Math 677. Fall 2009.
Homework #1 Solutions.

Part 1. Exercises are taken from ”Diffential Equations and Dynamical Sys-
tems” by Perko, 3rd edition.

Problem Set 2: # 3
Write the following linear DE with const coefficients in the form of the linear
system & = Ax and solve:

(a) &+ & —2x = 0.
Substitution x; = x, x5 = & yields an equivalent 1st order system

jl’l = X2 . . o 0 1
{ By = 20, — ie. £ = Azx,where A = [ 5 _1 }
Eigenvalues \; = 1, A, = —2, eigenvectors v; = [1, 1]7, v, = [1, —2]T. Hence
11 . 11 2/3 1/3
p_[l _2} with P _{1/3 _1/3].
The solution of the IVP is given by
et 0 _
x(t) :P{ 0 o2 ] P~ 1z(0).

Problem Set 3: # 4

If T is a linear transformation on R" with ||T" — I|| < 1, prove that T is
invertible and that the series > o, (I — T')* converges absolutely to 7.
To show that T is invertible, notice that

| T|| = |1 + (T = D)a|| = [J]| + |(T = D)z]| = (1)
> [Jxf] = 1T = Il[[[=]] = (L = [[T" = I[DI]]| > 0 (2)
for all ||z|| > 0. In other words, ||Tx|| = 0 iff ||z|| = 0, a criterion of

invertibility.
The absolute convergence of the series to T follows from geometric series
formula for matrices.



Problem Set 4: # 4 Consider

10 0
A=11 2 0
1 0 —1
Eigenvalues: A; = 1, s = —1,A3 = 2, eigenvectors v; = (2,-2,1),vy =
(0,0,1),U3 = (07170)
2 00 1 1 00
P=|-201 ,anolp—lz5 -1 0 2
1 10 2 20

which leads to x(t) = eAtz(0) = Pdiag(\;, A2, \3) P~12(0), i.e.

e 0 0
z(t) = e —et e 0 | x(0)

et—et) 0 et

Problem Set 5: # 5 Second order equation & + a + bx = 0 is equivalent

to £ = Ax with
0 1
=5 L]

Eigenvalues are given by %(—a +Va? —4b) and A\ - Ay = b, A1 + Ay = —a.
According to the standard classification of equilibria for linear systems, we
have the following cases:

(1) If b < 0, the origin is a saddle.

(2) If b > 0,a = 0, it is a center.

(3) b> 0,a® — 4b > 0 is a stable node for a < 0 and unstable node for a > 0
(4) b > 0,a® —4b < 0 is a stable focus for a < 0 and unstable focus for a > 0.

Part II. Prove the following properties of e“:

(1) if A is diagonalizable, so is e

This follows from the fact that e? = P 'AP — p=leAp,

(2) if A is symmetric, then e? is positive definite



If AT = A, there is an orthogonal matrix @ s.t. A = Q7 'AQ), so that
(edz, ) = (QTeQuz, x) = (e*Qx,Qx) > 0 for all z > 0.

(3) det(e) = ™4

If A= P 'AP, dete® = IIeM!,i = 1,...n. By the properties of trace,
et = Mt — TNt The statement follows from the observation that
trP7'AP = P~ 'trAP and the fact that A = P~'JP, where J is composed
of Jordan blocks J;, each of which satisfies the above relation.

(4) eAt _ T—leTATfltT'
This follows from the calculation

1 _TAT Ytrp _ -1 — (TAT ')k . — Atk At
TR =Ty e =) e
0 —0



