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Introduction

Stochastic Dynamic Programs

Many decision-making problems are stochastic and dynamic by nature. For
example,

Water resources allocation: How much
water to allocate to different users
every year, given that water supply and
demand are uncertain.

Bond investment planning: How much
bond(s) to borrow/lend every month,
given that rates of return are uncertain.
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Introduction

Dynamics

X1~ £~ Xo
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Introduction

Dynamics

XL~ §o 0 Xp v £3 v X3 v L v T v XT

@ Stochastic programming, stochastic optimal control, Markov decision
processes are ways to model these problems, among others.

@ We focus on a particular class of problems:

Multistage stochastic program (MSP)
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Introduction

General Formulation of MSP

min E [g1(x1, &) + &2(x2, &) + ... + gr(x7,£7)]

X1,X25-44,X

st. xy € &y = Xt(x[tfl]vé[t]% t=1,2,...T,

where

@ {[y and x: history of stochastic process and decisions up to stage t

o x; := x¢(§[y): decision made at each stage

o X = Xi(xjt—1),§jy): feasibility set in stage t

o gi(xt,&t): cost of decision x; given the realized uncertainty &; at
stage t
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X1,X25-44,X

st. xy € &y = Xt(x[tfl]vé[t]% t=1,2,...T,
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@ {[y and x: history of stochastic process and decisions up to stage t
o x; := x¢(§[y): decision made at each stage
o X = Xi(xjt—1),§[y): convex feasibility set in stage t

o g¢(xt,&t): convex cost of decision x; given the realized uncertainty &;
at stage t
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Introduction

General Formulation of MSP

min § E[g1(x1,81) + g2(x2,&2) + ... + g7 (xT, 7))

X1,X250005X

st. x¢ € Ay = Xt(X[t—l]af[t]), t=12,...T,
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Nested Formulation of MSP

xlngi;gl gl(Xl, 51)+EQ2|§[1] x;nei)rgz gg(Xg, 52) + E%\E[Q] [ -t E‘]T‘S[T—l] LELQT gT(XTv 57'):| .. :|:|

® e,y conditional distribution of stage t, conditioned on {[;_

o E []: conditional expectation w.r.t. Qg

qe[&[r 1)
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Introduction

Nested Formulation of MSP

Jmin g1(x1, &)+ Eqyjy | min g2(x0, &) + Eayig [--~+Eqr\£[rﬂ] LT”;i)f}TgT(XTaET)} ”

Features/Assumptions

o Expectation is w.r.t. known joint probability distribution of {¢:}/];

@ Assume &; has finitely many possible realizations, so we can represent
the process using a scenario tree

e Optimization is done over policies x := [x1, ..., xT]
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Introduction

Drawbacks of the Previous Model

The decision maker

@ is risk-neutral,

@ have complete information about the underlying uncertainty via a
known probability distribution.
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Introduction

Drawbacks of the Previous Model

The decision maker
@ is risk-neutral,

@ have complete information about the underlying uncertainty via a
known probability distribution.

— What if this is not the case?

The distributionally robust version of the problem (multistage DRSP)
addresses the situation where the decision maker
@ might be risk-averse,

@ might have partial information about the underlying probability
distribution, e.g., from historical data and/or expert opinions.
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ECOM 2019



Introduction

Motivation

Address the following fundamental research questions in the context of
multistage DRSP (and many other decision-making problems under
uncertainty):

Q1: How do we formulate this problem?

