8

remains small for all time provided }ρ0,2`µw0}L8 is small; see [16, Section 5] for details. This condition

allows for some steep initial data for u to be included, for instance

u0pζq “

$

&

%

uapppζ, 0q, ζ ă t
1
2

`µ

0 ,

0, ζ ě t
1{2`µ
0 ,

or perturbations thereof, small in the norm }ρ0,2`µ ¨ }L8 ; see Fig. 5.3 and [16, Section 6].

5.3 Practical considerations: nonlinear selection

Defs. 5.1 and 5.4 give specific, verifiable conditions that are sufficient to establish selection of pushed

and pulled fronts, respectively. Practically, one would then wish to establish existence of fronts that

satisfy these conditions. In that light, the utility of Thms. 5.2 and 5.5 is to reduce the difficult PDE

dynamics question of front selection to verifying conditions in nonlinear and linearized traveling-wave

equations, building for instance on the techniques outlined in §4 for perturbative or computational

considerations. Beyond the open conjectures mentioned above, there are a number of other subtleties

and questions.

Basins of attraction. Thms. 5.2 and 5.5 guarantee that pushed or pulled fronts attract an open class

of steep initial data. The results are however perturbative and there can be many selected fronts [14]:

it would be interesting to establish attractivity more globally, based for instance on variational struc-

tures [65], or to understand the basin boundaries of selected fronts.

Orbital stability of pulled fronts. The selection result for pushed fronts, Thm. 5.2 gives an asymp-

totic phase: it identifies a specific spatial translate of the front profile to which the solution converges

55



as t Ñ 8. By contrast, Thm. 5.5 only establishes asymptotic closeness to the front profile and bounds

on fluctuations along translates. We suspect that with additional effort Thm. 5.5 could be improved

to guarantee an asymptotic phase in the selection of pulled fronts.

Beyond stability in a fixed weight. Defs. 5.1 and 5.4 are sufficient but not necessary. For instance,

marginal stability need only be satisfied in a pointwise sense, rather than in an exponentially weighted

space. We refer to §7.2 for a more general characterization of marginal stability in the leading edge

through resonance criteria that generalize the 1:1 resonance encoded in pinched double roots; see in

particular [59].

Pattern-forming fronts. Thms. 5.2 and 5.5 require exponential stability in the wake, which rules

out pattern-forming fronts, the subject of the next section.

6 Pattern forming fronts — setup, results, and conjectures

Our discussion in §3–§5 has focused on traveling waves, that is, on equilibria in a comoving frame,

which connect the unstable trivial equilibrium at x “ `8 to a stable equilibrium at x “ ´8. In this

chapter, we discuss important generalizations that in particular allow us to address questions of pattern

formation and selection. First, we illustrate the difficulties that arise when studying pattern forming

fronts in the simplest case of rigid traveling fronts that connect to a periodic pattern at x “ ´8 in

§6.1. We then address fronts in oscillatory invasion processes, arising most prominently since linear

marginal stability is induced by pinched double roots with λ “ ˘iω˚ in §6.2, followed by a discussion

of marginal stability for these fronts in §6.3.

6.1 Pattern-forming fronts

So far, we have simply assumed that the instability of the trivial state is mediated by a front that

creates a stable new equilibrium, upxq ” u´ in its wake. This may however not always be the case,

even when linear marginal stability is associated with a pinched double root λ “ 0, ν ă 0, hence with

a stationary leading edge. One can easily envision examples where there simply are no equilibria other

than the unstable origin. A well known example, studied in [34, 9], is an array of van der Pol oscillators,

with diffusive coupling, also known as the FitzHugh-Nagumo equation in the oscillatory regime (1.14),

ut “ uxx ` up1 ´ uqpu´ aq ´ v,

vt “ εpu´ γv ` bq,

with a ă 0, 0 ă ε ! 1 and for instance b “ 0, 0 ď γ ă 4{pa ´ 1q2. The latter condition implies that

nullclines intersect only at the origin. Trajectories of the x-independent ODE converge to a stable limit

cycle. On the other hand, the calculation of linear spreading speeds in (2.50) shows that dynamics of

invasion fronts are expected to be stationary in the leading edge. It turns out that [34, 9] the invasion

process is mediated by fronts pu˚, v˚qpx´ c˚tq that converge to periodic profiles as ξ “ x´ c˚t Ñ ´8,

pu˚, v˚qpξq ´ puper, vperqpξq Ñ 0, for ξ Ñ ´8, puper, vperqpξq “ puper, vperqpξ ` Lq for some L ą 0;

see Fig. 1.7 for an illustration. Similar examples arise in parametrically forced coupled oscillators,

At “ p1 ` iαqAxx ` p1 ` iωqA´ p1 ` iβqA|A|2 ` γĀ,
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Figure 6.1: A traveling wave u leaving a periodic pattern in its wake (top) together with weight ω that renders the

linearization marginally stable. Also shown (bottom) are spatial exponential growth rates ν for solutions to the eigenvalue

problem depending on λ. Exponential growth rates correspond to Floquet exponents in the wake. Note how the ν “ 0

moves to the left as λ is decreased, corresponding to cg “ dν
dλ

“ ´1{cg ą 0. In the leading edge, both stationary and

oscillatory marginal stability are shown.

with |α|, |ω| ! 1, 1 " |γ| ą |α ` ω|, so that the linear spreading speed predicts stationary behavior in

the leading edge; see Fig. 2.6 and the accompanying discussion. For |β| " 1, nonlinear oscillations are

“unlocked” and there are no equilibria but rather a periodic orbit, so that the stationary leading edge

necessarily leaves an oscillatory pattern in its wake.

In these examples, we would like to identify fronts that are selected in the sense of §3.3. We therefore

first would like to characterize marginal stability of fronts, which then in a second step could be used

to establish nonlinear selection, in analogy to our approach in §5. For the first step, we need to

investigate spectral properties of a front leaving behind a periodic pattern. This yields an equation for

the pointwise resolvent of the form (3.11),

Uξ “ MλpξqU ` δpξ ´ yqI, (6.1)

where Mλpξq Ñ M`,λ for ξ Ñ 8 and Mλpξq ´ M´,λpξq Ñ 0 with periodic M´,λpξq “ M´,λpξ ` Lq

for some period L ą 0. Exponential asymptotics of solutions are dictated by eigenvalues ν of M`,λ

and Floquet exponents ν of M´,λpξq. Since the ξ-derivative of the periodic solution induces a periodic

solution to Uξ “ M´,0U , ν “ 0 is always a Floquet exponents at λ “ 0. In other words, the periodic

pattern in the wake is at best marginally stable. In the simplest case, the multiplier ν “ 0 is simple,

and depends on λ analytically through λ “ ´cgν ` Opν2q, where the proportionality factor cg P R is

usually referred to as the group velocity. Introducing exponential weights ωpξq “ e´ηξ, ξ ă ´1, then

shifts the real part of the spectrum at ´8 to Reλ “ ´cgη ` Opη2q, which is stable when cgη ą 0. For

the fronts we are interested in here, cg ă 0, so that η ă 0 stabilizes the essential spectrum at ´8. More

intuitively, one can think of the linear relation λ “ ´cgν as corresponding to the advection equation

ut “ ´cguξ with solution upξ ´ cgtq, which simply shifts initial conditions with speed cg, to the left

when cg ă 0. The weight, e´ηξ, η ă 0, is exponentially decreasing as ξ Ñ ´8, thus exponentially

dampening the transport to the left. Unfortunately, this choice of weight allows for exponential growth

of solutions and is therefore incompatible with a nonlinear analysis. A much more refined control of
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the effect of perturbations on the nonlinear patterns is necessary; see [9] for an in-depth discussion,

references, and analysis.

