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Abstract. Variable splitting schemes for the function space version of the
image reconstruction problem with total variation regularization (TV-problem)
in its primal and pre-dual formulations are considered. In the primal splitting
formulation, while existence of a solution cannot be guaranteed, it is shown
that quasi-minimizers of the penalized problem are asymptotically related to
the solution of the original TV-problem. On the other hand, for the pre-dual
formulation a family of parametrized problems is introduced and a parameter
dependent contraction of an associated fixed point iteration is established.
Moreover, the theory is validated by numerical tests. Additionally, the augmented
Lagrangian approach is studied, details on an implementation on a staggered grid
are provided and numerical tests are shown.
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1. Introduction

Variable splitting and associated alternating algorithms have been recently
successfully applied to discrete models in image reconstruction and denoising based
on total variation (TV) regularization; see for example, [10,15,32,41-43]. The basic
idea consists in the introduction of one or more new variables, a penalized problem
and the resolution of two (or more) minimization problems significantly simpler than
the original one. Algorithmically, this results in a sequence of nested iterations, which,
on the discrete level, may exhibit an (image) resolution dependent convergence. As
the penalty parameter is increased, one nevertheless expects that the solution of the
original problem is approached. While this expectation may be justified in finite
dimensions, in infinite dimensions new difficulties arise which render the existence
of solutions of various sub-problems and the passage to the limit with the pertinent
penalty parameter as delicate matters.

To the best of our knowledge, infinite dimensional analysis of such splitting and
alternating minimization approaches in the appropriate Banach space setting have
not yet been considered in the context of the TV-problem. Typically, rather the
finite dimensional problem is studied in the literature (see [14], for example). The
work by Setzer in [36] comes closest to the aforementioned function space analysis.
However, it is confined to problems in Hilbert space settings only, whereas the TV-
problem requires the non-reflexive space of functions of bounded variations as the
associated solution space. In general, the study of infinite dimensional versions of
variable splitting and other alternating minimization algorithms is motivated (among
other reasons) by the possibility of obtaining mesh-independent numerical solution
schemes upon discretization.

In the present paper, we are interested in studying splitting and associated
alternating direction methods in function space; more precisely in the original non-
reflexive Banach space associated with the TV-problem. In this context we consider
the primal as well as the pre-dual formulations of the problem, and we study associated
splitting techniques. Interestingly, it turns out that the existence of a solution to the
associated penalized primal problem cannot be guaranteed, in general. Rather e-
minimizers in the sense of Ekeland’s variational principle can be assured only. For
the penalized pre-dual problem, however, solutions do exist. As a consequence, the
Bregman iteration or augmented Lagrangian schemes are not well defined in the primal
context but can be shown to converge when applied to solving the pre-dual problem.
We emphasize that, upon discretization, such distinct features get lost.

The pre-dual problem is posed in the Hilbert space Hy(div), which is the space of
L2-vector fields whose divergence is an element of L?(£2) as well; here  represents the
image domain. For this reason we suggest a discretization of the penalized (and
associated) pre-dual problem on staggered grids. It is shown that this approach
compares favorably to energy based discretization techniques such as the one in [9].

In order to understand the difficulties associated when moving from finite
dimensional into infinite dimensional spaces, it is useful to consider the following.
In finite dimensions, the primal formulation of the total variation based denoising
problem reads:

1
minz §|ui—fi|2+a|(vhu)i|gz over u € RV*N (1)
i

where V}, is a discrete gradient, |- |2 is the £2-norm in R?, a > 0 is the regularization



Issues in Splitting Methods for Total Variation-based Image Reconstruction 3

parameter, and f € RV*¥ is a given (possibly noisy) image. In this problem, for the

application of the an alternating minimization scheme, a new variable p = (p!,p?),
with p', p? € RV*¥ is introduced and the following penalized problem is considered:

1
minz §|ui—fi|2—|—a|pi|p+g|(th)i—pi\fa over u € RV*N p e RVXN x RNXN
i

2)
where 7 > 0 denotes the penalty parameter and p; = (p;, p?). For large r > 0, it can
be shown that this problem is related to (1): Let r,, — oo and (u™,p™) be a solution
to (2) for r = r, > 0 (note that the existence of solutions for (2) is guaranteed by
standard methods). Since the problem is coercive, we have (u",p™) — (u*, p*), along
a subsequence still denoted by {(u™,p™)} , for some (u*,p*) and also Vjyu"™ — Vju*
along the previously picked subsequence . Given that (u™,p™) is a minimizer for (2),
it follows that 7, >, [(Vhu™); — pP|Z% < >, |fi]? as (u,p) = (0,0) is feasible for (2),
which implies that Vyu" — p* = Vyu* for r,, — oo . Furthermore, by standard
penalty arguments, one obtains 7, >, |(V,u"); — p?|7. — 0 and that (u*,p*) is a
minimizer of (1).
The infinite dimensional analogue to the TV-problem is given by

min %/ lu — f|? + a|Dul(Q) over u € BV(), (3)
Q

where |Dul(Q2) is the total mass of the Borel measure Du determined by the
distributional derivative of u, and f € L?(f2) is given. If we follow the same procedure
as in the finite dimensional case, we need to introduce a new variable p in the same
space as Du, that is, p should be a Borel measure. As a consequence, the penalty
term g|Du — p\%z appears no longer appropriate, since neither p nor Du need to
belong to L?(2) and might have no pointwise description over §2. Ignoring this fact
and nevertheless adding 5|Du — p|3. to the objective in (3) with |Du|(2) replaced by
|p|L: significantly changes the nature of the problem. As a consequence, existence of a
solution (u}, p}) to the resulting penalized problem cannot be guaranteed, in general.
Furthermore, in case the penalty term is taken to be g|Du — p[(£2), then, although
the problem is now well-defined as we prove in section 2.1, there are no advantages in
the splitting approach over the original T'V-formulation. This discussion is continued
in section 2.1 below where a solution to this issue is also proposed. In the case of the
pre-dual formulation, similar (yet more amenable) challenges are faced and solved in
section 3.1.

In section 2 we are concerned with a variable splitting approach for the primal
formulation of the TV-problem. We provide an infinite dimensional penalty framework
based on e-minimizers in a sufficient regular state space which is amenable to numerical
implementation. Under appropriate conditions it is proven that the sequence of e-
minimizers converges to the solution of (3). Furthermore, provided regularity and
boundedness assumptions hold true, we show that an augmented Lagrangian-looking
penalty functional exhibits the same behavior than the pure penalty method.

Section 3 is devoted to the variable splitting approach for the Fenchel pre-dual
formulation of the TV-problem. It is proven (Lemma 3.1) that the sequence of
minimizers of the associated penalized problem is well-defined and converges (in a
certain sense) to the solution of the pre-dual problem. Additionally, we show that it is
necessary to analyze the alternating algorithm within a different framework than the
standard backward-backward or forward-backward schemes; see, e.g., [30]. It is also
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shown that an augmented Lagrangian approach is suitable for the infinite dimensional
problem, in the sense that there exists a Lagrange multiplier such that the solution
of the splitting problem for the pre-dual formulation is a global minimizer of the
augmented Lagrangian, without the necessity of a limiting process for the penalty
parameter.

Details of a numerical implementation on a staggered grid for the pre-dual
formulation are provided in Section 4. Our numerical evidence shows that the
finite difference scheme on a staggered grid has advantages with respect to other
existing approaches in the literature; specifically, it is shown to reduce direction
dependent blurriness in reconstructions. We also show compatibility properties of
the discrete divergence and gradient operators and provide details on the numerical
implementation of the algorithms used throughout the paper on a staggered grid.
The section ends with comparative results obtained by the algorithms specified in the
paper and in the existing literature.

Notation. Let Q C R? be a bounded and open domain. We denote by LP(Q)
the usual Lebesgue space of real-valued functions on the domain €. The space LP(2)
is defined as LP(Q)) x LP(2) such that f := (f1, f2) : @ — R? belongs to LP(Q) iff
fi € LP(Q) for i = 1,2. The Sobolev space W11(Q) contains weakly differentiable
functions in L!(€) whose weak derivatives also belong to L!(Q) (see [1] for a definition
of the Sobolev space). It is endowed with the norm |v|y1a = |v|pr + |[Volp:.
Throughout the paper, strong convergence is denoted by “—” and weak convergence
by “—”. For a vector x € R?, the Euclidian norm is denoted either by |x|s or |x].

The Lebesgue measure of a measurable set {2 is denoted as ||, and we say that
a property holds “a.e. in 7, if it is true in € except for a subset ¢ C 2 such that
Q2] = 0.

We denote by Z(V, W) the vector space of bounded linear operators between the
normed vector spaces V' and W endowed with the norm |G| v,y = SUP|y|, =1 |Gv|w,
for G e Z(V,W).

The following results can be found in [3], which we also follow closely notation-
wise. We denote the set of R2-valued Borel measures by M(Q2; R?). If B is a Borel set,
then then total mass |u|(B) for u € M(;R?) is defined as

|ul(B) := sup{Zu(Bm: U B =B}, (4)
1=0 1=0

where the supremum is taken over all partitions of B in its Borel field. Note that
M(£2; R?) is a Banach space when endowed with the norm p — |u|(£2). Additionally,
if 1€ M(Q;R?), then |u| is a non-negative Borel measure and |u|(B) = [, d|pul.

The space of functions of bounded variation over € is denoted as BV (2) and it is
defined to be the space of functions u € L*(Q) with gradient Du (in the distributional
sense) in M(£; R?). Endowed with the norm

lulpv = [u|pr + [Du|(£2),

BV () becomes a Banach space, and we write [, |Du| := |Dul(Q) (in order to
avoid the notation [, d|Dul). Note that if v € W'!(Q), then u € BV(Q) and
|Dul(Q) = [, |[Vu|dz, where Vu refers to the weak gradient of u. It can be proven
that

/ |Du| = sup{/ udivvdz | v € CL (4 R?), |v(x)]2 < lae.x € Q},
Q Q
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where C}(Q2;R?) denotes the set of continuously differentiable functions u : Q — R?
with compact support in 2.

2. The primal formulation

This section is devoted to the study of a continuous analogue to the splitting
and penalty methods in [41] for the minimization of a discrete TV- problem . Let
Q) C R? be an open, bounded image domain with Lipschitz continuous boundary 952,
and f € L?(Q) is a given noisy image. The continuous primal formulation of the
TV-problem (also called ROF-problem due to the seminal work by Rudin, Osher and
Fatemi in [35]) is given by

a= arguin {70 = 3 [ = 2+ apuli)}. ©

u€BV(Q)

where « is a positive constant.

In many papers (see for instance [10,32,35,41,42]) finite dimensional versions of
(5) are considered. In this context, splitting techniques introducing a new variable
and penalizing (by means of the fo-norm) deviations of this new variable from
being the gradient of the reconstructed image are proposed. Such a procedure
circumvents the difficulties arising from the nonlinearity and the non-differentiability
of the regularization term. Moreover, the (local) convergence analysis of associated
iteration schemes for the numerical solution benefit from the discrete context, but
may lead to resolution-/mesh-dependent convergence. In the context of (5), however,
a straightforward extension to L?(§2)-penalization (rather than the discrete ¢5-penalty)
appears no longer suitable as Du is a measure only. Furthermore, the non-reflexivity
of BV (Q) challenges the existence of a solution of the reformulation of (5) relevant in
variable splitting approaches.