Q2: What uncertain scenarios are important to a multistage DRSP
model?

e How to define important scenarios?

e How to identify important scenarios?
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Introduction

Motivation

Q3: What can be inferred from important scenarios in real-world
applications?

e Encourage decision makers to collect more accurate information
surrounding these scenarios

e Help decision maker to choose an appropriate size for the ambiguity
sets

o Accelerate Decomposition Algorithms

e Scenario Reduction
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Multistage Distributionally Robust Stochastic Program (DRSP)
Outline

© Multistage Distributionally Robust Stochastic Program (DRSP)
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Multistage Distributionally Robust Stochastic Program (DRSP)

Toward a Nested Formulation of Multistage DRSP

Given a scenario tree and a nominal distribution on the tree

Ert1
{1 Eet1
/
&1 — xI — &
\

X¢1 Eev1
/

Eet1
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Multistage Distributionally Robust Stochastic Program (DRSP)

Toward a Nested Formulation of Multistage DRSP

Given a scenario tree and a nominal distribution on the tree

Ert1

Ae+1|gy
x¢
~

{1 Eet1
&1 — xI — &

X¢1 Eev1
/

i
Ar+1|gg

Eet1
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Nested Formulation of Multistage DRSP

oot

min 81 (x1,€1) + Eqyey, [XE“E'% 82(x2,62) + Eqyjgp,

)

Eqrleqr o L;“ei)’}T gr(xT, 57)} . ]
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Nested Formulation of Multistage DRSP

min gi(x1,&1) +
x1EX,

max max
p26792|5[1] p3€773|§[2]

Ep, | min go(x2, &) + Y Ep,| ...+
X2 EXo

max
pTePT|5[T_1]

E min X
PT XTEXTgT( T7€T) 5
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Nested Formulation of Multistage DRSP

maXx max
p2€792|£[1] p3€773|§[2]
min g1(x1,&1) + Y Ep, | min go(x2,&2) + Y Eps| ...+
x1EX, X2 EXo
max
pTePT|5[T_1]
E min X
pPT XTEXTgT( T7€T) 5
where

Pt|§[H] is the conditional ambiguity set for stage-t probability measure,
conditioned on §;_qj.
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Multistage Distributionally Robust Stochastic Program (DRSP)

How to Construct the Ambiguity Set (Multistage)?

@ Moment-based sets: distributions with similar moments

(Shapiro, 2012), (Xin et al., 2013), (Xin and Goldberg, 2015)

@ Distance-based sets: sufficiently close distributions to a nominal
distribution with respect to a distance

o Nested distance (Wasserstein metric): (Pflug and Pichler, 2014), (Analui
and Pflug, 2014)

o Modified x? distance: (Philpott et al., 2017)
e Lo, norm: (Huang et al., 2017)

o General theory: (Shapiro, 2016; 2017; 2018)
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Multistage Distributionally Robust Stochastic Program (DRSP)

How to Construct the Ambiguity Set (Multistage)?

@ Moment-based sets: distributions with similar moments
(Shapiro, 2012), (Xin et al., 2013), (Xin and Goldberg, 2015)

@ Distance-based sets: sufficiently close distributions to a nominal
distribution with respect to a distance

o Nested distance (Wasserstein metric): (Pflug and Pichler, 2014), (Analui
and Pflug, 2014)

Modified x? distance: (Philpott et al., 2017)

e Lo, norm: (Huang et al., 2017)

General theory: (Shapiro, 2016; 2017; 2018)

o Total variation distance
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Multistage Distributionally Robust Stochastic Program (DRSP)

Multistage DRSP with Total Variation Distance (DRSP-V)

At stage t, given {[,_y}, instead of considering one (“nominal”)
distribution Ael;,_yy

Consider all distributions p; in

1
Pt|£[t_1] :{pf : V(pt7qt|£[t_1]) = 2/:

Pt — Gejg, y| 9V =,

ISPy

a Pt dv = ].,
=tlE—q)

Pt Z O}a

where Et\&[H] is the sample space of stage t, given {[;_1].
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Multistage Distributionally Robust Stochastic Program (DRSP)

Multistage DRSP with Total Variation Distance (DRSP-V)

At stage t, given {[;_1], instead of considering one (“nominal”)
distribution Aele,_y»

Consider all distributions p; in

1
Prige :{pf 3 V(Pt,qt|5[t_l]) = 2/:

pt - qt|§[t_1] dV S 71’7

t€[e—1]
Pt dv = ]-a

Ef|5[t—1]

pt Z 0}5

where Et‘ng] is the sample space of stage t, given {[;_1].