We emphasize however that themarginal stability in the wake is apparently not relevant for the selection

of the front speed, but it is the marginal stability in the leading edge, induced by pinched double roots

or by point spectrum, that determines the invasion speed for compactly supported initial conditions.

6.2 Modulated fronts: existence

In most examples, pattern formation already manifests itself through oscillations in the leading edge

dynamics so that invasion fronts are inherently time-periodic or “modulated” in a comoving frame,

upt, xq “ umtwpx´ ct, ωt;ω, cq, umtwpξ, τ ;ω, cq “ umtwpξ, τ ` 2π;ω, cq. (6.2)

The shape of the waves varies periodically in time with period 2π{ω; see Fig. 1.6 and Fig. 1.7 (left panels)

for pattern-forming modulated waves as opposed to Fig. 1.7 (right panels) for rigidly propagating fronts.

Due to translation invariance in time and space, solutions come in 2-parameter families umtwpξ`ξ0, τ`

τ0q. In addition, we shall find that one can vary the parameters ω and c, similar to the way in which one

can vary the parameter c in traveling-wave problems in §3, and find a 4-parameter family of solutions.

Modulated traveling waves solve a PDE rather than a traveling-wave ODE,

ωuτ “ PpBξqu` cBξu` fpuq, upξ, τq “ upξ, τ ` 2πq, lim
ξÑ8

upξ, τq “ 0. (6.3)

The principal part, Bτ ´ PpBξq is pseudo-elliptic rather than parabolic due to the periodic-in-time

boundary conditions. This can be seen most directly when inspecting the simple linear equation

uτ “ uξξ ´ u` gpτ, xq, upξ, τq “ upξ, τ ` 2πq (6.4)

which, using Fourier-series in τ and Fourier transform in ξ, upτ, ξq “
ř

ℓ

ş

k e
iℓτ`ikξûpℓ, kq, gives

ûpℓ, kq “ p1 ` iℓ` k2q´1ĝpℓ, kq,

with bounded symbol p1` iℓ`k2q´1 in pℓ, kq P R2. The equation then is well-posed as a boundary-value

problem similar to the elliptic operator Bττ ` Bξξ ´ 1 with also bounded symbol p1 ` ℓ2 ` k2q´1.

To interpret (6.3) as a dynamical system in ξ on a phase space, one would write this equation as a

first-order equation in ξ and for instance expand in Fourier series in τ for an infinite-dimensional phase

space. This infinite-dimensional initial-value problem is strongly ill-posed in the sense of Hadamard,

which can be seen in (6.4) with g “ 0, and solutions ûℓpξq “ c`e
?
1`iℓξ ` c´e

´
?
1`iℓξ, of arbitrarily fast

exponential growth as ξ Ñ `8 or ξ Ñ ´8. The problem is however hyperbolic for ℓ ‰ 0 in the sense

that solutions either grow or decay exponentially. This is true more generally and analytic tools to

pursue questions in §3.2 on existence and continuation of fronts as heteroclinic orbits are available for

the infinite-dimensional modulated-wave equation (6.3). We briefly summarize the literature here.

Stable manifolds. Invariant manifolds near a given global trajectory were constructed in [117], [108]

and [130], connecting Fredholm properties of the linearized boundary-value problems to dimensions of

stable and unstable subspaces. Since dimensions are infinite, one defines relative dimensions either

through homotopies or through Fredholm indices of projections onto reference subspaces.
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Counting arguments. Multiplicities of front solutions as derived in §3.2 can be analyzed for mod-

ulated waves. Key to computing relative dimensions of stable and unstable manifolds are homotopies

during which one tracks spatial eigenvalues ν crossing the imaginary axis. The direction of crossing

can usually be related to group velocities, which are both analytically accessible and physically rele-

vant information; we refer to [136] and [131] for an in-depth discussion with many examples. In our

situation, this counting yields the aforementioned multiplicity with free parameters ξ0, τ0, ω, and c. We

notice in passing that these counting arguments are also key to numerical methods based on farfield-

core decompositions described in §4 that allow one to efficiently compute solutions to (6.3); see for

instance [111, 107, 11] for related implementations of this strategy.

Large speeds. If one starts the homotopy at large speeds, one finds a singularly perturbed PDE

rather than an ODE. As an example, consider the special case of (6.3), the second-order system

ωuτ ´ uξξ ` cuξ ` fpuq “ 0,

with c “ 1{ε. If we envision a front that connects to a stationary pattern in the steady frame uperpkxq,

we find that this pattern in the fast comoving frame is of the form upkpξ` ctqq “ upkpξ` c
ω τqq, so that

we need to require ω “ ck “ k{ε, which gives

kuτ ` uξ ´ εuξξ ` εfpuq “ 0.

It is now convenient to introduce a shear transformation so that the pattern u is in fact independent

of ξ, setting kξ ` τ “ σ, and rescale ξ “ ζ{ε which gives

0 “ pεBζ ` kBσq2u` Bζu` fpuq “ 0.

Formally setting ε “ 0 then gives the backward parabolic equation

´Bζu “ kBσσu` fpuq. (6.5)

This parallels the limit of pure backward kinetics that we found from (3.5) using geometric singular

perturbation theory. The limit ε Ñ 0 here can be justified using invariant manifold constructions;

see [142] and, for a fourth-order equation, [143]. Both build on earlier results for convection-dominated

elliptic equations [33, 140]. As a consequence, in a situation where the origin is unstable in the forward-

dynamics of (6.5), with unstable manifold limiting on a stable pattern, periodic in σ, we find this same

heteroclinic behavior in the traveling-wave equation. We note in passing that this limiting behavior

also indicates transversality of the heteroclinic and hence persistence as ω and c are varied.

6.3 Modulated fronts: stability and marginal stability

Linear stability. Stability of time-periodic solutions is determined by temporal Floquet multipliers

and properties of the pointwise resolvent of the period map. An approach to studying that parallels the

viewpoint taken in §3.3 was laid out in [130]. Paralleling the existence problem, one finds an ill-posed

pseudo-elliptic generalized eigenvalue problem that gives a geometric perspective on pointwise Green’s

functions. We summarize briefly here the main results linking spectral properties of period maps and

the geometry in an ill-posed initial-value problem. Given a modulated traveling wave solution u˚pξ, τq

to (6.3), we are interested in spectral properties of the period map Ψ, defined through

ωuτ “ PpBξqu` cBξu` f 1pu˚pξ, τqqv, upξ, 0q “ u0pξq, upξ, 2πq “: pΨu0qpξq. (6.6)

59



The Floquet multiplier eigenvalue problem Ψu0 “ ρu0 can be rewritten as, setting ρ “ e2πλ{ω,

0 “ Tλv :“ ´ωvτ ´λv`PpBξqv`cBξv`f 1pu˚pξ, τqqv, vpξ, 0q “ vpξ, 2πq, where upx, τq “ eλτ{ωvpx, τq,

(6.7)

It then turns out that spectral properties of Ψ and of the eigenvalue pencil Tλ coincide, and that in

particular the pointwise Green’s function of Ψ ´ ρ can be constructed directly in terms of the Green’s

function of Tλ.
Marginal stability in the leading edge. The linearization of (6.3) at the origin can be solved

explicitly using Fourier series in τ . For u “ ûℓe
iℓτ , we find exponential behavior eνξ when dpνq :“

´ωiℓ`Ppνq`cν`f 1p0q has a nontrivial kernel. At the linear spreading speed clin and with ω “ ωlin{m

for some m P N, we find a double root ν to dpνq associated with the pinched double root for ℓ “ m.

