MATH 316 - HOMEWORK 7
SOLUTIONS TO SELECTED EXERCISES

Section 11.2, Exercise 8.

Let a € R™. By definition, DT'(a) is the unique linear transformation satisfying

1o IT(a+h) = T(a) - DT(a)(h)]|

=0.
h—0 i

Hence it suffices to show that DT'(a) = T satisfies the above equation. To that
end, note that
. NT(a+h) =T(@)-Th)[| . [[7T(a)+T(h)-T() -T(h)] 0

lim = lim R
[h|

h—0 [l h—0 [l

0.

= lim
h—0

Exercise 9.
(a). If u = ey, then

Duf(a) = Do, f(a) = lim L2100 = f(@) _ 0F

t—0 t o 8xk

by the definition of the partial derivative on p. 322.

(b). If Dy f(a) exists for all u with ||u|| = 1 then in particular it exists for u = ey.
By part (a), De, f(a) = %(a) so the partials exist. To see that the converse

does not hold let f(x,y) be as in Example 11.11 and take u = (1/v/2,1/v/2).

Then
FONVEIND = £0,0) 1
t

D, f(0,0) = PH(])
which does not exist.

(c). Let u = (uy,uz). Then

tuy, tug) — £(0,0 Zugt? 2
Duf(0,0) = i 00 102) = JO0) ) wiwal” -y, tiwe
t—0 t t—0 U1t4+U2t2 t—0 U1t2 +U2
However, note that
2
0
lim lim —2 = lim — =0

z—0y—0 r4 -+ y2 x—0 4

but
) %y o2t 1
hm ﬁ =
z,y)—(0,0
(@v)=0.0) 74 4y

y=z

~ lim =
220 224 2

Therefore the limit does not exist, f is not continuous at (0,0), and all the more
so it is not differentiable there.



Section 11.4, Exercise 3.

Defining h: R? — R with (z,y) — zy, we can write u = f o h and by the Chain
Rule,
Du(z,y) = Df(h(z,y))Dh(z,y).

Expanding, this becomes

[ ou/0x Ou/dy } = f'(zy) [ Oh/Ox Oh/Oy } = f'(zy) [y x }

Therefore
0 0
xaz—yazz[au/&c 8u/8y} [ _;j] = f'(zy) [y x} l_zl =0.
Ifv(z,y) = f(x —y) + g(z +y) then
0 0
afz =f(z—y)+g(z+y) and 8; =—flle—y) +g@+y).

Taking a second derivative we get

Pv 9 [Ov " Y
W:%<&6>:f($—y)+g($+y)
and
oo () _ ., o o
E9y2_8y<8y>__(_f (x—y))+g(m+y)—f(x—y)+g(m+y)—@.

Exercise 9.

Defining h: R? — R? with (r,0) — (rcos®,rsinf), we can write u = f o h and
u = g o h. By the Chain Rule,

Du(r,0) = DF(h(r,0))Dh(r,0)

and expanding we get

O(rcosf)  I(rcosh) .
{@ iu}_{ﬂ ﬂ} or 50 _[if g] cosf) —rsind
or 00 | | Oz Oy 8(rasirn 0) 8(rasien 0) — | 9z Oy sind  rcosd

and similarly
{@ @}:[@ ag}[cosﬁ —rsin@].

or 69 ov 9y ]| sinf rcosb

By the Cauchy-Riemann equations we can write

du _of of dg dg dg

= —~cosf+—sinf = —cos@—@SmG = i (—r sinf + r— COSH) = 1@

or Ox oy oy ox ox oy r ol

The other identity follows similarly.