» all distributions sufficiently close to the nominal distribution
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Multistage Distributionally Robust Stochastic Program (DRSP)

Multistage DRSP with Total Variation Distance (DRSP-V)

At stage t, given {[;_1], instead of considering one (“nominal”)
distribution Aele,_y»

Consider all distributions p; in

1
Prige :{pf 3 V(Pt7qt|g[t_l]) = 2/:

pt - qt|£[t_1] dV S ’Yf?

t€[e—1]

_ Pt dv = 15
=g

pt Z 0}5

where Et‘ng] is the sample space of stage t, given {[;_1].

» ensure it is a probability measure
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Multistage Distributionally Robust Stochastic Program (DRSP)
Aim

Q1: How do we formulate this problem?

Q2: What uncertain scenarios are important to a multistage DRSP
model?

e How to define important scenarios?

e How to identify important scenarios?

But ... Let's take a look at static/two-stage case first

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 13



Outline

© Two-Stage DRSP with Total Variation Distance
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Static/Two-Stage DRSP

min {f(x) = max Ep [h(x,w)]}7

XEX peP
where
o X C R"is a deterministic and non-empty convex compact set,
o ( is sample space, assumed finite

@ h: X x Q+ Ris an integrable convex random function, i.e., for any
x € X, h(x, ) is integrable, and h(-,w) is convex g-almost surely,

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 14



Static/Two-Stage DRSP

xXeX

min < f(x) := max Ep [A(x,w)] ¢,
{709 = pgs Botrcn}

where

@ q denotes a nominal probability distribution, which may be obtained
from data, e.g., empirical distribution,

@ P is the ambiguity set of distributions, a subset of all probability
distributions on €2, which may be obtained, e.g., via the total
variation distance to the nominal distribution

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 14



Two-Stage DRSP with Total Variation Distance

Assessment Problem of “Removed” Scenarios

Consider “"removing” a set F C 2 of scenarios:

PA={peP:p, =0 we FhL
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Two-Stage DRSP with Total Variation Distance

Assessment Problem of “Removed” Scenarios

Consider “"removing” a set F C 2 of scenarios:

PA={peP:p, =0 weFhL

The Assessment problem of scenarios in F is

[ fA F) = o )
i {7007 = g, 3 ]

weF*

where

If Inner Max of the Assessment Problem is Infeasible: A(x; F) = —oo
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Two-Stage DRSP with Total Variation Distance

Effective/Ineffective Scenarios in DRSP
(Rahimian, B., Homem-de-Mello, 2018)

Definition (Effective Subset of Scenarios)

At an optimal solution x*, a subset F C Q is called effective if by its
“removal” the optimal value of the Assessment problem is strictly smaller
than the optimal value of DRSP; i.e., if

in FA(x; in f
min (x,.7-")<)r(ré|)r; (x)

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 16




Two-Stage DRSP with Total Variation Distance

Effective/Ineffective Scenarios in DRSP
(Rahimian, B., Homem-de-Mello, 2018)

Definition (Effective Subset of Scenarios)

At an optimal solution x*, a subset F C  is called effective if by its
“removal” the optimal value of the Assessment problem is strictly smaller
than the optimal value of DRSP; i.e., if

fA(x; F) < min f
)r(rél)r} (x; F) )r(réln (x)

Definition (Ineffective Subset of Scenarios)

A subset F C  that is not effective is called ineffective.