2.1. A primal variable splitting method

In [41], a primal variable splitting approach in finite dimensions was considered.
In this section we want to understand whether this approach can be related to the
original problem (5) and an associated variable splitting technique relying on L?(Q)-
penalties. In fact, the function space analogue of the associated subproblem in the
variable splitting approach reads

1 n
win & (u.p) = 5 [ Ju=fP+a [ pl+Flp- Vs, over wp)e X, (0)

where f € L2(), and for each n € N we have £ : X — R U {+oo} with
X = Wh(Q) x LYQ), r, > 0 for n € N and r, — +oo for n — +oo. Since
EP is not coercive and X is not reflexive, existence of a solution to (6) cannot be
guaranteed for fixed n. As a remedy, we rather study the behavior of a sequence
{(tn,pn)} in X associated with r, 1 +o00. For this purpose, let (u,, p,) satisfy

gﬁ(um pn) < inf 55(% p) + €n, (7)
(u,p)eX

for €, >0, n €N, with ¢, | 0.
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Let us briefly comment on the choice of X in this context. First of all, W1 1(Q)
appears somewhat minimal for (6) and it is continuously embedded in BV (Q2). For
u € WH(Q) we have Vu € L*(Q) and |Du|(Q) = [, |Vuldz. We note that other
penalized unconstrained problems are conceivable for the splitting approach. A
particular example of a suitable objective is

BY(©) x MR 3 (1:p) = 5 [ Ju= I +alpl(@) + rlp ~ Dul(@). (3

In this case, minimizers do exist but the minimization problem is essentially at least
as complicated as the original TV-problem. Concerning the existence of a solution to
(8), let {(uk,pr)} be an infimizing sequence for (8). Then |px|(2) < oo, and hence
there exists p* € M(£; R?) such that py — p* (along a subsequence) in the o(C", C,)-
topology, where C.. and C”, stand for C.(£2;R?) and its dual, respectively. Therefore,
we have that [p*|(Q) < lim, ,  |px|(€2). Additionally, {uy} is bounded in L?(£2) (and
hence in L'(Q)) and {Duy} is bounded in M(£2;R?) (by the boundedness of {pg}),
from which we infer that {uy} is bounded in BV (). This implies that there exists
u* € BV(Q) such that u;, — u* in L?(Q2) and Duy — Du* in the o(C’, C,)-topology
along a suitable subsequence; see Proposition 10.1.1. in [3] and Theorem 10.1.4., in the
same reference, for a proof of the compact embedding BV (Q2) < L(£2). Therefore,
we have

1 * * * *
3 [ 107 = £+ alo"|(@) + rulp” — Du'|(@) <

. 1
i |5 [ o= 7+ alpel(©) + o~ Dusl ()]
Q

k—o0

ie., {(u*,p*)} is a minimizer of (8). Additionally, a similar argument can be used to
show that the sequence of minimizers {(u},ps)} of (8) satisfies uf — u** in L?(Q2),
prn — Du** in the o(C., C.)- topology, both along a subsequence as r, — 00, where
u™ € BV(Q) solves the TV-problem. However, as noted before, in this variable
splitting scheme we have no advantages (neither theoretical nor numerical) over the
original TV-formulation as one still needs to handle the TV-seminorm | - [(£2).

Now, we return to (5) and show that the minimization problem is associated with
asymptotic properties of the functional (6). The proof of the following result is given
in Appendix A.

Theorem 2.1 Let {(u,,pn)} be the sequence in X which is defined by (7). Then, we
have

= @ in L2(9) and / Ipn| = [Di|(Q), )
Q

along a subsequence as n — oo, where u € BV () is given by (5).

Note that the penalized problem (6) can be formally related to the constrained
optimization problem

1
min (. ) i= 5 Ju— fI2 + alpls over (up) € X, (10)
subject to (s.t.) g(u,p):=Vu—p=0. (11)
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In finite dimensions, augmented Lagrangian methods have been applied successfully
for solving image reconstruction problems over the recent years; see for example
[10,25,42]. However, in the infinite dimensional context difficulties arise, not only
of theoretical nature but also associated with the numerical implementation of the
algorithm. For example, the functional X > (u,p) — Jp(u,p) is not differentiable
and Lagrange multipliers associated with the constraint (11) might not exist. In
order to overcome these issues, the following theorem considers a “pseudo augmented
Lagrangian” setting, where the pseudo-Lagrange multipliers are regular objects.

For this purpose consider the sequences {r,} in RY with r,.; > 7, and
lim, yoo 7n, — 00 and {A,} in L?(Q) with sup,cy |[An|Lz < oo. For each n € NN,
we define the extended real-valued functional £2 : X x L?(Q) — RU {+oo} as

1 Tn
LY (u,p, An) = §|u — fI3: + alplw + ?|p — Vauli: + /Q A (p—Vu). (12)
Similarly as before, we consider a sequence {(un,pn)} in X of eminimizers of
(u,p) = L (u,p,A). Let {e,} satisfy €, > 0 for all n € N and ¢, | 0. Moreover, for
a fixed n € N let (uy,, py) satisfy

LE (Up, Pry An) < inf LP (u,p,An) + €n. (13)
" (w,p)eX "

We observe that the sequence {(u,,p,)} is well-defined since (u,p) = LF (u,p,An)
is bounded from below and, thus, admits an infimum over X. For the sake of brevity
suppose that r,, > 1. Then, completing squares in the last two terms of L? | we obtain
L (u, P, An) > —|AnlLz > —sup, e [An|L2 > —00. We are now in a position to state

(its proof is deferred to the Appendix A) the analogue to Theorem 2.1 but for the
functional L7 .

Theorem 2.2 Let {(un,pn)} be the sequence defined by (13). Then the assertion of
Theorem 2.1 holds true.

2.1.1. The Discrete Augmented Lagrangian For the sake of keeping this paper self-
contained, we briefly specify the augmented Lagrangian method for solving a discrete
version of (10)-(11). For details see, e.g., [32,42]. Given a penalty parameter r,, > 0
and an (approximate) multiplier A, the discrete augmented Lagrangian reads

1 Tn
Lh (A =0 Y 2 luig = fiil? + alpig| + 5 [Pij = (Vhu)igl®
(i.0)€m (14)

+ iy (i — (Vhu)iy),

where L7 ; : Xj, — RU {oo} with X, := RN* x RZV” % R2N* | Note that for the ease
of exposition we assume that the discrete image domain €2, consists of N2 = N x N
pixels denoted by (i, ), which are uniformly distributed. Fixing Q = (0,1)2, this
implies that the (equi)distance between two neighbouring pixels is h = ﬁ Further,
V1. denotes a difference approximation of V; see, e.g., [8] for a suitable one-sided
difference approximation, which we need to weight by 1/h to be consistent with the
scaling by h. The operator —divy, represents the adjoint of Vj,.

In Algorithm 1, an alternating minimization scheme (see [32, 42]) for the

augmented Lagrangian is implemented. For a fixed penalty parameter r,, “suitable
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Algorithm 1 (Discrete primal augmented Lagrangian method)

1: Imitialization. Choose (pg,m)‘g,h) € R2V* x R2V? and set k := 1.
2: Compute

1
k . 2
u,, ;, € argmin E §|u” — fijl
Y (Lg)ean
2

(p43),, — (Vo)

3: Compute

r

2
Qn Pij — <Vh“ﬁ,h)i,j’ + (AZ*}})Z Pij

p), €argmin Y alp;;|+
P G,j)ean

4: Set

(A]:L,h)i’j = (A’]fl_hl)lj + Tn ((p']rcz,,h)l’] - (vhulrcl,h)i’j> I (Z’j) € Qh'

}

5: Check stopping criteria. If suitable stopping criteria are met,
(W s P A ) = (uf;’h,pfl}h,)\f;’h); otherwise set k := k + 1 and return to
step 2.

stopping criteria” in step 5 of Algorithm 1 refer to the norm of the residual of the
first-order optimality conditions dropping below a user-specified tolerance. In step 3
of Algorithm 1, a soft-thresholding technique provides an explicit solution which
guarantees the first-order optimality condition of the p-subproblem. Thus, it suffices to
check whether the residual of the first-order optimality condition of the u-subproblem
in step 2, i.e.,

Rf;,,h, = Tndth(PfL,h, - thﬁ,,h) + dithfL,h + U]Z,,h -/ (15)

sufficiently small in norm.

It is known (see [42] for a proof) that for any finite positive penalty parameter
r, > 0, a sequence {(uﬁ,hvplfb,m)‘ﬁ,h)}keN (generated by Algorithm 1) converges to
a saddle point of thh(u,p,)\)7 as k — oo. Moreover the limit point of {uﬁh} is a
minimizer of the discrete ROF /TV-functional. In addition, the algorithm is equivalent
to the split Bregman method; see [21]. However, it is not clear whether one can obtain
the same convergence results in infinite dimensions. In fact, the update in step 2 of
Algorithm 1 might no longer be appropriate, as the Lagrange multiplier, if it exists
at all, might not allow for pointwise descriptions. A similar issue with respect to the
multiplier is also present in step 3. Moreover, the update rule in step 4 has to be
considered with care in order to reflect the (function space) regularity of the involved
quantities.

This concludes our analysis and numerical development for the primal problem.
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3. The Fenchel pre-dual formulation

It has been observed that a (pre)dual version of the TV-problem (5) are
numerically more amenable than its primal counterpart; see [8,11,23,24]. In this
section, we therefore propose splitting algorithms for finding a solution of the TV-
problem (5) from a solution to its Fenchel pre-dual formulation:

1
§ € argmin {jd(s) = — |divs + f\iz ¢ sl < v ae.in Q} , (16)
s€Ho(div) 2

where div € £ (Hy(div), L*(Q)), with
Hy(div) = {s € L*(Q) : divs € L*(2), s- v = 0 on 09}

and v the outward unit normal vector on 9. For more information on (16) and
associated solvers see [23] and [13]. A solution of the TV-problem (5) is obtained from
s by

u=divs+ f in Q. (17)

A main feature of the minimization problem (16) is that a minimizer need not be
unique due to the non-trivial kernel of the div-operator. In [23] an orthogonal
projection in L?(Q) onto {s € Hy(div) : divs = 0 a.e. in Q} is used in order to
obtain a unique solution in (16). In [24] a Tikhonov-type regularization in H} ()
is considered as a remedy against non-uniqueness. In the aforementioned paper it is
shown that the Tikhonov regularization in the pre-dual formulation (16) changes the
TV-regularization in the primal formulation (5) into a local Huber-type regularization.

As announced above, in recent years algorithms operating on the (pre-)dual
formulation of the TV- problem have become popular; see, e.g., [8,23,24]. While
in finite dimensions, the dual problem equals the pre-dual, this is not the case in
infinite dimensions as a consequence of the non-reflexivity of BV (Q).

The primal-dual algorithms in [23,24] in the infinite dimensional setting exhibit
local superlinear convergence. In order to obtain a solution of the TV- problem , the
Tikhonov-regularization parameters contained in these approaches need to vanish;
otherwise the iterates of the algorithms in [23,24] remain in a space more regular than
BV ().

In finite dimensions, an algorithm for computing a minimizer of a discretized
version of 7 in (16) is proposed in [8], where its conditional convergence is also proved.
Moreover, concerning proper discretization of Jy, in [9] an upwind finite-difference
method is introduced and shown to reduce anisotropy of the reconstruction, when
compared to standard schemes like the ones in [8]. However, it is not straightforward
to extend the algorithms proposed in [8,9] to infinite dimensional spaces.

3.1. A wvariable splitting method

In this and the next section we study (pre-)dual variable splitting and augmented
Lagrangian methods in function space, respectively. For this purpose let R C L?(Q2)
be defined as

R:={t € L3(Q) : |t(x)| < aa.e.in Q}, (18)
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and let dr denote the indicator function

Sr(t) = {O teR, (19)

+o0o  otherwise.