The pinching condition usually ensures that at this point the (strong) stable manifold with decay

epνlin`εqξ, thus including fronts with asymptotics from the double root, has relative dimension 2, that

is, in a homotopy of the linearized equation with eigenvalue parameter λ it includes two roots ν that are

unstable for λ " 1. As a consequence, we expect transverse intersections and robust heteroclinics; see

Fig. 6.1. For nearby values of ω and c, decay is generically weaker: due to the square-root singularity,

there is always a root with larger real part than νlin for nearby values that limits on νlin as c Ñ clin
and ω Ñ ωlin. The behavior of ν near this double root is at leading order a square root, mimicking

diffusive-dispersive asymptotics

λ´ iωlin “ deffpν ´ νlinq2 ÝÑ At “ deffAxx,

with effective diffusivity Re deff and dispersion Im deff .

Pushed fronts. Pushed fronts arise as intersections of stable and unstable manifolds with relative

dimension 0. Since intersections occur in 2-parameter families due to ξ- and τ -translation symmetries,

they are codimension-2 heteroclinic orbits and generically necessitate 2 parameters, which are c and

ω. The relation between transverse crossing of manifolds in these 2 parameters and geometric and

algebraic multiplicity 2 of the 0 Floquet exponent was established in [130]. An analysis comparable to

the bifurcation analysis in §4 has not been carried out for modulated invasion fronts.

6.4 Modulated fronts: selection in the wake

The discussion thus far has largely ignored the selection of a pattern in the wake. Focusing for now on

pulled fronts, we have fixed c “ clin and ω “ ωlin.

Periodic wave trains. Wave trains are solutions u “ upωt ´ kxq, with upζq “ upζ ` 2πq and thus

lead from (3.1) to the 2π-periodic ODE boundary-value problem

PpkBζqu` ωBζu` fpuq “ 0, upζq “ upζ ` 2πq. (6.8)

The linearization Lwtu “ PpkBζqu ` ωBζu ` f 1puwtqu at a potential solution uwt, has a nontrivial

kernel that contains u1
wt. We assume that the kernel is minimal, one-dimensional, and also that the

zero-eigenvalue is algebraically simple so that u1
wt is not in the range of Lwt. Considering (6.8) as

a functional equation, Fwtru, ω; ks “ 0, Fwt : H2m
per ˆ R2 Ñ L2

per, we then find that Bu,ωFwt is onto

at the wave train solution, which implies the existence of a locally unique family of solutions (up to

translates in ζ) uwtpkx ´ ωnlpkqt; kq for some ωnlpkq, usually referred to as the nonlinear dispersion

relation; see [47, 131] for details.
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Selection through resonances. In the frame with speed clin, the frequency of wave trains includes a

Doppler shift through ωnl,copkq :“ ωnlpkq ´ clink. Time-periodicity of the front requires commensurate

frequencies in the wake and in the leading edge,

pωlin “ qωnl,copkq, for some p, q P N. (6.9)

One often observes p “ q “ 1, which can be interpreted as node conservation in that one oscillation in

the leading edge creates one oscillation in the wake [45, 157]. This is clearly not true in for instance

Cahn-Hilliard and FitzHugh-Nagumo examples; see Fig. 1.7 and 1.6.

Transitions between harmonic and subharmonic invasion, for instance p “ 1, increasing q from 1 to 2,

lead to interesting heteroclinic bifurcations. Fronts with frequency ωlin lie in an invariant subspace of

the dynamics of (6.3) with ω “ ωlin{q. Transitions to harmonics can then be thought of as heteroclinic

bifurcations in a direction perpendicular to this invariant subspace; see [135] for a technically similar

analysis. More general unlocking with temporally homoclinic limits has not been studied.

An extreme example is the case when ωlin “ 0, which simply gives, for m ‰ 0, ωnl,copkq “ 0, that is, the

pattern in the wake would be stationary in the comoving frame. Choosing p “ q “ 0 in (6.9) however

allows for any frequency ωnl,co. This transition from stationary to oscillatory front motion has been

observed in the FitzHugh-Nagumo equation as one approaches the Canard regime [34].

6.5 The marginal stability conjecture for pattern-forming fronts

There are currently no results that establish selection of pushed or pulled pattern-forming fronts anal-

ogous to Thms. 5.2 or 5.5, with the exception of some recent progress for stability and, in the pushed

case, selection for rigid pattern-forming fronts. We summarize these results and formulate conjectures

for modulated fronts, here. We again consider systems of parabolic equations,

ut “ PpBξqu` cuξ ` fpuq, u “ upξ, tq P RN , ξ P R, t ą 0. (6.10)

To make spectral stability of the pattern in the wake precise, let L´ “ PpBξq ` cBξ ` f 1pu´pξqq denote

the linearization of (6.10) about a periodic pattern u´pξq, with wavenumber k˚ and period L˚ “ 2π
k˚

.

By Floquet-Bloch theory [123], L´ : H2mpRq Ă L2pRq Ñ L2pRq is conjugate to a family of Bloch

operators

L̂´pνq : H2mpR{L˚Zq Ă L2pR{L˚Zq Ñ L2pR{L˚Zq, L̂´pνq “ PpBξ ` νq ` cpBξ ` νq ` f 1pu´pξqq,

where ν P r´ik˚

2 , i
k˚

2 q is purely imaginary. In particular, the spectrum of L´ is purely essential

spectrum, consisting of the union of the spectra of L̂´pνq. The following conditions encode the typical

picture for spectral stability of periodic patterns in extended domains. By translation invariance, Bξu´

is in the kernel of L̂p0q, and so 0 always belongs to the essential spectrum of L´. So, the “most stable”

scenario one can hope for is as follows.

Definition 6.1 (Diffusive spectral stability of periodic patterns). We say u´pξq is diffusively stable

(i) if we have spec pL´q Ă tλ P C : Reλ ă 0u Y t0u;

(ii) and if λ “ 0 is an algebraically simple eigenvalue of L̂´p0q which continues to an eigenvalue

λpνq “ ´cgν `Deffν
2 ` Opν3q for some Deff ą 0 for L̂´pνq.
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Here, cg is the group velocity of the wave train, in the frame moving with the front speed, and Deff

the effective diffusivity. An analytic expansion follows from the implicit function theorem; compare

the green curves of spectra in the right two panels of Fig. 5.1. Diffusive spectral stability guarantees

nonlinear asymptotic stability of the periodic pattern; see e.g. [145, 94, 95, 96, 137].