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019
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DRSP with Total Variation Distance

n

min max g h(x,w

xEX pEP lpw ()
w=

where

P = {;Z\pw—qwl <7, zn:pwzl,pWZO,VW}

weN w=1

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP
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Two-Stage DRSP with Total Variation Distance

Risk-Averse Interpretation

Proposition (Risk-Averse Interpretation of DRSP with Total
Variation)

]Eq [h(Xaw)] ) if'y = 0,

f,y(X) = ¢ VSUPuen h(X’w) + (1 - ’7) CvaR’Y [h(Xaw)] ’ if0 < 7 < 17
sup h(x,w), ify>1,
wen

By (Jiang and Guan, 2016).
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How to Find Effective/Ineffective Scenarios for DRSP?

How can we determine the effectiveness of a scenario?

@ Resolve for any scenario w € Q
e Form the corresponding Assessment problem,
@ Resolve the corresponding Assessment problem,
o Compare the optimal values to determine the effectiveness of the
scenario.

@ Exploit the structure of the ambiguity set
o Propose easy-to-check conditions (based on optimal solution and
worst-case distribution) to identify the effectiveness of a scenario
o Low computational cost
o We might not be able to identify the effectiveness of all scenarios

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019
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Two-Stage DRSP with Total Variation Distance

Notation
Consider an optimal solution (x*,p*) € X x P to DRSP-V:

* inE,, [h
x* € argmin K, [A(x, w)]

*

p* = p*(x*) € argmaxE, [h(x™,w)]
peEP

Define

D (x*) == [w e Q: h(x*,w) < VaR, [h(x*,w)]]

Qo(x*) :=[w € Q: h(x*,w) = VaR,, [h(x*,w)]]
Q3(x*) := [w € Q: VaR, [h(x*,w)] < h(x*,w) < sup,,cq h(x*,w)]
Qu(x*) == [w € Q: h(x*,w) = sup,eq h(x*,w)]

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019
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Two-Stage DRSP with Total Variation Distance

Ineffective Scenarios

Theorem (Easy-to-Check Conditions for Ineffective Scenarios,
(Rahimian, B., Homem-de-Mello, 2018))

Suppose (x*,p*) solves DRSP-V. Then, a scenario ' with q,, < =, is
ineffective if any of the following conditions holds:

o w € Qy(x%),

o w € N(x*) and g, =0,

o w' € Qp(x*) and 3 ,cq,(x+y Pl =0,
(

o w € Q3(x*) and g, = 0.

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019
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Two-Stage DRSP with Total Variation Distance

Effective Scenarios
Theorem (Easy-to-Check Conditions for Effective Scenarios)

Suppose (x*,p*) solves DRSP-V. Then, a scenario w' is effective if any of
the following conditions holds:

® qu >,

o Q(x*) ={w'} and p}, > 0,

o w € Q3(x*) and g,y > 0,

o w' € Qu(x*) and q,» >0,

o Uu(x*) ={u'}.

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 22




Effective Scenarios

Theorem (Easy-to-Check Conditions for Effective Scenarios)

Suppose (x*,p*) solves DRSP-V. Then, a scenario ' is effective if any of
the following conditions holds:

® qu >,

Qo(x*) = {w'} and p}, >0,

W' € Q3(x*) and g, > 0,

W' € Qu(x*) and q,» >0,

Qa(x*) = {u'}.

» Trivially Effective !
Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 22




Two-Stage DRSP with Total Variation Distance

Beyond Previous Theorems: |dentify Undetermined
Scenarios

Theorem (Easy-to-Check Conditions to Identify Undetermined
Scenarios)

Suppose (x*,p*) solves DRO-V. For a scenario w' € Q(x*) with g, > 0,
suppose that the effectiveness of scenario ' is not identified by the
previous theorems. Let F = {w'}. If

Q@ VaR,_ [h(x*,w)[F] < VaR, [A(x*,w)], and

@ either there exists a scenario
we [VaR,yf [A(x*,w)|FF] < h(x*,w) < VaR., [h(x*,w)] | with

G >0 or W r (x*,Vava [h(x*w), \.7:‘:]) > Y,

then scenario w' is effective.