Utilizing a variable splitting approach by introducing t and considering
1 n
min (s, t) := §|divs + 3. + %|S —t|2. +6r(t) over (s,t) €, (20)

where Y := Hy(div) x L2(Q) and €4 : Y — RU {+o0}, for g, > 0 an approximate
version of (16) is obtained. Before we commence our study of (20), its relation to
(16) and its numerical realization, we discuss the current understanding of backward-
backward (BB) and forward-backward (FB) iterations for solving approximate versions
of (16), we then relate those methods to (20) and our proposed iterative scheme, which
is summarized in Algorithm 2 below. As a bottom line, we emphasize already here
that typical (BB)- or (FB)-iterations for solving (16) do not guarantee a function space
analysis, whereas our method does.

3.1.1. Backward-Backward and Forward-Backward schemes In this subsection we
propose a splitting alternating minimization algorithm (Algorithm 2 below) to
approximate solutions of (16). As the scheme can be written as a particular case of
a generalized version of either a backward-backward or forward-backward algorithm
(also called implicit-implicit and explicit-implicit scheme, respectively, see [30]). We
first review such methods in a general setting.

Suppose that A, B and A+ B are maximal monotone operators (see for example [4]
for a definition of maximal monotone operator) over a Hilbert space 5, respectively,
and C is a linear bounded operator on the same Hilbert space. We are interested in
the following abstract problem:

Find s € s, such that 0 € (A+ B)(s). (21)

The following algorithmic schemes are intended to solve (21): Given an initial guess
s’ € 7, the backward-backward algorithm is given by

skt = (I + XA)7'C(I + AB)~1s*, k=0,1,2,... (BB)
and the forward-backward method by
st e (I +XA)"'C(I — AB)s®, k=0,1,2,.... (FB)

In the case C = I, (BB) and (FB) determine the classical backward-backward and
forward-backward algorithms, respectively. A general operator theoretic approach for
proving convergence of these algorithms was taken by Lions and Mercier (see [30]).
Specific applications of (FB) to variational inequalities can be found in [5,6] and of
(BB) in [29]. For applications of (FB) to general convex constrained minimization,
the results trace back to the work of Goldstein (see [20]). Strong convergence of
the sequence of iterates generated by (BB) could be obtained assuming that B is
coercive, and strong linear convergence is implied if B is Lipschitz continuous and
strongly monotone (see [12,30]). Although weak convergence may be obtained under
weaker conditions, convergence to a zero of A+ B can only be guaranteed for weighted
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averages of {s*} if A > 0 is replaced by a sequence {\;} € €2\ £} (see [29] and [33)]).
Strong convergence of the sequence of iterates generated by (FB) depends on several
conditions. In fact, one requires Lipschitz continuity of B, with either A or B strongly
monotone and some extra hypothesis on A (see [12,18] and [16] for a finite dimensional
account of the issue).

In order to anticipate some of the subsequent development we mention already
here, that in the case of our splitting algorithm, if we fit the iteration into either (BB)
and (FB) with C' = I, the space J# can be taken as Hy(div) or L2(Q). In either
scenario, we show that A and/or B do not satisfy the known conditions to provide
strong convergence. Furthermore, even weak convergence may not be guaranteed as
we show in section 3.1.3. We overcome these drawbacks by choosing C' # I, providing
different state spaces for each step and by relaxing restrictions on A and B. Eventually,
we prove strong linear convergence of the iteration to an approximate solution of (16)
in Theorem 3.1.

3.1.2. Pre-dual splitting scheme. Now we return to (20) and show that minimizers
of £4 are closely related to problem (16) for n — oo, provided that lim,, o ¢, = 0o.

Lemma 3.1 For each n € W, there exists a minimizer (s,,t,) of £ : Hy(div) x
L%(Q) — R. For q, — 0o as n — oo, one further has s, — § (along a subsequence)
in Ho(div) as n — oo, where 8§ is a solution to (16).

Proof. If t ¢ R, then £4(s,t) = co. Hence, it suffices to consider the constrained
minimization problem
min £%(s,t)  over (s,t) € Yx, (22)

where Yz := Hy(div) x R C Y.

We first note that ¢ is convex and prove that it is coercive on Yz. For this
purpose, suppose that the sequence {(s¢, t¢)} in Yr = Ho(div) x R C Y, with £ € N,
is unbounded. Since t, € R and R is a bounded subset of L?(2) it follows that {t,} is
bounded and, thus, {sy} is unbounded in Hy(div), i.e., |s¢|r2 — oo or |divsy|pz — oo.
The reverse triangle inequality yields

El(s,6) = (|divs|ze — [ 122) + (sl — Itlee)?, (23)

N |

and hence £%(sy,ty) — 0o as £ — 0o , i.e., £4 is coercive over Yx.

It follows directly that £¢ is continuous and convex. Moreover, since Yr C Y is
closed, £ is weakly lower semicontinuous over Y. Since Y is reflexive, the problem
in (22) has a solution and consequently, for each n € N, £/ has minimizers over Y.

For n € N, let (8,,%,) € Y be a minimizer of £Z. Next we study n — oo and
relate limit points to (16).

For the sake of simplicity assume that ¢, < @¢n4+1 for n € N, otherwise we
can extract an increasing subsequence. Then, as (0,0) € Yx, we infer %| f|i2 =
E10,0) > E(Sn,tn) and EL(8n,tn) < ELGnt1,tnr1) < €L 1(Snt1,tny1) for all
n € N. It follows from standard arguments for penalty functions (see [31]) that
limy, 00 (8, — tulf. = 0.

Since {t,} in R is bounded in L?(2) and 3| f|2. > £4(S,, t,,), from the coercivity
of £ we obtain that {s,} is bounded in Hy(div). Thus, since Hp(div) x L2() is a
Hilbert space, there exists a subsequence of {(s,,t,)} (again denoted by {(8,,t,)})
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for which (8,,%,) — (5,t) in Ho(div) x L?(Q) as n — oo. Now, let s € R N Hy(div)
be arbitrary, but fixed. Then

1 . 2 d di— T 1. 2 an T2

§|dlvs + flLe = E(s,8) =2 EL(Gns tn) = i‘dlvsn + flze + ?|Sn — talge-
Using the weakly lower semicontinuity of the norm and limy, . %[, — fn|%2 =0, we
obtain

1 1
Sldivs + f[7a > Sldivs + f[7..

As R is weakly closed, we have that t € R. This fact and lim, o0 [Sp — tn|pz = 0
yield s € R N Hy(div). Finally, as s € R N Hp(div) was arbitrary, s is a solution to
(16). O

Remark. The previous theorem can be strengthened. In fact, besides s}, — s* in
Hy(div), one also has divs} — divs* in L?(Q2). However, whether s* — s* in Hy(div),
remains an open question.

In order to study the convergence of our splitting algorithm, we introduce the
following auxiliary problems: For 0 < n < 1 let G,,G7 : Hyp(div) — R be defined
by Gn(s) := E%(s, Pr(s)) and G!(s) := E£%(s,nPr(s)), where Pg(s) is the L?()-
projection of s onto R, i.e.,

1. n
Gn(s) = Sldivs + [ + T'fs = Pr(s)e.
n Lo 2 dn 2
G1(s) = ldivs + 113+ Lls — nPr(s) s (24)
We utilize an alternating minimization algorithm (Algorithm 2) for approximating
minimizers of (20). For this purpose and given some ti~' € R, we introduce a new

family of problems, which depend on 7 € (0,1):

N - _
sf7 = argmin —|divs + f|3. + g\s - ntf] L2,
seHo(div) 2 2

The update for t;~' is computed by t} = Pr(sf).

Algorithm 2 (Pre-dual variable splitting with 7 — approx. solution of (20))

1: Initialization. Choose t) € R C L*(Q) arbitrary and set k := 1.
2: Find .
o= amgmin Sl ¢ 3+ St
s€ Hg(div)

3: Find ¢
t) = argmin §|s§] —t|is + Or(t).
teL2(Q)

4: Set k := k + 1 and return to step 2.

A few words on Algorithm 2 are in order. The introduction of the variable t in
the functional £%(s,t) in (20) helps to handle the pointwise inequality constraint in
the numerical implementation. The alternating direction algorithm with the variable t
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divides the minimization problems for £%(s,t) in Algorithm 2 into two parts. Each
subproblem has a unique solution and their respective numerical implementation
is rather straightforward. In fact, the first-order optimality condition of the s-
subproblem reduces to a linear elliptic partial differential equation of second order,
and a projection provides an explicit solution for the t-subproblem. The parameter
n € (0,1) is necessary to guarantee convergence (in function space) of the sequence
{sk} to some s, € Ho(div) as k — oo with s, a minimizer of G; see Theorem 3.1(i)
below. Theorem 3.1(ii) asserts that a sequence {s,, } of minimizers of Gi(-) converges
to a minimizer of G, () as n; T 1. A detailed discussion of Algorithm 2 for n = 1 in
view of the shortcomings of classical theory for backward-backward (BB) and forward-
backward (FB) iterations is included in section 3.1.3. Specifically, it is argued that
already weak convergence can only be expected in special cases confined to L?()
rather than Hy(div), and strong convergence appears to be impossible by means of
classical results in the literature.

The following theorem establishes properties of the iteration {s}7°, in Ho(div)
such as the strong convergence of the sequence of iterates and relations to the
minimizers of G,, and G as well as 4.

Theorem 3.1 Suppose that n € N is fived, and consider Ho(div) x L%(Q) > (s, t) —
Ed(s,t), Ho(div) > s — G(s),G(s) as defined in (20) and (24), respectively, and the
sequence {s’;}zozl in Hy(div) defined by Algorithm 2 with ¢ = q,. Then the following
holds true:

i. For each 0 < n < 1, there exists s, € Ho(div) such that sf,' — s, in Ho(div) as
k — oo, where the convergence is linear. The map (0,1) 3 n — s, € Ho(div) is
locally Lipschitz continuous, and s,, is the unique minimizer of G)l.

ii. If {n;} is a sequence in (0,1) with n; T 1 as i — oo, then the sequence {s;,} of
minimizers of Gl satisfies s,, — s* (along a subsequence) with s* € Hy(div), a
minimizer of G,.

iii. The pair (s*, Pr(s*)) € Ho(div) x L%(Q) is a minimizer of EL, i.e., it is a solution

of (20).

Proof. We start by proving i. Let t € L2(Q) be fixed, and define Q(s) :=
1ldivs + f|2. + 2|s —nt|3 . for s € Hy(div). Then, Q is clearly continuous on Ho(div)
and the inequality

Q(s) = S (divslzs = 1f122)* + L (Isls — nltlee)?

1
2
implies that Q is coercive. Also, since the norms in L?(Q2) and L?(f2) are strictly
convex and weakly lower semi-continuous, s — Q(s) is strictly convex and weakly
lower semicontinuous in Hy(div) and, hence, admits a unique global minimizer. Thus,
sy is well-defined in step 2 of Algorithm 2 and we can write s} = T(ntf~1) (for k € N)
where T'(-) : L2(Q)) — Ho(div) denotes the solution map associated with the problem
in step 2 . Since R is closed, convex and non-empty in L?(Q), step 3 of Algorithm 2 is
equivalent to the projection of s onto R. As a consequence, tf; = PR(s’f]) is uniquely
defined . Therefore, we can write s = T'(nPr(si™)).