6.5.1 Rigid pattern-forming fronts.

We investigate fronts that are stationary in a comoving frame but leave a periodic pattern in their

wake, characterized much as in Defs. 5.1 or 5.4, but with weaker adapted spectral stability in the wake.

Pushed rigid pattern-forming fronts. The typical spectral picture is as follows.

Definition 6.2 (Marginal spectral stability — pushed rigid pattern-forming fronts). A stationary

solution to (6.10) is a rigid pushed pattern-forming front if it is marginally spectrally stable and leaves

behind a diffusively stable periodic pattern according to Def. 6.1 with negative group velocity. It satisfies

conditions (i)-(iii) of Def. 5.1, with the following modifications:

• the selected state in the wake, u´pξq is now periodic in ξ rather than spatially uniform, and is

diffusively stable as in Def. 6.1, with negative group velocity;

• in condition (iii), we instead consider the operator Lps on the space L2
η̃,ηps´η̃. That is, we assume

that for any η̃ ą 0 sufficiently small, the operator

Lps : H
2m
η̃,ηps´η̃ Ă L2

η̃,ηps´η̃ Ñ L2
η̃,ηps´η̃

has a single geometrically and algebraically simple eigenvalue at λ “ 0, with eigenfunction Bξups,

and its spectrum is otherwise stable.

Notice that in contrast to Def. 5.1 for unpatterned fronts, we use a small exponential weight on the left

in condition (iii), in order to stabilize the neutral branch of spectrum arising from the periodic pattern.

The space L2
exp,η̃,ηps´η̃ requires functions to decay exponentially with rate at least e´pηps´ηqξ as ξ Ñ 8,

and allows for slow exponential growth with rate e´η̃ξ as ξ Ñ ´8. The fact that this weight, rather

than one that requires exponential decay as ξ Ñ ´8, stabilizes the spectrum encodes that the group

velocity of the periodic pattern points to the left, away from the front interface. That is, the front

acts as a source of patterns. However, using this weight in the nonlinear equation for perturbations

introduces coefficients to the nonlinearity which grow exponentially in space, and so this weight is

incompatible with a nonlinear argument. By contrast, the localizing weight on the right introduces

coefficients which decay exponentially as ξ Ñ 8, and so only simplifies the nonlinear argument.

On the other hand, the sign of group velocities and thereby weights is inherent to observed patterns:

fronts followed by patterns with positive group velocity, pointed towards the front interface, would

typically not be observed; compare [131]. Again, as in §5, we also note that this definition is stronger

than is strictly necessary, encoding spectral stability in a fixed weighted space.

Recall from §5 that, after a perturbation which cuts off the front tail, an unpatterned pushed front

rapidly adjusts its position to account for the perturbation, resulting in exponential in time convergence

to a front profile with a global phase shift. When the front is pattern-forming, the front interface still

rapidly adjusts its position in response to a perturbation, but this adjustment creates a defect in the

phase of the pattern of the wake, and one must analyze the diffusive mixing of the new phase created
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Figure 6.2: Left: spacetime plot depicting convergence to a pushed front in simulations of the Nagumo equation. The

initial condition is a step function, which converges to a pushed front. After a moderate time, the simulation is paused

and a perturbation is added ahead of the front interface. The solution then rapidly converges, uniformly in x, to a

phase-shifted front. Center: the same experiment for a pushed pattern-forming front in the FitzHugh-Nagumo equation.

The adjustment of the position of the front interface creates a phase defect in the pattern in the wake which persists for

all time. Right: schematics of these dynamics in the frame co-moving with the front speed, in which the phase defect

propagates to the left at the group velocity of the wave train.

by the adjusted interface and the original phase of the front; see Fig. 6.2. This analysis has recently

been completed in [8].

Theorem 6.3 ([8] — selection of rigid pushed pattern-forming fronts). Let ups be a rigid pushed

pattern-forming front. Then ups is a selected front in the sense of Def. 3.1.

We note that the concept of selection is modified in the sense that closeness to the front is not uniform

in the wake of the front due to diffusive mixing.

Selection of rigid pushed pattern-forming fronts: proof sketch. As in the unpatterned case,

one considers perturbations w “ u ´ ups of the front ups, and derives a variation of constants formula

satisfied by w, with the same form as (5.3). The difference is that in the unpatterned case, one has the

linear exponential convergence eLpst “ ω0,η0 pBξupsqupsP0 ` Ope´µtq, while as a result of the diffusively

stable spectrum in the wake, for pattern-forming fronts one merely has

eLpst “ ω0,η0Bξupsspptq ` scptq ` Ope´µtq, (6.11)

where, roughly,

rspptqw0spξ, tq « erf

¨

˝

ξ ´ cgt
b

4Dwt
eff t

˛

‚P0w0, rscptqw0spξ, tq À
e

´
pξ´cgtq2

4Dwt
eff

t

p1 ` tq1{2
,

with erfpzq “
şz

´8
e´x2 dx, and P0 is again a projection onto the translational mode along the adjoint

eigenfunction [8]. The leading order term spptq captures the interaction of the embedded eigenvalue

with the essential spectrum. To resolve this at the nonlinear level, one studies the dynamics of the

spatiotemporally modulated perturbation w̃pξ, tq “ ω0,η0pξqrupξ ´ ψpξ, tqq ´ upspξqs. One can use the

linearized decomposition (6.11) to write down a fixed-point system for w̃ and ψ, in which ψ captures the

leading order dynamics associated to spptq terms. Completing an iterative argument on this fixed-point

system, one finds

}ω0,η0rup¨, tq ´ upsp¨ ` ψp¨, tq, tqs}L8 À p1 ` tq´1{2, where ψpξ, tq « ψ8pu0qerf

¨

˝

ξ ´ cgt
b

4Dwt
eff t

˛

‚ (6.12)
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for a constant ψ8pu0q P R. Convergence is in fact exponential on any half-line r´K,8q, with estimates

}ψp¨, tq ´ ψ8}L8r´K,8q ` }ω0,η0rup¨, tq ´ upsp¨ ` ψ8qs}L8r´K,8q À e´µt.

We note, however, that convergence of upξ, tq to upspξ `ψ8q is not uniform on the real line: the phase

defect introduced by the perturbation widens but persists for all time, propagating away from the front

interface according to the group velocity; see Fig. 6.2.

Crucial to closing the nonlinear argument is the estimate }P0w0}L8 À }ωκ,0w0}L8 , that is, the trans-

lational mode only very weakly responds to excitations to the left of the front interface. Essentially,

the dynamics near and ahead of the front interface remain as in the unpatterned case, and the pattern

formation mechanism in the wake simply responds to the phase adjustment introduced by the rapid

adjustment of the front interface in response to the initial perturbation.

Pulled rigid pattern-forming fronts. The typical spectral picture now is as follows.

Definition 6.4 (Marginal spectral stability — pulled rigid pattern-forming fronts). A stationary so-

lution to (6.10) is a rigid pulled pattern-forming front if it is marginally spectrally stable and leaves

behind a diffusively stable periodic pattern according to Def. 6.1, with negative group velocity. It satisfies

conditions (i)-(v) of Def. 5.4, with the following modifications:

• the state u´pξq selected in the wake is now periodic in space, rather than spatially uniform;

• we modify condition (iv) to assume that for any η̃ ą 0 sufficiently small,

Lpl : H
2m
exp,η̃,ηlin

Ă L2
exp,η̃,ηlin

Ñ L2
exp,η̃,ηlin

has stable spectrum apart from the simple branch touching iR at the origin due to (i).