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 23




Two-Stage DRSP with Total Variation Distance

Effective/Ineffective Scenarios Summary (Two-Stage)

Frequency

Maximum
Probability ’
‘ |’ -
-ull|"||| |||||||“||Illnuum.. ......................................... | !
aR.‘ CVaR.‘ s;u? ZanxXw
w
(ncg(%tt\‘\‘b /\ g /I /\

r/E (LCMW'\SN\ 1/E
a %o 2
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Outline

@ Effective Scenarios in Multistage DRSP
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Effective/Ineffective Scenarios in Multistage DRSP

What happens in the Multistage case?

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 25



Relation to Multistage Risk-Averse Optimization

min gi(x1,§1) + max Ep, | min go(x2,£2) + max
X1 €X] p2€7>2‘5[1] xpEXH p3€773|§[2]

4+ max  Ep | min gr(xr, 7).
pTE,PT‘é[T—l] XTEXT

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019
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Effective Scenarios in Multistage DRSP

Relation to Multistage Risk-Averse Optimization

Proposition (Risk-Averse Interpretation of Multistage DRSP-V)
Multistage DRSP-V can be written as

X[gigglgl(xlyfl)ﬁzzmm X;Téigzgz(x2,§2)+733\g[2] [---Jarg[T,l] L;ﬂi)r}TgT(XT,fT)} ”

where R's are the (real-valued) coherent conditional risk mappings

Eaeorje, [

ifv=0,
Resajey [1= 4 7SUPg ez, [T+ (1= 7) CVaR, [, if0 <y <1,
sup§t+1€Er+1‘€[t] []’ ’f’Y Z 1.

where - is Qt+1(X[t],£[t+1]) is the cost-to-go function.
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Effective/Ineffective Scenarios in Multistage DRSP?

Now we have a scenario tree. What to do?

. . &7
XT -1
L1 Z
o
& T
- &
e
~
/ xF . . &1
X
. ~ _ XT—1
Xe—1 (it R
o
T-1
-~
yd &r
&1 — x{ — & -
\ . &T
xX7_1
—
< (Gl R
. - xr 1
X¢ ~
- T
e
~ i . &7
~ X711
Ert1 St
X7 o1 -~
&

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019 28



Effective/Ineffective Scenarios in Multistage DRSP?

Questions

e What is the effectiveness of a scenario (path)?

@ What is the effectiveness of a realization in stage t + 17
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Effective/Ineffective Scenarios in Multistage DRSP?

Questions

e What is the effectiveness of a scenario (path)?
@ What is the effectiveness of a realization in stage t + 17
Main Idea

@ Look at realizations conditioned on their history of decisions and
stochastic process

— At an optimal policy x*, if we look at stage t, given x[";_l] and &y,

previous definitions on effective/ineffective scenarios hold conditionally.
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Effective/Ineffective Scenarios in Multistage DRSP?
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Effective Scenarios in Multistage DRSP

Effective/Ineffective Scenarios in Multistage DRSP?
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Effective Scenarios in Multistage DRSP

Effective/Ineffective Scenarios in Multistage DRSP?
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Effective Scenarios in Multistage DRSP

Effective/Ineffective Scenarios in Multistage DRSP?
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Effective Scenarios in Multistage DRSP:

Conditional Effectiveness

Definition (Conditionally Effective Realization)

At an optimal policy x* := [x{,...,x%], a realization of {;1; in stage t +1
is called conditionally effective, given X[*t—l] and {4, if by its removal the
optimal stage-t cost function (immediate cost + cost-to-go function) of
the new problem is strictly smaller than the optimal value of the original
stage-t problem in multistage DRSP.
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Effective Scenarios in Multistage DRSP:

Effectiveness of a Scenario Path

Definition (Effective Scenario Path)

At an optimal policy x* := [x{, ..., x%], a scenario path {&}]_; is called
effective if by its “removal” the optimal value of the new problem is
strictly smaller than the optimal value of multistage DRSP.