Next, consider [s|2 := [divs|}. + g|s|f. for s € Ho(div), which defines a norm
equivalent to | - | g, (giv). We now prove that T'(nPr(-)) is a contraction with respect
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to this norm. As the objective in step 2 of Algorithm 2 is Fréchet differentiable in
Hy(div), the first order optimality condition for s; = T'(t;) for ¢ = 1,2 reads

(diVSi + f, dthi)L2 + q(Sl —t,, hi)LQ =0, Vh,; € H (le) (25)

Taking h; = hy = sy — s7 above, and subtracting the equality for ¢ = 2 from the one
for i = 1, we obtain

|div(sy —s1)|7> + qls2 — s1lf> = q(ta — t1,50 — s1) 2.

This yields |0s|? < q|6t|5.2|0s|g2, with ds := so —s; and Jt := t5 —t;. This implies that
|6s|, < ¢'/?|0t|r2. Since L2(Q) is a Hilbert space, we have |Pg(uz) — Pgr(u;)|p: <
|ug — uy|g2 for all uy,uz € Ho(div) € L2(Q2). Then, for t; = nPr(u;) we infer that
|68, < ng'/?|dulr: < nldul,, ie.,

I T(nPr(uz)) — T(nPr(u1))lq < nfuz — uilg. (26)
Since 0 < n < 1, by the Banach Contraction Principle, the sequence s’f] =

T(nPR(SfI’_l)) converges strongly to s, in the g-norm and hence in the usual norm
for Hy(div), as well which is the unique fixed point for Hy(div) > s — T(nPgr(s)).
This implies that s, is the unique minimizer of Hy(div) 3 s + GJI(s) in (24). In fact,
if there were other minimizers, then these minimizers would also be fixed points of
T(nPr(-)), which contradict the above argument.

Above, we have shown that |ds|, < ¢'/2|5t|p2 for s; = T'(t;), i = 1,2. Now, let
n1,n2 € (0,1). Hence there exist s,, € Ho(div) such that s,, = T'(n;Pr(sy,)). Since
|Pr(sy,)|L2 < a by the definition of R and the projection map Pr is non-expansive,
we have

[0, = Suulg < @22 Pr(s0.) = mPr(sy )l < a'2(malsy, — sy, lLe + alnz —m)).
From this it is straightforward to conclude

a 1/2

. Q
[n2 —m| and [div(s,, —sp,)|L2 < N2 — ).

— <
ISi2 — Sy |2 ST

Tl
Hence, n + s, is locally Lipschitz continuous on (0,1). This concludes the proof of i.

We now proceed with the proof of ii. Take a sequence {7;} in (0,1) such that
n; T 1 as ¢ — oo and consider the sequence {s,, } of fixed points s,, = T(nPr(s,,)) =
arg Minge g, (aiv) 9o’ (8). Then

1 . . . .
Sl =L > min Gl(s) =Gl (s,)

12)2.

> 2 (divg e — [flz2)? + Lllsy. e — mIPr(sn)
Since |Pr(sy,)|L2 < o for all 4, the sequences {|divs,,|r2} and {|s;,|r2} are uniformly
bounded. Hence, {s,, } is bounded in Hy(div), and since the latter is a reflexive space,
there exists a subsequence of {s,,} (again denoted by {s,,}) such that s,, — s* for
some s* € Hy(div) as i — oo.

We now prove that s* is a minimizer of s — G,(s). For this purpose, we
note that the sequence {Pg(s,,)} C R is bounded in L*(Q2). Hence, there exists
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a subsequence of {Pr(s;,)} (also denoted by {Pr(sy,)}) for which Pr(s,,) — z for
some z € R C L*(). Since s,, — s*, we have (s,, — 7;Pr(s,)) — (s* —z2) in
L2(Q) as i — oo. Here we use the fact that Ho(div) < L2(2) as well as L2(Q)* =
L2(Q2) < Hy(div)* are continuous, dense embeddings. Hence, if {z,} C Hy(div) such
that (1, zn) my (div)*, Ho(div) — (1, 2) Ho(div)*,Ho(div) for all I € Ho(div)*, then the same
holds for I € L2(Q). Thus, since z € R, by the weak lower semicontinuity of the norm
we have

5 = Pr(s")s < Is" — 2lgs < lim |s,, — n:Pr(s,,)

1—> 00

L2,

where we utilize the minimum distance property of the projection Pr. Let s € Hy(div)
be arbitrary. Then

5 ldivs” + I3z + % s — Pr(s")ffz < 5ldivs" + f[32 + %\s — 22,
1
< (1 glaivsy,+ £13 ) + (i Sl — o Prion. )
1—> 00 71— 00
< lim }\divs + f13 +q—"| —n;Pr(s,,)|}
= g i LTy Sn; — Nil’R(Sn; ) |12
1— 00
= lim GJi(sy,) < lim G}l'(s)
i—00 i—00
T 1 . 2 dn 2
= lim { ;|divs + f|72 + -[s — niPr(s)L2

an
2

1
5 ldivs + fI32 + s — Pr(s)|ie,
i.e., Gn(s*) = infsc m, (aiv) Gn(s).

Finally, we consider iii. Let (s,t) € Ho(div) x L*(Q) be arbitrary. Since we have
proven that s* is a minimizer of s — G, (s), from the minimum distance property of
Pr we get

EU(s", Pr(s") = Ga(s") < Gu(s) = gldivs + [l + s — Pr(s)l2s

2
qn 2
—|s —t|f2 + or(t)

1
< 5 ldivs + fl72 +

= El(s, t).

Henceforth, taking the infimum over (s,t) € Hy(div) x L*(Q) we obtain
Ed(s*, Pr(s*)) < inf (s ¢)e Hy (div) x L2 (9) Ed(s,t), i.e., (s*, Pr(s*)) is a minimizer of £J.
|

Remark on the role of n € (0,1). As we have proven in Theorem 3.1, the value of
7 is the Lipschitz constant of the nonlinear operator that determines the sequence {sfg}
via a fixed point iteration. Hence, based on the proof of the aforementioned theorem,
1 € (0,1) is required to obtain strong convergence in Hy(div) of the sequence {sfy}
Furthermore, numerical evidence of the necessity of n € (0,1) is provided in section
3.3.1.

One might be tempted to derive the contraction result of the proof in Theorem
3.1 by other more direct means using maximal monotone operator theory: In fact,
Algorithm 2 can be written as an iteration of the type (FB) where C' =7, A = 1/q,
s — As = (div)*(divs + f) and B = ¢(I — Pr) (see item (i) and (iv) in section
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3.1.3). Note, however, that the contractivity of (I + AA)~1C(I — AB) in Hy(div) with
n € (0,1) cannot be obtained simply from non-expansivity of (I +AA)~! as (I — AB)
is non-expansive only in L2(Q2).

3.1.3.  The role of n in Algorithm 2 and the limitation of classical splitting approaches
applied to Algorithm 2. In this section we further substantiate the need of n € (0,1)
in Algorithm 2 and of the results in Theorem 3.1. For this purpose we suppose that
7 = 1 and analyse the scope of existing results for (FB) and (BB) (with C = I).
In what follows we point to the shortcomings of these results for classical splitting
algorithms when applied with 7 = Hy(div) or 7 = L?(Q).

Since our main interest is the behaviour of the sequence {s¥}2°,, we focus
(without loss of generality) on the fixed point iteration in s* generated by Algorithm
2.

(i) (BB) with 7 = Hy(div). Step 2 in Algorithm 2 can be written as (I + %A)sk =

tF~1 with Hy(div) > s — As = (div)*(divs + f) € Ho(div) (via the Riesz map)
and step 3 is simply given by t* = Pr(s*) where Pg is the L?(Q)-projection
operator onto the closed convex set R. It is known that for any A > 0 one has
Pr = (I + M0dz)~! where dd% is the subdifferential (in L?(Q)) of the indicator
function dz of the set R. It is well known that ddx is maximal monotone (see,
e.g., Rockafellar’s theorem [34]). Then, in particular for A = %, we have that
st = (I + ;A)7'(I + ;B)"'s*"! with B = ddg. Structurally, this iteration
is of the form (BB). However, ddz is in general not maximal monotone on
Hy(div). Additionally, B is neither Lipschitz continuous nor strongly monotone
over J and neither A nor B are coercive. Hence, as mentioned in the paragraph
following the definition of (BB) and regarding on classical convergence results
for splitting methods, no guarantees concerning the strong convergence of the
sequence of iterates generated by (BB) can be given. Furthermore, in case a
subsequence of iterates is weakly convergent, it does not converge to a zero of
A+ B (see [12,29,30]). Our approach, however, guarantees strong convergence of
sf] to sy in Ho(div) as k — oo and weak convergence of s} in Hp(div) to s* such
that the pair (s*, Pr(s*)) € Ho(div) x L?(Q) is a solution to (20).
As a final comment, consider the following: The set R := R N Hy(div) is closed,
convex and non-empty in Hy(div). The minimization problem in step 3 could be
considered in Hy(div) (with R exchanged by R). Then, this step is equivalent
to t¥ = Pjz(s¥). However, P; is now the projection in Hy(div), which is
unfortunately more complicated to compute than the projection in L?(2). Indeed,
the latter can be obtained explicitly as

s(x)  [s(x¥)[ <o,

Pr(s)(x) = { s(x)

27
ES] otherwise. (27)

The projection Pk(s), on the other hand, requires to solve
L 2 1 2 =
min 5|d1vs—d1vt\L2 +§\s—t|Lz7 over t € R.

(ii) (BB) with # = L?(2). The map s — F(s) := 1|divs + f|2. is convex, proper

and lower semi-continuous on L?(Q2) with effective domain dom(F) = H(div) :=



Issues in Splitting Methods for Total Variation-based Image Reconstruction 17

(iii)

(iv)

{v € L?(Q) : divs € L?(Q)}. Its subdifferential F is maximal monotone and
step 2 can, thus, be written as s = (I + %A)’ltk*1 with A = OF. As in
the previous paragraph, t¥ = Prs® = (I + %B)_lsk with B = 9dr. Hence,
Algorithm 2 is equivalent to the (BB) iteration with A = 1/¢. As in the previous
paragraph, note that B is neither Lipschitz continuous nor strongly monotone
over ¢ and neither A nor B are coercive. As a consequence, strong convergence
of the iteration cannot be obtained by standard theoretic arguments, to the best
of our knowledge. Again as before, weak cluster points of the iteration are not
related to the original problem.

(FB) with v = Hy(div). In order to pose the problem as an (FB)-iteration, it
is necessary to consider (I —AB) = Pr, where Pg is the L?(Q)-projector onto the
closed convex set R. But now, it follows that B is no longer maximal monotone
over . Hence, standard theory for splitting methods does not apply to this
setting .

(FB) with »# = L?*(Q). From the previous paragraph, we observe that
B = (I — Pg)/\ and since P = (I + A\dég)~!, B is the Fréchet derivative
of the Moreau-Yosida regularization ¢y (-) of dz, which is given by p)(s) :=
mingerz(q) 358 — t/32 + 0r(t) (see [37]). Since ¢y is convex, we can write the
iteration in the form of (FB), with A = 1/¢q, B = go’l/q and A = OF (where F
is as in item ii). Although in some cases it can be proven that the generated
sequence converges weakly to a zero of A + B (see for example [20]), it is not
clear that this statement is true in general. In fact, general results that guarantee
weak convergence require the update of A in each step leading to a sequence
{Ar} € 02\ £1. Then, convergence is restricted to ergodic means of the iteration
(see [33]). Note also that Bruck’s paper [5], which is cited in [30] related to
weak convergence of this iteration, has been corrected in [6] where the conditions
necessary for proving convergence have been strengthened considerably.
Furthermore, to the best of our knowledge, known sufficient conditions for the
strong convergence of this iteration involve the strong monotonicity of at least
one of the operators A and B (see Chapter 4 in [12] for a list of these conditions)
or the strong monotonicity of the operator B~! . Such conditions, however, do
not hold true in our case.