As in Def. 6.2, the small exponential weight on the left is needed to stabilize the diffusive spectrum

associated to the periodic pattern, and the fact that the stabilizing weight allows exponential growth

on the left encodes that the group velocity associated to u´pξq is negative (in the frame co-moving

with the front speed), so that the front acts as a source of patterns.

Rigorous selection of rigid pulled pattern-forming fronts remains an open problem. Some partial

progress establishes an upper bound on the propagation speed for systems with a variational struc-

ture [37], or stability against perturbations which are small in L1
exp,0,ηlin

[9] and hence cannot cut off

the front tail in light of the asymptotics in Def. 5.4(iii). Based on the linear theory developed in [9],

we nonetheless strongly suspect that selection holds for rigid pulled pattern-forming fronts.

Conjecture 6.5 (Selection of rigid pulled pattern-forming fronts). Let upl be a rigid pulled pattern-

forming front. Then upl is a selected front in the sense of Def. 3.1, with position correction hptq “

´ 3
2ηlin

log t` Op1q.

Intuitively, the challenge in establishing Conj. 6.5 is that the logarithmic drift in the interface position

introduces a slowly growing phase shift in the wake and thereby an ongoing disturbance to the phase

in the wake. Technically, comparing to the proof of Thm. 5.5, a key challenge is that the usefulness

of the transformation from w to z “ pt ` t0q´3{2w in the proof of Thm. 5.5 relies on the fact that the

linearized evolution decays everywhere with rate t´3{2. Hence, one can use the linearized evolution to

prove pt ` t0q´3{2–decay for z, which translates to boundedness of w. However, the diffusive stability
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of the periodic pattern induces linear decay only with rate t´1{2 for ξ ! ´1. Hence, one cannot use

a perturbative argument based on the linearization to prove that z decays globally with the desired

rate. Interestingly, the stability result [9] does establish that the t´3{2 decay rate is preserved for the

linearized evolution for ξ ě 1, i.e. to the right of the front interface.

6.5.2 Modulated fronts: conjectures

Results on selection of modulated fronts, analogous to Thms. 5.2 and 5.5, are not available. In analogy

to [9, 8] but relying on Floquet theory as in [130], we outline a framework and state conjectures relating

stability and selection of modulated fronts with patterns in their wake.

Definition 6.6 (Marginal spectral stability — modulated pushed fronts). A time-periodic solution

upspξ, τq (6.10) with period T and speed c “ cps is a modulated pushed pattern-forming front if it

is marginally stable and leaves behind a diffusively stable periodic pattern according to Def. 6.1, with

negative group velocity. Typical marginal stability of modulated pushed fronts is encoded as follows.

(i) Selected state in the wake: Assume that there exists a selected wave train in the wake, u´pξ, τq “

uwtpkξ´ωτq to (6.10) with c “ cps with uwtpζq periodic in its argument. This periodic solution is

diffusively stable, as in Def. 6.1, and the group velocity is negative in the frame co-moving with

the front.

(ii) Exponential asymptotics: Assume that upspξ, τq converges with exponential rate in ξ to u´pξ, τq

as ξ Ñ ´8 and to 0 as ξ Ñ 8. Let ηps denote the exponential convergence rate as ξ Ñ 8.

(iii) Minimal marginal Floquet stability: Let Lps “ PpBξq`cpsBξ`f 1pupspξ, τqq denote the linearization

of (6.10) about upspξ, τq. Let Y “ L2pR{TZq, and let Y 1 “ H1pR{TZq. We assume that for any

η̃ sufficiently small, the operator

´Bτ ` Lps : H
2m
exp,η̃,ηps´η̃pR, Y q X L2

exp,η̃,ηps´η̃pR, Y 1q Ă L2
exp,η̃,ηps´η̃pR, Y q Ñ L2

exp,η̃,ηps´η̃pR, Y q

has a semi-simple eigenvalue at λ “ 0 of multiplicity 2, with eigenfunctions Bξups and Bτups, and

its spectrum is otherwise stable in 0 ď Imλ ă 2π{T .

Recall from §6.3 that eigenvalues of ´Bτ ` Lps correspond to Floquet exponents for the periodic map,

and so condition (iii) encodes marginal stability of the linearized dynamics, arising from point spectrum

as expected for pushed fronts. We expect that the theory developed in [130] can be used to transfer the

analysis of the linearized dynamics for rigid pattern-forming fronts in [8] to the modulated setting (see

[20] for a related analysis for time-periodic viscous shocks), which would thereby establish the following

general selection result for pushed modulated fronts.

Conjecture 6.7. Let upspξ, τq be a modulated pushed pattern-forming front. Then upspξ, τq is a selected

front in the sense of Def. 3.1.

We can similarly formulate definitions and conjectures regarding typical pulled modulated fronts.

Definition 6.8 (Marginal spectral stability — pulled modulated fronts). A time-periodic solution

uplpξ, τq to (6.10) with c “ clin is a modulated pulled pattern-forming front if it is marginally spectrally

stable and leaves behind a diffusively stable periodic pattern according to Def. 6.1 with negative group

velocity. Typical marginal stability of modulated pulled fronts is encoded as follows.
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(i) Linear spreading speed via pinched double roots: Suppose that, with c “ clin, the dispersion

relation for linearization of (6.10) about u “ 0 has simple pinched double roots at λ “ ˘iωlin,

with spatial eigenvalue ν “ νr ` iνi, νr ă 0, where ωlin “ 2π
T . Let ηlin “ ´νr.

(ii) Selected state in the wake: Assume that there exists a selected wave train solution to (6.10),

u´pξ, τq “ uwtpkξ ´ ωτq, with c “ clin, with uwtpζq periodic in ζ. This periodic solution is

diffusively stable, as in Def. 6.1, and the group velocity is negative in the frame co-moving with

the front.

(iii) Exponential asymptotics: Assume that uplpξ, τq converges with exponential rate in ξ to u´pξ, τq

as ξ Ñ ´8, and that the leading order asymptotics as ξ Ñ 8 are uplpξ, τq „ Aξeνξ`iωlint `

Āξeν̄ξ´iωlint, with A P CN nonzero.

(iv) Minimal marginal Floquet stability: Let Lpl “ PpBξq`clinpBξq`f 1puplpξ, τqq denote the lineariza-

tion of (6.10) about uplpξ, τq. Let Y “ L2pR{TZq and Y 1 “ H1pR{TZq. We assume that for any

η̃ ą 0 sufficiently small, the operator

´Bτ ` Lpl : H
2m
exp,η̃,ηlin

pR, Y q X L2
exp,η̃,ηlin

pR, Y 1q Ă L2
exp,η̃,ηlin

pR, Y q Ñ L2
exp,η̃,ηlin

pR, Y q

has two branches of essential spectrum touching the origin, corresponding to the simple pinched

double roots from (i), and is otherwise stable.