NOTE: Removing a scenario path is defined by forcing the probability of
&1 to be zero.
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Effective Scenarios in Multistage DRSP

Difference Between Conditional Effective Realizations and

Effective Scenario Paths
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Effective Scenarios in Multistage DRSP

Difference Between Conditional Effective Realizations and

Effective Scenario Paths
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Effective Scenarios in Multistage DRSP

Difference Between Conditional Effective Realizations and

Effective Scenario Paths
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Effective Scenarios in Multistage DRSP

Difference Between Conditional Effective Realizations and

Effective Scenario Paths
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Effective Scenarios in Multistage DRSP

Difference Between Conditional Effective Realizations and
Effective Scenario Paths
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Effective Scenarios in Multistage DRSP

How to Find Effective/Ineffective Scenarios for Multistage
DRSP-V?
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Effective Scenarios in Multistage DRSP

How to Find Effective/Ineffective Scenarios for Multistage
DRSP-V?

Resolve?
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Effective Scenarios in Multistage DRSP

How to Find Effective/Ineffective Scenarios for Multistage
DRSP-V?

Resolve?

Suppose each node has n children. Then, we would have to solve many
problems!

o Effectiveness of Scenario Paths: n” ! problems at stage T
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Effective Scenarios in Multistage DRSP

How to Find Effective/Ineffective Scenarios for Multistage
DRSP-V?

Resolve?

Suppose each node has n children. Then, we would have to solve many
problems!

o Effectiveness of Scenario Paths: n” ! problems at stage T

o Conditionally Effectiveness of Realizations: n+ ...+ n’ !
problems at stage 2 4... + stage T
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Effective Scenarios in Multistage DRSP

How to Find Effective/Ineffective Scenarios for Multistage
DRSP-V?

Resolve?

Suppose each node has n children. Then, we would have to solve many
problems!

o Effectiveness of Scenario Paths: n” ! problems at stage T

o Conditionally Effectiveness of Realizations: n+ ...+ n’ !
problems at stage 2 4... + stage T

— AIM: Propose easy-to-check conditions
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Effective Scenarios in Multistage DRSP

Use Conditional Effectiveness of Realizations in Multistage
DRSP-V

AIM: Propose easy-to-check conditions

Theorem [Conditionally Multistage < Two-stage]

Our easy-to-check conditions to identify effective/ineffective scenarios in
static/two-stage DRSP-V are valid conditions to identify conditionally
effective/ineffective scenarios in multistage DRSP-V.
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Effectiveness of Scenario Paths in Multistage DRSP-V

Consider a scenario path {¢:}/;.

Theorem

If & is conditionally effective by our easy-to-check conditions, for all
t=1,..., T, then, the scenario path {ft};’;l is effective.

Theorem

If {1 is not trivially conditionally effective (i.e., too large nominal
conditional probability) and there exists t, t = 1,..., T, such that & is
conditionally ineffective by our easy-to-check conditions, then, the scenario
path {&,} ], is ineffective.
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Effective Scenarios in Multistage DRSP

Easy-To-Check Conditions for Effectiveness of Scenario
Paths

Cl CE
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Outline

e Solution Approach — A Decomposition Algorithm
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Solution Approach — A Decomposition Algorithm

Dynamic Programming Formulation

min gi(x1,61)+ max E min go(x2,&2) + ...+ max E min gr(x7,&T1
x1 € Xy (a,61) P2EP2g P2 | Xy (e, &2) PTEPTIer_y) PT | xrexs ( )
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Solution Approach — A Decomposition Algorithm

Dynamic Programming Formulation

min gi1(x1,§1)+ max E min ga(x2, &) + ...+ max E min g7r(x71,&T
X1€X1g( 75 ) pQEPZ\ﬁ[I] P2 XzE-ng( 75 ) PTEPT\E[T71] PT XTeng ( 7‘5 )
Q2(x1,€2)