All the aforementioned issues persist if one now considers the fixed-point iteration
in t* (rather than in s*) generated in Algorithm 2 and performs the analogous
analysis as in items (i) — (iv).

Above we have comprehensively argued that the existing function space results

in the literature concerning convergence of splitting methods of the form (FB) and
(BB) (with C = I, i.e,, n = 1) are even in the best case scenario not suitable to
yield convergence properties of Algorithm 2. In contrast, Theorem 3.1, yields strong
convergence of the aforementioned algorithm in Hy(div). It should also be noted that
the requirement of 7 € (0,1) cannot be relaxed to n € (0, 1] as our numerical evidence
in Figure 1 demonstrates.

We further emphasize the significance of Hy(div)-convergence. In fact, according

to (17), given a sequence s* converging to § in Hy(div) the corresponding sequence of
images is given by

uk = divs® + f.
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The Ho(div)-convergence of s yields L2-convergence of divs® to divs and thus u* — u
in L2(2) as k — 0o. Moreover, when § solves the Fenchel pre-dual problem (16), then
Fenchel duality arguments yield o € BV(Q).

3.2. Augmented Lagrangian method for the pre-dual problem

In order to avoid a limiting process of the penalty parameter ¢, in (20), we prove
that an approach based on the augmented Lagrangian method is suitable for the
problem in this respect. For this purpose, let Y := Hy(div) x Hy(div) and consider
the following family of problems with regularization parameter e > 0:

min Jj(s) := % |divs + f|2Lz + %|S|i2 over (s,t) €Y, (28a)

st. teRandg(s,t):=s—t=0, (28b)
with 75 : Ho(div) = R, g : Y — Ho(div) and R = R N Hy(div) . We note that the
the e-term is for the sake of generality only, with the advantage of the existence of a
unique solution to (28) for € > 0. For the choice € = 0, on the other hand, (28) is
equivalent to the pre-dual problem (16).

Concerning existence of a solution, we note that the objective Jj is coercive,
convex (strictly convex if ¢ > 0) and continuous (and hence lower semicontinuous)
and R is closed, convex and non-empty. Therefore there exists a solution s* which is
unique if € > 0 that solves the minimization problem (28) and satisfies s* € R.

Next, we consider the Lagrangian £? : Y x Hy(div)* — RU{+o0} associated with

28) and the pertinent augmented Lagrangian £¢  :Y x Hy(div)* x Rt — RU{4+00
Aug
defined as

1
£9(5,8,0) = 5|divs + f3x + S[sfa + 0z (6) + (A5~ 6), (29)
1 . € q
[’iug(svta Aa q) = §|d1VS + f|%2 + §|S|i2 + 57?,(1—‘) + <Aa S — t> + i‘s - t|%{0(div)7 (30)

for ¢ > 0. Here and below, “(-,-)” denotes the duality pairing between Hy(div)* and
HO (le)

Since the mapping ¢ in (28b) is Fréchet differentiable and Dg(s,t) €
Z(Y, Hy(div)), given by Dg(s, t)(hi, hy) = h; — hy, we observe that for any (s,t)

0 eint{Dy(s,t)((ri,ra) — (s,t)) + g(s,t) : 11 € Ho(div),ry € R} =
int{r; —ry: 1y € Hy(div),rs € 7@},

where the interior is taken in Hy(div). As a consequence, by standard surjectivity
techniques (see [27,44]) there exists a Lagrange multiplier A* € Hy(div)* such that
(A*,s* —t*) =0 and

DJS(s*) + A* o Dg(s*,t*) € —R(s*,t*) 7, (31)
where R(s*,t*)T is the polar cone of the conical hull of R \ (s*,t*), i.e.,
~R(s* )T ={F e Y*: (F,(s*t")y-y < (F,(r1,r2))y~ v, Vr1 € Ho(div),r2 € R}.
Hence (31) is equivalent to
(divs™ + f,divs™) 2 + €(s™,8" )2 + (A", 8" — t*) <
(divs* + f,divry) g2 + €(s*,r1)p2 + (A5, r1 —13), Vr; € Ho(div),ry € R.
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Here we use DJS(s)(h1, hy) = (divs + f,divhy) 2 + €(s, hy)p2 for all (s, t), (hy,hy) €
Y. This implies that

(N, 5" —t*) < (A, 11 —12) + DTS (s")(r1 —8) Vry € Ho(div),r2 € R, (32)

Theorem 3.2 Let (s*,t*) € Y be a solution ( which is unique for e > 0) to (28),
and let X* be the associated Lagrange multiplier. Then, for g > 0, (s*,t*) is a global
minimizer (unique for € > 0) of the map

Y 5 (s,t) — EdAug(s,t,)\*,q).

Proof. Let s € Hy(div). Then, it is straightforward to observe that D?J%(s) €
Z(Hy(div) x Hy(div),R) is given by

D?75(s)(hy, hy) = (divhy,divh;) > + e(hg, hy)ye, Vhy, hy € Hy(div).

Consequently, D37J¢(s) = 0. Assuming that 0 < € < 1, we have D2 75(s)(h,h) =
|divh|7. + ehff. > €[h[% 4,y We also have the following representation based on a
Taylor series expansion:

J5(s+h) = J5(s) + D5 (s)(h) + %DZJj(S)(h, h),  Vhe Ho(div).

Since EdAug(s, t,\*,q) = +ooift ¢ R, it is enough to consider (s, t) € Ho(div)xR.
Since (s*,t*) € Y is a solution to (28), we have that [s* — t*|g,(aiv) = 0. Then, by

the previous paragraph and (32), we have the following chain of inequalities:

LEug (87,870, q) = Tg (") + 0 (67) + (A", 8" — t7)
< Jq(8") + 0z (t7) + (A", s —t) + DT (s")(s — s7)
= Ji(8") + 0p(t) + (A",s = t) + DI (s")(s —s7)
1
= Ji(s) = 5D*Ti(s)(s = s",5 = 87) + 9 (t) + (A", — 1)
1 ,
= ‘CdAug(svth*aQ) - §D2~7d6(s*)(s - S*,S -8 ) - g|s - t|?’-Io(div)'

For € > 0, we obtain

‘Ciug(s B A 7q) < ‘Ciug(sﬁt’A 7q) - §|S —-S |%Io(div) - §|S - tﬁ{o(div)’

and for € = 0, we find

q
|

1.
Eiug(s*vt*vk*aQ) < ﬁiug(sata)‘*7Q) - §|d1V(S - S*)‘%z - 5 8 — t@Io(div)'

Therefore, E%ug(s*,t*,/\*,q) < £dAug(s,t,/\*,q) for any (s,t) € Y, i.e., (s*,t*) is a

global minimizer.

For e > 0, if the equality E‘f\ug(s*,t*,)\*,q) = Liug(s,t,)\*,q) holds true, then

s = s* = t. Additionally, since (s*,t*) is the unique solution to (28), we have that
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g(s*,t*) = s* — t* = 0 by (28b). Hence, (s,t) = (s*,t*) and the uniqueness of the
global minimizer follows. |
Remark. If Z[s — t|%,0(div in the definition of ﬁ‘f,‘ug is replaced by s — t|%2(Q),
then the assertion of Theorem 3.2 still hold true. However, as we see in what follows,
such a change restricts the scope of the resulting augmented-Lagrangian-type method.
The augmented Lagrangian method for solving problem (28) operates as follows:

Given some AY € Ho(div)*, iterate for k = 1,2,.. .:

compute (s*,t*) € argmin  L%(s,t,A\*71, ¢), (33a)
(s,t)EHo (div) xR
update AF = AF71 4 ¢ (sk — tk) , (33b)

with
£3(s,6, 0, 0) = ~|divs + f% + SlsPa + (s — ) + LJs — b2, ior-

c\D Ly Ay 92 L ) L ) 2 Hy(div)
Although the study of the convergence of (33) is beyond the scope of the present
paper (in particular the convergence of inexact variants like the one highlighted in the
discrete setting in Algorithm 4 below), several subtleties of the algorithm owing to
the function space context should be pointed out. If A® € Hy(div) C Hy(div)*, then
A¥ € Hy(div) for all k € N given the fact that (s¥,t¥) € Y. In this case, the resolution
of (33a) is similar to the one of (20) and a splitting scheme like the one of Algorithm
2 can be utilized. In fact, provided n € (0, 1), for every k € N we may consider

4 1 € q j
k : : k— k
spdth = arg min i\dlvs + f3: + §|S|i2 + (AFls) + §|s nty”
s€Ho(div)

tpth = argmin g|s§’j =t/ aiv) — (AT E) 05 (). (34b)
teHo(div)

%10 (div)» (34a)

A slight modification of the arguments in the proof of Theorem 3.1 yields that
(i, t57) — (s, tF) as j — oo and (sF,t)) — (s*,t%) as 1 1 in Y/, respectively. In
the general case where A’ € Hy(div)* but A° ¢ Hy(div), the resolution of (34) requires
the inverse of the Riesz map in order to replace A*~! by its Hy(div)-representation.

If 2]s — t|§{0(div) in the definition of £Z is replaced by %|s — t|i2(Q), then (33a) is
defined over Hy(div) x R, provided that A*~! € L2(Q) and consequently A° € L2(Q),
as well. Hence, if A° € L2(Q), then A* € L?(Q2) for all k € N. In this case, in order
to approximate (33a) we may consider the analogue of (34) with the obvious changes:
Ho(div)-norms are replaced by L?(€)-norms, R is replaced by R and problem (34b)
is posed in L2(€2). Finally, a similar argument as above yields (s’;*j,t,’;’j) — (sg, t,’;) as
j — oo and (sfpt,’;) — (s®,t%) as n 1 1 in Hy(div) x L2(Q), respectively. In general,
however, one should not expect that {A\*} is bounded in L2(2), as only A* € Hy(div)
is guaranteed.

It should further be noticed that upon discretization (and whenever mesh
independence properties are not indispensable), the term [s — t|§{0( div) in £ and
consequently in (34) may be replaced by the squared discrete L2(2)-norm of the
difference of the discrete counterparts of s and t. This simplifies the realization of
(34b) considerably (even in function space), but the overall scheme does not admit
a function space counterpart with convergence guarantees, in general. Such a finite
dimensional approach with inexact subproblem solutions is considered in section 3.3.2
below.
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3.3. Discrete pre-dual approaches

In this section we study the methods of the previous solvers for the pre-dual
problem (pre-dual splitting and augmented Lagrangian methods) in a discrete setting.

3.8.1. Discrete pre-dual splitting. For a given N x N image f € RNQ, we denote
by Qp ={1,...,N} x {1,..., N} the discretization of Q = (0,1) x (0,1) with mesh
size h = N171' The necessary modifications in case of Qp, = {1,...,M} x {1,...,N}
with M # N are obvious. The discrete optimization problem associated to (20) is as

follows:

min £F,(s,t) over (s,t) €Y, = R2NV? » R2V

1. In
Exn(s ) =h" Y 5 |(divas)i; + fiil? + o Isig — ti i + Or,, (),
(i,j)GQh

)

(35)

where R, = {t € R2V" | [ti ;] <a, (i,7) € Qp}, and the discrete indicator function is
defined by

0 t € Ry,
or, (t) = 36
R (t) {+oo otherwise. (36)

The discrete version of Algorithm 2 with ¢ = ¢, > 0 is summarised in Algorithm 3
which generates a sequence {(sﬁ . tfl” n) teen with a fixed positive penalty parameter
gn and 0 <y < 1.