(v) No resonance at λ “ 0: Assume that there are no solutions u P L8
exp,0,ηlin

pR, Y q to the equation

r´Bτ ` Lpssu “ 0.

Conjecture 6.9. Let uplpξ, τq be a modulated pulled pattern-forming front. Then uplpξ, τq is a selected

front in the sense of Def. 3.1.

To prove Conj. 6.9, we expect difficulties similar to Conj. 6.5. Conj. 6.9 was formally resolved using

matched asymptotics in [49] without controlling errors. Selection throughout is defined in spaces that

allow for growth in the wake due to the potential presence of non-decaying wave train dynamics.

One can envision other scenarios for modulated invasion and associated conjectures: any one of the

leading edge, the front interface itself, or the state in the wake can be oscillatory or temporally constant.

The invasion will be oscillatory if any one of the three exhibits oscillations and we conjecture that all

cases occur in parametrically forced Hopf bifurcation; compare for instance Fig. 2.6 for some scenarios.

6.6 Periodically forced problems, problems in lattices, and problems in cylinders

The difficulty of temporal periodicity appears in many other contexts, for instance when the equation

is periodically forced in time or in space with periods T or L, respectively,

ut “ PpBx, t, xqu` f, f “ fpu, t` T, x` Lq “ fpu, t, xq. (6.13)

Assuming, after shifting u if necessary, that u ” 0 is an equilibrium, we find a linearized equation with

periodic coefficients, amenable to spatio-temporal Floquet analysis, thus expecting a linear invasion

speed clin and frequency ωlin. One then proceeds to identify temporally resonant nonlinear states in the

wake. The situation here is simplified since the linearization at such periodic patterns would typically
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not possess a zero neutral eigenvalue and allow for exponential stability in the wake of the invasion.

Spatial periodicity can also be due to spatial discreteness, as in equations on lattices,

uj,t “ pPpδ´, δ`quqj ` fpujq, j P Z, (6.14)

with P polynomial, pδ´uqj “ uj ´ uj´1, pδ`uqj “ uj`1 ´ uj . Fronts of the form upj ´ ctq with

temporal period 1{c solve a forward-backward delay equation with ill-posed initial-value problem similar

to (6.3) [163, 109]. The methods discussed in this review could also be applied in this context to study

selection of fronts; see for example [159, 85] for invasion processes where novel phenomena arises due

to a combination of both temporal and spatial discreteness.

Technically similar are also problems in cylinders [81, 22],

ut “ PpBx1 ,∇xK
q ` fpuq, x “ px1, xKq P R ˆ Ω, “+” b.c. on R ˆ BΩ. (6.15)

The elliptic traveling-wave equation in the strip R ˆ Ω accommodates a similar point of view as (6.3).

We discuss the case of Ω “ Tn´1, the torus, that is, periodic boundary conditions in xK, below.

Linear spreading speeds are found following the recipes of analyzing pointwise resolvents through (now

infinite-dimensional) stable and unstable subspaces, and identifying pinching points where stable and

unstable roots collide.

6.7 Transverse pattern selection

For x P Rn, n ą 1, many new questions arise. In an isotropic system, the linear equation predicts

spreading with ball-shaped level sets growing with the linear spreading speed. In the leading edge,

dynamics resemble dynamics along a planar interface with small curvature corrections; see [124] for

the FKPP case. Considering on the other hand initial conditions localized in a strip x1 P p´L,Lq,

xK P Rn, we may decompose into Fourier modes eikK¨xK and ask for spreading speeds clinpkKq for each

of these Fourier modes. In an isotropic system, surprisingly this spreading speed is always maximized

for kK “ 0; see [88, §7]. For pattern-forming systems, the leading edge therefore forms patterns that

are independent of xK, that is, stripes perpendicular to the direction of spreading. Hexagonal or

rectangular patterns formed in the wake of a pulled invasion front should then be interpreted as a

failure of node conservation, similar to cases where the frequency of the leading edge does not predict

the wavenumber correctly. Trying to understand the emergence of different patterns in the wake of

fronts then naturally leads to discussing secondary invasion fronts; see §7.1.

6.8 Practical considerations: modulated fronts

Many of the practical issues discussed in §3 and §4 can in theory be immediately generalized to the

case of modulated, time-periodic invasion. Very little of this has however actually been done. We

mention [73] where pulled fronts have been computed in the Swift-Hohenberg equation using a Newton

method for (6.3) with suitable phase conditions and an additional farfield-core decomposition in the

wake. We believe that the picture emerging from analysis and computations will be much richer

than described here. Hopefully, progress will emerge through a better understanding of examples,

for instance establishing assumptions for marginally stable pattern-forming fronts in examples and, of

course, and establishing selection results.
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Wavenumber selection. We emphasize that as a general recipe, 1:1 resonant selection is very suc-

cessful, and restate here the basic strategy to find patterns selected in the wake, if the invasion is

pulled:

(i) determine the nonlinear dispersion relation for wave trains uwtpkx ´ ωtq in the steady frame

ω “ ωpkq; see §6.4;

(ii) determine the spreading speed and linear invasion frequency ωlin in the comoving frame;

(iii) determine the selected wavenumber k solving (6.9)

ωlin “ ωnlpkq ´ clink.

6.9 Modulated fronts: examples

The complex Ginzburg-Landau equation. The modulation equation (1.10),

At “ Axx `A´A|A|2, A P C, (6.16)

arises near the onset of instability, where a physical variable is expressed as upt, xq “ Apε2t, εxqeikxe0 `

c.c. for some eigenmode e0. The linear spreading speed is clin “ 2 and fronts are of the form eiψupξq,

ψ P r0, 2πq, and u2 ` 2u1 ` u ´ u3 “ 0 is the Nagumo front. Selection of this front is not known

but stability of the critical front was established in [55] and in [17] with sharp decay estimates. One

should think of these fronts having an averaged out oscillation, which could be reintroduced by the

transformation B “ eiωtA, creating a pair of pinched double roots at ˘iω at clin “ 2. Variations near

weakly subcritical bifurcations include the cubic-quintic version

At “ Axx `A` αA|A|2 ´A|A|4, A P C,

with pulled fronts for α ă 2{
?
3 and pushed fronts for α ą 2{

?
3 with speed 1?

3
p´a` 2

?
4 ` a2q.

The Swift-Hohenberg equation. The simplest case where the complex Ginzburg-Landau equation

actually describes the dynamics of small-amplitude solutions is the Swift-Hohenberg equation (1.11),

ut “ ´pBxx ` 1q2 ` ε2u´ u3, (6.17)

with ε Á 0 and amplitude approximation upt, xq “ εApε2t, εxq ` c.c., AT “ 4AXX ` A ´ 3A|A|2,

with spreading speed 4, that is, spreading speed 4ε in (6.17). In fact, the spreading speed is explicit

from (2.33) with a “ ´2, b “ ´1 ` ε2, with expansion

clin “ 4ε`ε3´
9

8
ε5`Opε7q, ωlin “ 4ε`

3

2
ε3´

45

32
ε5`Opε7q, k “ ωlin{clin “ 1`

1

8
ε2´

13

128
ε4`Opε6q. (6.18)

Existence and linear stability of fronts with c ą clin has been established in a series of papers exploiting

the approximation by (6.16); see [35, 36, 37, 54, 53]. Existence can be understood as a center-manifold

reduction in the modulated traveling-wave equation with frequency and speed of order ε,

εω1uτ “ ´pBξξ ` 1q2u` ε2u` c1εuξ.