First-stage cost function

min X1, 4+ max E X1,
min g1(x1,&1) B, P [Q2(x1, &p2y)]
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Solution Approach — A Decomposition Algorithm

Dynamic Programming Formulation

min gi1(x1,€1) + max E min go(x2,&2) + ...+ max E [min ngTgT}
X1 EX1 ( ’ ) pz€P2|§[1] P2 X2 €EXp ( ’ ) PTEPT|§[T71] PT XTEXT ( ’ )

Qr(xT—1,¢[7])

Q3(x2,€[3))
Q2(x1,€p)

First-stage cost function

min g1(x,&1) +p2g13272[1] Ep, [Q(x1,8p2)]

stage-t cost function

Qe(xt— 17§[t]) = m|2 8t(xe, &) + max  Ep, ., [Qt+1(Xt7§[t+1])]
Pr+1€7’:+1\g[t]
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A Cutting Plane Approach

stage-t cost function

_ = mi E
Qe(xt-1,¢[) Xrtne')r}t 8e(xe, &t) + pt+1g)Pat)j1\§[t] Pe+1 [Qt+1(xt»£[t+1])}
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A Cutting Plane Approach

stage-t cost function

Qe(xe—1, f[t]) = X’tnei)f}t ge(xe, &) + vt

s.t. Q¢ Z max EPtJrl [Qt+1(Xt, £[t+1])]
Pt+1 67’r+1|g[t]
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A Cutting Plane Approach

stage-t cost function

Qe(xt—1, f[t]) = Xmei/f‘l ge(xe, &) + vt

st ar > Ep oy [Qera (% §eya))] s Prv1 € Pryage,
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A Cutting Plane Approach

stage-t cost function

Qe(xt-1,&) = ng)gt ge(xe, &) + vt

st.oar > Ep o [Qeri(Xe, §ega])] s Pey1 € Pryley

For multistage DRSP-V,

° Pt+1|§[t] is a polyhedron = Finite convergence
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A Cutting Plane Approach

stage-t cost function

Qt(Xt—L f[t]) = xrtnei;}t gt(tht) + o

st o > Ep oy [Qepa (% §eva))] s Pev1 € Pryajg,

For multistage DRSP-V,

° Pt+1|§[t] is a polyhedron = Finite convergence

This idea can be applied to any polyhedral ambiguity set, with finite
convergence guaranteed
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Solution Approach — A Decomposition Algorithm

How to Generate Distributional Cuts?

Distribution Separation Problem

For a fixed x; € X}, solve

max E Q x
pH—lEPtH‘f[t] Pt+1 [ t+1( ts §[t+1])]
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Solution Approach — A Decomposition Algorithm

How to Generate Distributional Cuts?

Distribution Separation Problem

For a fixed x; € X}, solve

max /_ Pr1Qer1(xe,-)dv

Pt+1€77t+1\§[t] Zetley
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Solution Approach — A Decomposition Algorithm

How to Generate Distributional Cuts?

Distribution Separation Problem

For a fixed x; € X}, solve

max /_ Per1Qer1(xe, ) dv

Per1€Pelgy JZ g,

For multistage DRSP-V,

° Pt+1|§[t] is a polytope = Optimum is obtained at an extreme point
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Solution Approach — A Decomposition Algorithm

How to Generate Distributional Cuts?

Distribution Separation Problem

For a fixed x; € A}, solve

max /_ Per1Q@e1(xe, ) dv

Pei€Peatisy JZ g,

For multistage DRSP-V,

° Pt+1|§[t] is a polytope = Optimum is obtained at an extreme point

Challenge
e We do not have Qri1(xt, §[e+1])
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Solution Approach — A Decomposition Algorithm

How to Generate Distributional Cuts?

Distribution Separation Problem
For a fixed x; € X%, solve

max /_ Pt+1 Qt+1(xta -) dv

Per1€Pealgy Se+1lgy

For multistage DRSP-V,

° Pt+1|§[t] is a polytope = Optimum is obtained at an extreme point

Challenge

e We do not have Qri1(xt, §[e41)
But...