Algorithm 3 (Discrete pre-dual variable splitting with 7 — approx. discrete solution
of (20))

1: Initialization. Choose t , € R, arbitrary and set k := 1.
2: Compute

. 1, .. _
shn €argmin Y 5 l(divas)i; + figl? + %nlsm‘ =ty )il
S
(4,5)€Qn

3: Compute
2+ 0g, (t).

k . Qn k
ton € argtmm Z > (sp.n)ij — ti
(4,3) €0

4: Check stopping criteria. If suitable stopping criteria are met, set (sj‘l,h, t;,h) =
(sz?h7ti€zﬁ); otherwise set k := k + 1 are return to step 2.

For a fixed ¢y, suitable stopping criterion in step 4 of Algorithm 3 is considered
satisfied when the norm of the residual of the first-order optimality conditions drops
below a user-specified tolerance. The projection (27) provides an explicit formula
for t’;, ,, in step 3, which satisfies the first-order condition of the t-subproblem exactly.
Thus, it is enough to check the residual of the first-order condition of the s-subproblem.
For this purpose, we compute

RY ==V, (divish , + f) + qn (sk, — nth 1) (37)
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and Rn , such that —A,R n. ko= Rﬁ , With homogeneous Dirichlet boundary
conditions on 0y, where Ay, denotes the discrete Laplacian on the underlying mesh.
Then, the discrete L?(Q)-norm of V,RF h prov1des the discrete H~!(€)-norm of Rmh.

The value of s}, , in step 4 of Algorithm 3 is sn, p, for the smallest k that satisfies

IViRE ,|Le < e, (38)

where ¢; > 0 is some prescribed tolerance. The aforementioned index k& > 0 is the
number of iterations of the algorithm and it is denoted as K, p, as it depends on the
penalty parameter ¢, and the mesh size h > 0. Starting with gy > 0, and increasing
the penalty parameter up to g,, the total number of iterations is the sum of the
iterations corresponding to each penalty parameter, i.e.,

Kh = ZKi’h' (39)
=0

Finally, the approximated solution of the discrete TV-problem is determined as
uy, p, = divys;, , + f. (40)

As in [41] we use ¢n+1 = 2¢,, to increase the penalty parameters.

We also would like to emphasize the fact that our goal here is not to display the
best possible reconstruction result, i.e., selecting optimal regularization parameters,
but rather to focus on the algorithm and its behavior.

We start our numerical study by showing that the practical behavior of 7 in (3) is
consistent with Theorem 3.1. For this purpose, we use the image shown in Figure 1(a)
which contains white Gaussian noise with zero mean and a standard deviation equal

to 30. The parameters used in our algorithm are o = 0.2, ¢4 = 1076 and the
reconstruction is provided in Figure 1(b). Starting with a penalty parameter go = 277,
we numerically compute wuj, , for n € {0,1,...,24} with h = 1/128. Since u;, ;, and

K}, depend on 7, we stop our computations at gg5 = 22° for all n-values and denote
these as u, and K,, respectively. In order to measure more detailed features when n
approaches 1, we choose 7, according to

= ig -107% (41)
=1

Figure 1(c) shows the behavior of |u, — u,_ |L2 with respect to n € [0.1, 1), where 7o
denotes the maximum 7-value used which is 79 = 1 —1071%, in this case. As we are in
finite dimensions upon discretization, convergence of u,, in the discrete L?(€2)-norm of
the approximated solution to the TV-problem in (40) is observed when 1 — 1. This
behavior is guaranteed by Theorem 3.1(ii.) considered in finite dimensions. Local
Lipschitz behavior of 1 +— wu,, is observed for 7 < 1 and a non-Lipschitz behavior
appears at 7 = 1, as expected by Theorem 3.1(i.).

Figure 1(d) shows the behavior of m — |uy, — uy_—c|r2 with respect to m as
n (41) and with ¢ = 1073. This is consistent with the non-Lipschitz behavior of
n — u, at n = 1 expected from Theorem 3.1(i). The total number of iterations
K, with respect to m as in (41) is shown in Figure 1(e). The behavior of the
map m +— K, appears to contain two distinct features that are explained by the
contraction of the map s — T(nPg(s)), as noted in the proof of Theorem 3.1, and
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Figure 1: In figures (a) and (b) we depict the test image with white Gaussian
noise of zero mean and standard deviation equal to 30 and its reconstruction with
a = 0.2, respectively. In figure (c) we observe the behavior of the map (0.1,1) > —
|ty — Uy, |12, where 1o =19 =1 — 107!, The z-axis in figures 1(d), 1(e) indicates
the value m in (41). In figure 1(d), we observe m — |u,, —u,, —c|p2, where ¢ = 1073,
and in Figure 1(e), the map m — K, (the total number of iterations associated with
the parameter 7,,) is shown.

the fact we are working in finite dimensions upon discretization. In fact, as noted
before, step 2 of Algorithm 2 is equivalent to s’f] = T(nPR(s’;’l)). This iteration is
at least linearly convergent since s — T(nPgr(s)) is a contraction in the g-norm for
Hy(div), as observed in (26). For this purpose, recall that the g-norm is equivalent to
the usual norm in Hy(div). Since the Lipschitz constant is equal to 7, it is expected
that the increase of 1 increases the number of iterations K, necessary to satisfy the
small residual condition (38). This is indeed observed in Figure 1(e) for 1 <m < 5. In
infinite dimensions one would expect that this behavior continues for m > 5. In finite
dimensions, the weak convergence in Theorem 3.1(ii.) becomes strong convergence in
the discrete L2(£2)-norm, which appears to take place for m > 5. This is the reason
for the stabilization of the number of iterations necessary for the termination of the
algorithm. An analogous reasoning applies to the behaviour of m — |u,, — wy,, —c|r2
for m > 5 in Figure 1(d).

It should be noted that the L2-penalty term associated with the constraint
s = t in (20) does not increase the regularity of the solution as it happens with
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the penalization of the constraint p = Vu in (6). This enables the restoration of
discontinuous features in images, as motivated by the total variation regularization.

3.3.2. Discrete augmented Lagrangian method for the pre-dual problem. We continue
our investigation of the (pre-)dual problem by considering the discrete augmented
Lagrangian associated with (30) given by

1 .. q
Ley(stsp) =0 > S| (divas)sj + figl* + S lsi; =t (42)
(4,5)EQ

+ iy (Sig = tij) +0r, (t).
For a fixed positive penalty parameter ¢ > 0 we use an alternating direction

minimization algorithm to generate a sequence {(s’;’h,t’;’h,u’;’h)}keN by Algorithm
4; see [32,40] for details. Compared to (28a), we use here € = 0.

Algorithm 4 (Discrete pre-dual augmented Lagrangian method)

1: Initialization. Choose (t ,,, pJ ;) and set k := 1.
2: Compute

h € argmln Z |(divps)i; + fij|* + |sm (tk WDl + uﬁ;l “ S
(%J)GQ;L

3: Compute

2 k—1
tey € arg min > *| on)ig = tigl? — iyt b+ OR, (B).
(4,9)€Qn
4: Set
k k-1 k k .
(“(I,h)iyj = (‘u'q,h >ij +4q <(Sq,h)i_j - (tq,h)i7j> s ('Lv]) € Q.
5: Check stopping criteria. If suitable stopping criteria are met, set
(S te ol g) o= (sh,th, uk); otherwise set k := k + 1 are return to step

For a fixed ¢, as for the previous algorithms, suitable stopping criteria in step
5 of Algorithm 4 are based on the norm of the residuals of the first-order optimality
conditions dropping below a user-specified tolerance. As observed before, a projection-
like technique gives an explicit formula for t’; 5, in step 3. Hence, t’; 5 satisfies the
first-order condition for the t-subproblem exactly. Thus, it is enough to check the
residual of the first-order condition of the s-subproblem in the discrete analogue of
H=1(Q). As before, we compute

Rs,h ==V (divhsg,h + f) +q (S]z;,h - tlz;,h) + NZ,h» (43)

find the solution of — AhRq n= R’; 5, with homogeneous Dirichlet boundary conditions
on Jf) and otherwise proceed as in the previous subsection with some prescribed €4 > 0
for the termination condition (38).
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Utilizing duality, an approximate solution to the discrete TV-problem is given by

uy p, = divpsy , + f. (44)

(a) (b)

Figure 2: Figures (a) and (b) show the HSV-color-map, with V' = 1, for the vector
fields pu* and Vju*, respectively, as obtained by Algorithm 4. The original image is
as in Figure 1(a)

A few words on the asymptotic behaviour of Algorithm 4 are in order; we specially
concentrate on properties of py,. Suppose {(s§7h, t’;yh, Ng,h)}keN is a sequence
generated by Algorithm 4 and that it converges to (s*,t*, pu*) := (s;’h,t;h,u;’h)
with a fixed ¢ > 0 and h. Then the first-order optimality conditions associated with
the steps of Algorithm 4 are given by

—Vir(divys® + f) +q(s* —t*) + pu* =0, (45a)
max{a, Lo }t* =a <H+s*) , (45b)

q
t* =s". (45¢)

Since u* = divps* + f, we have

u* = Viu*, (46)

max {a, }s* =« (s* + Vi ) . (47)
q

It can be shown that u* and s* satisfy the first-order optimality conditions (in finite
dimensions) associated with the (pre-)dual formulation of the TV-problem (5). In the
left plot of Figure 2 we depict the numerical solution p*, which was obtained with
a very large penalty parameter (¢ = 22°) and the same continuation technique as
described in subsection 3.3.1. The regularization parameter was a = 0.2, ¢ = 1076
and we used the example in Figure 1(a). For the visualization we utilize an HSV-color
space with V' =1 to represent the vector fields of u* and Vju* = Vj(divys* + f) in
Figure 2(a) and Figure 2(b), respectively. This color map allows to represent vectors

and further

th*
q

s* +
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in an RGB color model, i.e., matching colors between the two plots correspond to
matching vector orientations. From these plots we observe that p* obtained from
Algorithm 4 numerically converges indeed to Vju*.

Unlike the penalty method in subsection 3.3.1 (which required certain limiting
properties on ¢, and subsequently on 7)), the proposed algorithm in Algorithm 4
obtains an approximation to the solution of (16) without the need of driving the
penalty ¢ > 0 parameter to infinity. Moreover, we numerically observe that
Algorithm 4 achieves the stopping condition |Vh15{fl’ nlL2 < €q earlier than Algorithm 3
when the same penalty parameter is fixed in both algorithms . Note, however, that
the previous assertions hold only in this finite dimensional setting and little is known
about the infinite dimensional analogue of Algorithm 4 and its convergence behaviour.

4. Staggered grid discretization for the pre-dual problem and numerical
results

In this section, we provide details of our discretization of the first-order optimality
system associated with (20) or (30) on a staggered grid. Moreover, we include
numerical evidence of the advantages of using such a staggered grid to solve the
proposed systems and we compare with results obtained by other algorithms.

Considering the finite element method, Raviart-Thomas elements on a rectangular
mesh are an appropriate choice for discretizing the spaces for minimizing the objectives
in (20) and (30); see [17] for a specification of the Raviart-Thomas finite element
space. This is due to the resulting discrete space being a finite dimensional subspace
of Hy(div). Here, we propose to use finite difference operators on a staggered grid. This
is inspired by the fact that the lowest order Raviart-Thomas space on a rectangular
mesh is equivalent to the “marker and cell” scheme (see [22]) which is a stable finite
difference scheme for incompressible flow problems (see [26]).