Decomposing into Fourier modes, u “
ř

ûeiℓτ , we find spatial eigenvalues as roots νℓ of

εω1iℓ “ ´pν2 ` 1q2 ` ε2 ` c1εν.
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At ε “ 0, νℓ “ ˘i for all ℓ. Expanding in ε, and substituting the ω1 and c1 from (6.18), we find

ν “ i ´ 2ε` Opε2q, when ℓ “ 1, ν „ ˘
a

εip˘1 ´ ℓq, otherwise.

The gap in the real part of the spectrum between ν “ ˘1 ` Opεq and the comparatively large Op
?
εq

allows one to reduce to a 4-dimensional center-manifold parameterized by the modes |ℓ| “ 1 and recover

at leading order the Ginzburg-Landau traveling-wave equation [54]. Marginal stability is not known.

Other pattern-forming systems. The Swift-Hohenberg equation was designed to mimic instabilities

in fluids [153], appeared in a slightly modified form much earlier in Turing’s notes on morphogenesis [43],

and has been used across the sciences to model the emergence of spatial patterns. Experimental

examples where quantitative comparisons to theory are feasible include fluid experiments, such as

the motivating example of Rayleigh-Bénard convection in [153] and the Taylor-Couette experiment.

Mimicking the ideas for the analysis of fronts in the Swift-Hohenberg equation, existence and stability

of fronts with c ą clin was established for the Navier-Stokes equations modeling the Taylor-Couette

experiment [79, 52]. In a reaction-diffusion pattern-forming context, the technique was adapted to

construct pattern-forming fronts in FKPP with non-local reaction terms in [56].

Hopf bifurcations. Bifurcations discussed thus far form spatially periodic patterns. Other instabili-

ties may generate patterns periodic in time, or in both space and time; see [40, 141] for some background.

In case of a Hopf bifurcation, the modulation equation is the complex coefficient Ginzburg-Landau equa-

tion (1.13). We discussed linear invasion speeds in §2.7. Existence, stability, or selection of invasion

fronts are not known. One can however find pulled invasion fronts of the form A “ eiΩtBpx´ ctq, with

Ω “ α and c “ 2
?
1 ` α2, as equilibria of

Bt “ p1 ` iαqBξξ ` cBξ ` p1 ´ iαqB ´ p1 ` iβqB|B|2
!

“ 0. (6.19)

For the resulting ODE in pB,Bξq P C2 „ R4, the origin is stable with algebraically quadruple, ge-

ometrically double eigenvalue ν “ ´p1 ´ iαq{p1 ` α2q, reflecting that we chose c and Ω according

to the marginal stability condition. The ODE also possesses spatially periodic solutions of the form

Bwtpkq “ rpkqeikξ, rpkq2 “ 1 ´ k2,

k˘
s “

´

a

1 ` α2 ˘
a

1 ` β2
¯

{ pα ´ βq . (6.20)

The dispersion relation in the steady frame ωnlpkq “ β ` pα ´ βqk2 gives cgpkq “ 2pα ´ βqk so that

in the frame with speed clin, precisely the solution with k “ k´
s has negative group velocity. A short

calculation gives that the associated periodic solution in (6.19) has a two-dimensional unstable manifold.

Invasion fronts exist precisely when solutions in the unstable manifold converge to the asymptotically

stable origin, a fact that is easy to verify numerically.

More information can be obtained when linear and nonlinear dispersion are balanced, |α ´ β| ! 1. At

α “ β, we set B “ eikξb with k “ α{
?
1 ` α2 and find real fronts in

b2 `
2

?
1 ` α2

b1 `
1

1 ` α2
b´ b|b|2.

A perturbative analysis gives existence for |α ´ β| ! 1 and possibly information on marginal stability.

Front dynamics can however be rather complex since the pattern in the wake can be unstable, leading

to secondary invasion that we shall discuss in §7.1; see [158] and [116, 147]. In the cubic-quintic
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Figure 6.3: Dynamics of fronts invading A “ reikunstx, r2 “ 1 “ k2
unst, in CGL (1.10). Shown are the perturbation with

kunst “ 0.67498 (left) and kunst “ 0.61158 (center), and the selected wavenumber in the wake versus linear prediction

(right). While speeds (not shown) agree with the linear theory for all kunst, wavenumbers differ due to an intricate

interaction between small oscillations in the leading edge and large nonlinear structures (center).

Ginzburg-Landau, modeling weakly subcritical bifurcations, one can find pushed fronts, sometimes even

explicitly [158]; see also [4] for more context on the Ginzburg-Landau equation. Beyond modulation

equations, one can recover the traveling-wave equation on a center-manifold for the ill-posed modulated-

wave equation (6.3) ; see [141]. In this case, the temporal frequency is close to the Hopf frequency and

therefore not small, simplifying the reduction process. Finally, little seems to be known about fronts

in the case of instabilities that create wave trains upωt´ kxq with ω, k “ Op1q near onset.

Phase separation. Simple models include the Allen-Cahn and Cahn-Hilliard equations, phase-field

systems, and even variants of the Keller-Segel model. One is usually concerned with the formation of

clusters and subsequent dynamics of clusters through motion, merging, or parasitic growth. Periodic

arrangements of clusters are known to exist in all the models mentioned, via a reduction to simple

scalar nonlinear pendulum equations, yet they are typically unstable. Spatially constant states can be

unstable against what is usually referred to as spinodal decomposition, or cluster formation, most easily

understood in the Cahn-Hilliard equation with linearization ut “ ´puxx ` p1 ´ 3m2quqxx. One can

find linear spreading speeds and frequencies in this equation and establish existence of invasion fronts

that leave behind periodic patterns [143]. One can also find fronts that invade the unstable periodic

patterns and leave behind new periodic patterns with larger wavelength, thus mediating a coarsening

process [142, 143]. The existence proofs rely on Conley index arguments, specifically connection matri-

ces, which rely on topological forcing of heteroclinic connections based on a priori bounds and detailed

knowledge of invariant sets and their Morse indices [39, 62]. The dynamical systems tools are applied

to a finite-dimensional approximation with truncated Fourier series in time τ for (6.3), together with

a priori bounds when passing to the limit of infinite series.

Numerical studies indicate that invasion is always pulled [143, Fig. 5&7], but that the linearly predicted

and the observed wavenumber differ for weak instabilities. Similar phenomena were observed in the

Keller-Segel model of chemotaxis [26] and in a phase-field model [75, 101]. The change in wavenumber

can be understood in the framework of §6.4 as changes in harmonics in (6.9); see [143, Fig. 8] for a

numerical exploration indicating preferences for p “ 1, q “ 1, 2, 3, . . . in (6.9).

Sideband instabilities. Instability of periodic patterns is often due to sideband instabilities [40],

which can at small amplitudes be described by Cahn-Hilliard equations [156]. The resulting invasion

process has been observed in many contexts, including dispersive Hamiltonian equations [25, 112] and

studied theoretically to some extent in the Ginzburg-Landau equation [51]. Again, fronts, appear to

be pulled and one observes higher resonances for weak instabilities; compare Fig. 6.3.
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7 Discussion and more open problems

7.1 Instabilities of fronts and wakes, and staged invasion

Somewhat ironically, the propagation via invasion front into an unstable state can itself be unstable,

despite the marginal stability in the leading edge. Such instabilities, usually observed in the wake, are

in fact quite common and can lead to cascades of unstable states visited at any fixed location in space.