@ We can use an inner (upper) approximation Qt+1(xt,f[t+1])
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Solution Approach — A Decomposition Algorithm

Primal Decomposition Algorithm

Main ldea

@ Combine Nested L-shaped method and Distribution Separation
problem

Forward Pass
e Obtain x = [x1,...,xT]

o Use inner approximations on Q¢11(xt,&je11)), t=T —1,...,1to
obtain p = [pr, ..., po]

Backward Pass

o Refine outer approximations on Q¢11(xt, {[¢+1]) and
maXPt+1€Pt+1lé[t] Ep.s [QtJFl(Xt’ éh[t‘H])

Rahimian, Bayraksan & Homem-de-Mello Effective Scen.s in Multistage DRSP ECOM 2019

4



Outline

@ Computational Results
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Computational Results

Test Problems

We considered two sets of problems:

@ SGPF—A Bond Investment Planning problem described by
(Frauendorfer, Marohn, and SchAurle, 1997) to maximize profit under

uncertain returns

o Water Resources Allocation—Allocate Colorado River water among
different users under water demand and supply uncertainties at
minimum cost? (Zhang, Rahimian, Bayraksan, 2016)

We implemented our primal decomposition algorithm in C++ on top of

SUTIL 0.1 (A Stochastic Programming Utility Library) (Czyzyk, Linderoth,
and Shen, 2008) and solved problems with CPLEX 12.7.
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SGPF3Y3 (3 Stages, 5° = 25 Scenarios)

[ Ineffective
I Effective
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SGPF3Y3 (3 Stages, 5° = 25 Scenarios)

[ Ineffective
I Effective
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SGPF3Y3 (3 Stages, 5° = 25 Scenarios)

[ Ineffective
I Effective
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Computational Results

SGPF3Y3 (3 Stages, 5° = 25 Scenarios)

[ Ineffective
I Effective
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Computational Results

SGPF3Y3 (3 Stages, 5° = 25 Scenarios)

[ Ineffective
I Effective

2
Stage

Por b 7 =1
]
|

0.5
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SGPF3Y6 (6 Stages, 5> = 3125 Scenarios)

# of scenario path

~v  ineffective effective undetermined

0.00 0 3125 0
0.05 0 3125 0
010 0 3125 0
0.15 0 3125 0
0.20 994 2131 0
0.25 2101 1024 0
0.30 2101 1024 0
0.35 2101 1024 0
0.40 2745 380 0
0.45 2793 183 149
0.50 2829 214 82
0.55 2873 234 18
0.60 3076 37 12
0.65 3081 24 20
0.70 3083 24 18
0.75 3089 36 0
0.80 3116 9 0
0.85 3116 9 0
0.90 3116 9 0
0.95 3116 9 0
1.00 3116 9 0
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Computational Results

Water (4 Stages, 50° = 125 x 10° Scenarios)
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Outline

e Conclusion and Future Research
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Conclusion and Future Research

Conclusion and Future Research

@ Multistage DRSP-V is equivalent to a multistage risk-averse
optimization, with a convex combination of worst-case and
conditional value-at-risk as conditional risk mappings.

o Effective scenarios can provide managerial insight into the underlying
uncertainties of the problems and encourage decision makers to
collect more accurate information surrounding them.

@ The notion of effective scenarios can be used for...

choosing the level of robustness

other ¢-divergences and ambiguity sets

a better cut management in the primal decomposition algorithm
scenario reduction (Two-Stage: Aprén, Homem-de-Mello, Pagnocelli,
2018)

e what happens as we add additional scenarios? Effective or not?
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Conclusion and Future Research
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|
DRSP with Total Variation Distance (DRSP-V)

where

P —{p : % > Ip(w) —a(w) <7,

weN

> pw) =1,

weN

pZO}.
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