4.1. Finite difference operators on a staggered grid

We consider the domain © = (0,1) x (0,1) and the mesh size h = 1/N for a
positive integer N > 2. Figure 3(a) depicts an example for a grid associated with a
4 x 4 pixel image, i.e., N = 4. The outermost boundary is the boundary of the image
0f). For the subsequent discretization of the involved operators we define the index
sets

QY = {(.J) ENXN[1<i<N—a, 1<j<N-b},
with  (a,b) € {(1,0), (0,0), (0,1)},
QY = QY U{(i,0) or (i, N+1) [1<i < N}U{(0,/)or (N +1,§) [1<j< N},
OO = Y U {(0,5) or (N,j) |[1<j< N},
QY = Y U{(5,0) or (i, N) [1<i < N}.

The sets ng,o)’ QS’O) and ng’l) are identified with the set of e-nodes, o-nodes,

and o-nodes in Figure 3, respectively. The set ng,o) is identified with the e-nodes

1,0)

together with all the boundary nodes, QEL with the o-nodes in addition to the nodes
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on the vertical boundary and Q;LO’I) with the o-nodes and the nodes on the horizontal

boundary, again depicted in Figure 3.

-, ., i(i-1,j+1) (i j+1) i(i+1,j+1)
........ Y . SR W S o........
J; ° <I> ° J) ° <I> ° J) LS ¢
& 4 (i.§)
! T T B —0 o —
[ ol Neol ol R G . §(_+1 ’
i-1, 1y, L, i(1+1,
—1 [} 7} — @ s ® J J ’ ......... J
[ TXeY SoR ol e
L o0 — - 7 —
PR (l) ° (I> ° (iF1,§-1)  (ij-1) (i
....... @ e o
I)_D ? ! - D—(I T T
(a) (b)

Figure 3: An example of a staggered grid for an image of size is 4 x 4. In (a) we
depict = (0,1) x (0,1) with a discrete grid of mesh size h = 1/4. Note that the
Green nodes are exactly placed on the boundary 02 of the domain 2. In (b) a rule
of indexing for different variables in (20) and (29) is depicted.

We define sets of real-valued functions on a discrete domain by
FOD) o= {f1f: Q" = R} (48)
Since the mesh size h is fixed, we simply write
Fb = 7 Q") and F@¥ .= FQO). (49)

Note that following the identification of the sets Qza’b) and Q;La’b) with their
corresponding nodes, we identify F(©:0 F1.0) and FO1 with the set of real-valued
functions defined on the e-nodes, the o-nodes, and the o-nodes, respectively. Similar
and analogous identifications are considered on the sets F(@:).

Now, we define two finite difference operators on a staggered grid: the discrete
divergence

divy, : FEO 5 FOU 7O 1y divys = 0] 51 + 85 59 € FOO, (50)
and the discrete gradient
Vit FOO oy 7O 7O by Wy = (9w, 05 u) € FOO x 7O (51)

The above definitions include the standard finite forward and backward difference
operators defined by

(O f)ij = ifﬁlﬂih_f” and (95 f)i; = ifuilih_fw (52)
The standard finite central difference operators are defined by
Jit1 — fi-1,j Jij+1— fij—1
(O1f)ij = # and  (92f)i; = % (53)
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Even though the discrete divergence divy, and gradient V; are defined by standard
finite forward and backward operators, they can be interpreted as a central difference
scheme because of the structure of the node distribution on the staggered grid.

4.2. Compatibility of adjoint operators and boundary condition

We recall that the solution space of the Fenchel pre-dual problem (16) is Ho(div).
On a staggered grid the discrete version of Hy(div) becomes

_ _ R - O(1,0) (1,0)
Hb]—'(dlv) — (81782) c JT_'(I,O) % f(O,l) (31)1:J 0) (Za.j) S g}?’o 1 \Q?O 1)) .
(52)i; =0, (4,5) € 7\ Q"
For this space, it can be shown that the discrete divergence (50) and gradient (51)
are adjoint to each other under appropriate conditions. Indeed, for s € HZ (div) and
u € F0.9 we have

(U, =dives) oo = > uij(—divas)i;
(i.j)€q”
= Z (Sl)i,j (Gf’u)w + Z (SQ)L]’ (@'u)m (54)
(i.5)€q)” (i.5)€”

= (8, V) z1.0)  F01) 5
where the last equality considers s restricted to Q0
not hold for arbitrary s € F(1:0 x FOU\ HF (div).

The discrete divergence and gradient oprerators introduced by Chambolle in [8]
are formally of the same form as the ones in (50) and (51), respectively. However, it
should be noted that for the discrete operators in [8], evaluations for all variables are
computed on the same nodes. Hence, in order to obtain that the discrete gradient is
the adjoint of the negative discrete divergence, additional boundary conditions for the
primal variable are required.

X QELO’I). Note that (54) might

4.8. Numerical realization of our algorithms

We now provide details on the numerical implementation of Algorithm 2 on a
staggered grid (the extension of the method for the minimization of (30) with R and
|| o (aiv) Teplaced by R and |- |2, respectively, is straightforward). Note that, in these
settings, the discrete functionals in (35) and (42) are typical discretizations of (20)
and (30), respectively, when all variables are evaluated on the e-nodes; see Figure 3.

The variables @, f,s,t and A in (17), (35) and (42) associated to discrete spaces
are as follows:

a, fe FOO se Hf (div), t, Ae FLO x 7O, (55)

Since the first and second components of a vector field on a staggered grid are evaluated
at different locations, we need an interpolation operator whenever a function value is
needed at an alternative location. Here, we use a simple linear interpolation. In fact,
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for given s € F(10) x F(O.1) the following averaging operators are used:

(52)ij + (52)it1,; + (52)ij-1+ (s2)it15-1

A(sa)ij = y , for (i,5) € QY sy € FO,
(56)
A(s1)ij = (s1)i5 + (s1)ig41 + (s1)ic1,5 + (Sl)i—l,j—&-l’ for (4,) € 920,1), s € FOLO).

4
(57)

Consequently and depending on the nodes, the absolute values of s € F(10) x F(0.1)
are defined by

01> = (51)2; + A(s2)?, for (i,5) € Q)" (58)

s = A(s1)2, + (s2)2;, for (i,5) € 2V, (59)
2 2

s = ((31)1,] +2(31)1—1,j> n ((82)1,3 +2(52)z,g—1> for (i) € 2%, (60)

It should be noted that the above definitions are consistent as the mesh size
tends to zero under a continuity assumption: In fact, for (i,5) € Q;La’b) with
(a,b) € {(1,0),(0,0), (0,1)} let 51,52 € C(€;R) and (sx);,; correspond to the pointwise
evaluation of sj on the corresponding node. Then the relations (58)-(60) hold as & |. 0.
This yields the desired inequality |s(x)| < « for all x € Q.

Suppose g, > 0 and 0 < 7 < 1 are fixed and tJ is given. Denote by {(s, t})}ren
the sequence generated by Algorithm 2. According to first-order optimality, s® solves
the system

—V(divs + f) + qu(s —ntF 1) =0 in Q,

61
s-v=0 on 09, (61)

where v denotes the outward unit normal on 92, and t* is obtained in closed form by

() sk(x), if [sf(x)| <a, x€Q,
YT B9 [sk (x)] > @, x € Q.

sk ()|

(62)

Considering the staggered grid in Figure 3, we solve the two subproblems in
Algorithm 2 by using the discrete operators (50) and (51). For a fixed mesh size
h, the solution Sg,h € H{ (div) of the discrete s-subproblem is obtained by solving

=03 (07 $1)ig + (03 82)i5) + an(51)ig = (OF iy + aun((t)E7eg0 (,4) € 17,
—0F (07 51)i5 + (03 82)i5) + tn(2)ig = (OF Nij + ann((t2)E5 )i (i25) € QY

(63)
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Further, tﬁ,h € FLO x 7O i computed as

. . 1,0
(0F ) ((Sl)kfz,h)iﬂ'? if |85 iy < o, (i,4) € Q7,
Un,k)ig = § (s0)%)iss . o 1,0

’ (‘(Sn,)h‘z,jj’ if IS’:L,h|i;j > a, (Z,.j) € Q; )7
. . 0,1

()t ) ((52);,;1)1'7.7, if |85 iy < @, (i) € QY.
2)n,h)id =y ((82)p,n)i05 . o 0,1

’ s i sk g > a, (i,5) € QY.

Isk s lis

(64)

As the solution in t is exact, the iteration along k is stopped when the discrete residual
of the optimality condition for the s-subproblem is sufficiently small. In fact, since the
equation in the first line of (61) holds in H~*(f2), a special step is require to measure
the residual. For this purpose, after we extend tﬁ,h e FAO »x 7O to HT (div)
and f € FO0 to F(0.0) by homogeneous Neumann boundary conditions on 99, we
compute the vector field

RE ) o= =V (divist ), + f) +qn (s, —ntl ) € FEO x FOU, (65)

and find RE |, = (R1)F .. (R ) € FOO x FO) as the solution of

_ N 1 .
~(@0F 0 + 050, Bk )is = 5 (RO} )i + (RORwime-y-a-n) . (.3) € 477,
(66)
(R =0, (ig) € Q7 \ 27, (67)

for I € {1,2}. The numerical solution, s}, , := Sﬁ_’h, is obtained for the smallest k£ > 1
such that

W=

VR e & (02D HOURDS )i+ 10(R)5 )isl?) e (69)
le{1,2}
(4,5)en"?

for a prescribed stopping tolerance €4 > 0.
The approximate solution of the discrete TV-problem is then given by

(Wl p)ig = (divis )iy + figs (i) € Q0. (69)

For increasing ¢,,, we use the same continuation scheme as described before.

4.4. Numerical Results

Next we compare our results numerically with those obtained from different
algorithms. In all examples below the respective image intensity is scaled to [0, 1].
For simplicity we use the following abbreviations for the methods of Sections 2 and 3:

e Py Primal augmented Lagrangian method of subsection 2.1.1.

® Dara - The augmented Lagrangian method of the Fenchel pre-dual formulation
in subsection 3.3.2.
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(d) (e) ()

Figure 4: A qualitative comparison between Parps and Dapas: (a) The 128 x 128
image f for the TV-problem . The results from Payy and Dy are shown in (b)
and (c), respectively. The color table to change a gray-scale image into a color image
is shown in (d). In (e) and (f), we show the correspondingly colored versions of the
images in (b) and (c), respectively. It is easy to observe that D4pns generates an
almost piecewise constant image.

Note that we use the same discretization as in [42] for Paras. Unless otherwise
specified, we use the previously described discretization on the staggered grid of
subsection 4.1 for D ap .

First, we provide a qualitative comparison between P4y and Dar s in Figure 4.
In order to ensure a fair comparison, we choose an example with

f=xc, C:={xe€(0,1)x(0,1) : |x—(0.5,0.5)| < 0.3}, (70)

with known exact solution; see [38] or [39]. Figure 4(a) shows the 128 x 128 image
f in the TV- problem . For Paru, €, = 1072, 79 = 2719 and 7,1 = 2r, are used.
Figure 4(b) displays the numerical solution obtained by P4y s with penalty parameter
ro9 = 2'2. For Darpr, € = 1075, g0 = 21 and ¢, 41 = 2¢, are used. Figure 4(c)
shows the numerical solution obtained by Daras with penalty parameter g5 = 22°.
We use the same idea as proposed in [9] to change a gray-scale image into a color
image based on the color table in Figure 4(d). Figure 4(e) and Figure 4(f) are the
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color images corresponding to Figure 4(b) and Figure 4(c), respectively, based on the
aforementioned color table.

(d)

Figure 5: A qualitative comparison between Parps and Dapas: (a) The 128 x 128
image f in the TV- problem . The results for Papy and Dapas can be seen in (b)
and (c), respectively. Figures (d), (e), and (f) are the corresponding color images to
(a), (b) and (c), respectively, based on a color table in Figure 4(d).