We pointed to some of those bifurcations in §3.2 and in [14].

The skew-product coupling presented there in (3.6) mimics the presence of invariant subspaces. A

Hopf bifurcation in the wake is for instance simply not visible in the traveling-wave equation. In the

modulated traveling-wave equation where the Hopf bifurcation is visible and gives rise to invasion fronts,

the pure traveling-wave equation occurs as an equation on the invariant subspace of time-independent

functions. More generally, instabilities affect the existence of a primary front only if they are resonant

with the primary frequency. Instabilities of patterns in the wake such as in the Cahn-Hilliard to

patterns with say double the wavelength are not resonant in this sense. They give rise to secondary

fronts, so that the invasion process proceeds in stages. In fact, many of the examples discussed thus

far involve such staged invasion processes, yet fairly little is understood about them. Most analytical

results focus on situations with some explicit decoupling, or with a stable leading edge; see for instance

[129, 133], and [66, 70]. The situation is complicated by the fact that instabilities are at times generated

at the front interface, yet they may impact the dynamics in the wake significantly [87]. Two somewhat

eminent challenges in the context described here are:

(i) Explain the selection of harmonic wavenumbers through fronts; see [143, Fig. 8–10] and Fig. 6.3!

(ii) Find selected fronts that leave hexagonal patterns in the wake; see Fig. 7.1!

We conjecture that both cases can be understood through secondary fronts invading a primary pattern

created in the leading edge, a short-wavelength pattern in the first case, and a stripe pattern parallel

to the front interface in the second situation. Secondary invasion by hexagons in a Swift-Hohenberg

equation is shown in Fig. 7.1, both when hexagons form immediately after invasion, and when they

form in a secondary, slower front. In both cases, the leading edge creates a striped pattern. The

predominant selection of stripes in the leading edge was first observed in [26] and generally proven for

linearized problems in [88]. Multi-dimensional invasion fronts were constructed in a Swift-Hohenberg

context in [46] using methods similar to [79], but not systematically studying selection mechanisms

[143, Fig. 9&10]. Staged invasion was studied in [118, 41, 80].
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Technically, the questions here bear some resemblance to questions of front invasion in shifting envi-

ronments, when thinking of the invasion by a primary species as preparing an environment for a second

species to invade; see for instance [72, 160, 103].

7.2 Linear prediction through resonances

Our main results on selection rely on marginal stability in weighted function spaces, adapted to the

pinched double roots. Such an approach can fail as seen in (2.48), or, in the simplest situation, in

ut “ uxx ` u´ u2 ` v, vt “ dvxx ´ δv (7.1)

with d ą 2, 0 ď δ ! 1, in somewhat subtle ways. The Gaussian v-profile effectively selects a front

in the FKPP equation for u with a speed c ą 2 that corresponds to a double pinched double root,

where spatial roots from the u- and the v-equation coalesce [83, 84]. Furthermore, replacing the v-

source term in the u-equation by v2 or v3, acceleration still occurs for large enough d, although the

linear equation does not predict this acceleration. This specific observation led to generally identifying

resonances in the linear dispersion relation beyond the pinched double roots that have dominated this

review. Criteria for speeds based on such generalized resonances were derived and corroborated in [59],

although selection proofs beyond very simple skew-coupled systems with comparison principles do not

exist. An example that illustrates the relevance in pattern-forming problems with competing modes

was studied in [60], where nonlinear asymptotic stability (although not selection) of the apparently

selected front was shown despite the fact that the front is spectrally unstable in any exponentially

weighted space. It is remarkable that in this special, particular situation (7.1), the selected front is not

the steepest front, nor the slowest stable front. It is however marginally stable.

7.3 More open problems and conclusions

Somewhat tangential to the main focus of this review, there are many open questions.

Invading periodic patterns. We discussed instabilities of patterns created in the wake of invasion

fronts, which lead to secondary fronts invading periodic, rather than constant, states. Investigating

speed, frequencies, and selection of these fronts leads to somewhat intricate phenomena related to

resonances, discussed before. Such fronts were studied in the phase separation context but most of the

methods described in this review have not been adapted to this setting.

Quasiperiodic and chaotic invasion. When mentioning the relevance of resonances in the selection

of states in the wake, one naturally asks if quasi-periodic invasion might be prevalent more generally in

dynamical systems. We are not aware of systematic studies that would explore this question. Numerical

studies in lattice-differential equations [21] appear to suggest the absence of frequency locking. More

dramatically, fronts in the complex coefficient Ginzburg-Landau equation may leave a chaotic state in

their wake and there do not appear to be tools available that would characterize marginal stability and

pushed vs pulled behavior in this situation.

Inhomogeneous media. In the presence of comparison principles, there is a large literature on front

propagation in inhomogeneous media; see for example [69, 115, 148, 162]. The dynamical systems

perspective taken here seems well suited to address perturbative questions, such as slowly or rapidly

varying media, from periodic to quasiperiodic, and to ergodic.
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Bounded domains. Instabilities in large bounded domains in the presence of transport are naturally

mediated by invasion fronts and can lead to steep bifurcation diagrams; see [134, 150] for scalar case

studies and [10] for conceptual and quantitative results more generally.

Geometry and higher space dimensions. Spreading of instabilities in higher-dimensional systems

leads to novel curvature corrections to the propagation speed [124] and, more dramatically, to intricate

changes in selected patterns in the wake. It would clearly be interesting how manipulating the geometry

of the growth process can be exploited to design patterns formed in the wake; see for instance [74].

Conclusion and more conjectures. We presented a dynamical systems perspective on the spreading

of instabilities in spatially extended systems that complements the robust techniques rooted in com-

parison principles. From this dynamics perspective, one of the key features of the invasion process is

its ability to select states in its wake, even when the system intrinsically supports a multitude or even a

continuum of stable states. We focused throughout on marginal stability as a selection criterion. When

discussing generalizations of the pinched double root criterion to higher resonances in the dispersion

relation and how they can lead to different speeds and selected states, we also realized that marginal

stability is intrinsically quite subtle and far from completely understood. It is then interesting to return

to other criteria, that happen to coincide with marginal stability in simple models: marginal positivity

and steepest leading edge. In this light, we conclude this review with a question that connects these

concepts:

• Are there examples of systems where marginal positivity, steepest decay in the leading edge, and

marginal stability give different predictions (and which one is correct)?

Resonances, as discussed in §7.2 provide intriguing case studies. We realize that this review asks

more questions than it answers, but we believe that the view point taken here can help organize our

understanding of instabilities across many scientific areas, and at the same time stimulate research by

pointing to natural dynamical systems inspired questions in this field. The flexibility and universality

of the dynamical systems approach we have taken here is best summarized quoting van Saarloos [157]:

. . . the approach we have advanced here is ready to be put on rigorous footing. If this will be done, it

will undoubtedly allow one to approach large classes of equations at one fell swoop.
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