We readily observe that the results of Para in Figures 4(b) and 4(e) suffer
from blurriness depending on radial directions from the center of the circle. The
direction dependent error is caused by the one-sided discretization scheme in [42].
It is significantly reduced by using the upwind finite-difference method in [9]. The
errors responsible for blurry regions in the reconstruction cannot be overcome by the
algorithms in Section 2 as the solution space in case of a finite penalty parameter is
W(€Q). The latter does not admit edge structures. On the other hand, the Fenchel
pre-dual formulation is crucially different in this respect. The numerical result from
D 4 seems to approximate a piece-wise constant function with the exception of a
small number of pixels (compare, for example, with the results obtained in [9, Figure
5.1]). We also note that the one-sided discretization scheme of [42] for the algorithms
in Section 3 generate a result similar to Figure 4(b).

For a further detailed and exhaustive study on the anisotropy induced by
discretization methods and their connection with infinite dimensional models we refer
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to [28].

In Figure 5, the original image is degraded by Gaussian white noise with a
standard deviation of 20. Figure 5(a) shows the 128 x 128 noisy image f in the TV-
problem. A relatively large regularization parameter o = 1 is used, as we primarily
want to study discretization aspects. In this respect, recovering “too” many detailed
features in Figure 5(c) would render the comparison of effects at boundaries between
constant image features impossible. For Parar, €, = 1072, 7o = 2710 and r,, 11 = 2,
are used. Figure 5(b) depicts the numerical solution obtained by Pary when the
penalty parameter is r3g = 220, For Darar, € = 1076, ¢o = 20 and Qn+1 = 2qn
are used. Figure 5(c) depicts the numerical solution obtained by D s when the
penalty parameter reaches q15 = 22°. Figures 5(d), 5(e), and 5(f) are the color
images corresponding to 5(a), 5(b), and 5(c), respectively, based on the color table in
Figure 4(d). We observe a similar behavior as in Figure 4. The numerical result from
D 41, is piecewise constant which is supposed to be a solution of the TV-problem,
whereas the non-staggered grid is responsible for blurring effects at boundaries between
contour pieces.

5. Conclusion

While variable splitting methods have been used successfully in image processing
over the recent years, usually with the understanding that they solve a discrete version
of, e.g., the TV-problem, the situation for the original, genuinely infinite dimensional
TV-problem is different.

Primal variable splitting techniques are in general not well-defined as the existence
of a solution of the associated penalty problem cannot be guaranteed. Rather it can be
shown that for increasing penalty parameters, e-minimizers (in the sense of Ekeland’s
variational principle) converge to the solution of the TV-problem. Nevertheless,
the alternating iteration schemes, often utilized for solving the penalty problem,
appear functional, as the associated subproblems admit (unique) solutions. Their
convergence, obviously, is jeopardized by the possible non-existence of solutions of the
associated minimization problem.

The situation for the pre-dual problem (note that the dual would lead to a
problem in the dual of the non-reflexive space of functions of bounded variation)
is entirely different: (i) Variable splitting techniques are well-defined in the sense
that associated penalty or augmented Lagrangian based problems admit solutions in
function space; (ii) the pre-dual is posed in Hilbert space; and (iii) the associated
alternating minimization, Bregman splitting or augmented Lagrangian methods
exhibit guaranteed convergence properties and perform better than their primal
counterparts (upon discretization).

Finally, as the pre-dual is posed in Hy(div), staggered grids are appropriate
for discretization as they provided stable (and numerically significantly less diffusive
and somewhat isotropic) finite difference schemes. In this paper this was validated
numerically including a comparison with other specialized discretization schemes for
dual formulations of the discrete TV-problem.

Appendix A. Appendix : Proofs of Theorems 2.1 and 2.2

Proof. [Theorem 2.1] We split the proof into several steps.
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Step 1: The sequence {uy} is bounded in BV (). By the definition of {(u,,p»)}
n (7) we have E (un, pn) < EL(0,0)+ €, = 5 [, |f1* + €n. Thus, {%2|pn fVun|%2(Q)}
is bounded. Also, 7, T 0o and hence |p,, — Vuy,|12(q) — 0 as n — oo and, by Holder’s
and the triangle inequalities, 0, := « [, [Pn| — @ [o, |Vun| satisfies lim,, o 6, = 0.
From the definition of §,, and (u,, pn), we obtain

g [ =a ([ 19~ [ i)+ [ 112 (A1)
> [1vu- [ |pn|)+e£<un,pn>—en (A2)

/ |V’U,n| + 5 / |, — f|2 |pn vunﬁ,? —€n (A.3)

>a/ Ivun|+2|Q| (/ |, — f|) T"\pn Vi |fz — €, (A4)

T
>a |Vun|+(/ |un|/|f|> T oo — Vun s — en,
Q 210 \Jq Q 2 L

(A.5)

where Holder’s inequality yields (A.4) and the reverse triangle inequality (A.5).
Since 6, — 0 and ¢, | 0, we find that the sequences

{/Q|un|} and {/ﬂpun}7 (A.6)

are bounded (note that [, |Du,| = [, |Vun| for each n, since u, € Wh(Q)), ie.,
{un} is bounded in BV ().

Step 2: lim,, _,  70|Pn — Vy|2: = 0. From the definition of {(u,, pn)} in (7), we
have that P (u,, pn) < EP(u, Vu) + €, for any u € WH(Q), i.e.,

1 . 1
f/ \un—f|2+a/|pn|+7”—|pn—wn|iQsf/|u—f|2+a/|w|+en. (A7)

From the definition of d,, we get a [, |pn| = 0n + o [, |Vu,|. Since {u,} is
bounded in BV(Q) and, thus, in L?*(Q) (recall that BV (Q) < L2(Q); see [2])
there is @ € BV(Q) for which u, — @ in L?*(Q), along a subsequence. Since the
embedding BV (Q) — L(Q) is compact (see [19]), we observe that w, — 4 in
LY(Q) (along a subsequence of {u,} which we also denote by {u,}). This implies
Jo IDu| < lim,, , o [, [Vuy,|. Thus, we have [, |Du| <lim, _,__ [, [pn| and therefore

1/|a—f|2+oz/|Da|+a§ (A.8)
2 Q Q

. 1 r
lim (/ |un—f|2—|-0¢/ pn|+n|pn_vun|i2) )

where a = lim P» — Vu, |%2 Here we have used the weak lower semicontinuity
of the norm and elementary properties of lim. Therefore, from (A.7), we infer

1 1
ng/|ﬂ—f|2+a/|Dﬂ\+a§f/\u—f|2+a/\Vu\, (A.9)
2 Ja Q 2 Ja Q
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for all uw € WH1(Q).

Since @ € BV(2) N L?(f2), one can argue the existence of {vy} C C®(Q) C
Wh1(Q) such that limy_eo [vp — [z = 0 and limg_oo [, [Vor| = [, [Dal (see for
example [7]). We choose u = vy, in the inequality (A.9) and take the limit as k — oo
to obtain a = lim,, , = |p, — Vun|2L2(Q =0.

Step 3: u € BV (Q) is the minimizer. Finally, since a = 0 in (A.9), we have that

3 [ li=sPra [ D <5 [ jwrPra [ pul

for all w € BV(2) by using the same density argument as in the preceding paragraph,
i.e., @ is a minimizer of the TV- problem .

Step 4: un, — ﬁ in the L*(Q)-sense and [, |pn| = [, |Du| (along subsequences).
Using @ = lim — Vuy,|?: = 0 and the inequalities in (A.7) and (A.8), we
obtain that

1 1
lim (/ Iunff\2+a/ |pn> :—/ |a—f|2+a/ Dal, (A.10)
nooo \2 Jo Q 2 Ja Q

where the density argument of Step 3 has been used. Then, we consider a subsequence
of {(un,pn)} (again denoted by {(un,pn)}) for which the previous relation holds
when “lim” is replaced by “lim”. From the previous steps, we know that [, [@— f|* <
lim,,_, . [q lun—f]?, due to u, — @ in the L*(Q)-sense, and [, |Da| < lim,, _, . [, [Pal-

2222 —00 2 |pn

Hence, we have —lim,,_, [, [Pn] < — [, |Du| and equivalently lim, o0 [o,(—|Pn|) <
— Jo, |Da|. Therefore, we obtain

1
3 [ tP < b 5 [ g (A11)

n—r oo

i (3 [l -sPra o —a [0al) a2

<0 (5 [l tPaa - [pl) a3
<3 [la-rPra [ pas T (<o [ipd) (a1
<5 [la=tPra [ pal—a [ pa (A.15)

/ @ — £ (A.16)

Hence, lim,,_, [ |un — f|* = [, |@ — f|?, and along a subsequence of {u,} we have
Jo lun — fI* = [ la — f]?. We also have (u, — f) — (@ — f) in L?(2). Therefore,
as L%(Q) is a locally uniformly convex space, (u, — f) — (4 — f) in L?(2) and hence
|un, — @|rz — 0 along a subsequence.

Finally, since we have

1 1
lim (/ |un—f\2+a/ |pn) = 7/ |a—f|2+o¢/ |Dal, (A.17)
n—oo \ 2 /o Q 2 Jo Q

and (u, — f) — (@ — f) in L?(Q) along a subsequence of {(u,,pn)}, we have that
limp, o0 fo [Pal = [ Dl O
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Proof. [Theorem 2.2] The proof is split into two steps.

Step 1: The sequence {un} is bounded in BV (Q2). By the definition of {(u.,, pn)}
we have L2 (un, Pn, An) < L2 (0,0, ) +¢€,. Then, upon completing squares, we find
that rn|pn Vun|L2 is bounded by (12). This implies lim,, o |Pn — Vi, |L2z = 0 and
limy, o0 (An, Pn — V)2 = 0. Then, arguing as in Step 1 of the proof of Theorem
2.1, we obtain

R /|f|2

2
Tn
/ |vun| + 557 2|Q| </ ‘un| _/ f|) + ?‘pn - vun|2L2(Q) + <>\mpn - vun>L2 — €n,
Q Q

where 6, = a( [, [Pn| — [q [Vun|). The latter expression tends to zero as n — oo since
lim, o0 |Pn — Vup|nz = 0. Hence, as €, | 0 we have that the sequences

{/Q|un|} and {/qun} A1s)

are bounded. Thus, we conclude that {u,} in W11(€) is bounded in BV (Q).

Step 2: lim,_, 7 |Pn — Vun\%z = 0, existence of a minimizer and appropriate
convergence. ~ From the definition of {(un,pn)}, we infer L2 (un,Pn,An) <
L (u, Vu,Ap) + €, for any v € W'(Q). Since we know that limy, o (An, Prn —
Vup)z = 0, we argue as in the Step 2 of the proof of Theorem 2.1 and obtain a
subsequence of {u,} ( also denoted by {u,}) and @ € BV(Q) such that w, — @
in L2(Q) and [, |Du| < lim,_, . [, [Vus|. Then, [, [Du| <lim, . [, |ps| due to
n = a([o|Pn] = [o [Vun|) going to 0 as n — oo, and we observe

0<1/|u7f\2+oz/|Du|+a< /|u f|2+a/|Vu| (A.19)

where a = lim,_,  %2|pn, — Vu,|3, ). A density argument analogous to the one at
the end of Step 2 and Step 3 of the proof of Theorem 2.1 implies that a = 0 and
consequently that @ is a minimizer of the TV- problem . Finally, Step 4 in the proof
of Theorem 2.1 is valid here and the assertion follows. U
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