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Abstract

Phaseseparationprocessesn compound materials can produceintriguing and com-
plicated patterns. Yet, characterizing the geometry of these patterns quartitativ ely
can be quite challenging. In this paper we proposethe use of computational algebraic
topology to obtain sud a characterization. Our method is illustrated for the complex
microstructures obsened during spinodal decomposition and early coarseningin both
the deterministic Cahn-Hilliard theory, aswell asin the stochastic Cahn-Hilliard-Co ok
model. While both models produce microstructures that are qualitativ ely similar to
the onesobsened experimertally, our topological characterization points to signi cant
di erences. One particular aspect of our method is its ability to quantify boundary

e ects in nite sizesystems.

Keyw ords: Dynamic phenomena; microstructure; phase eld models; spinodal de-

composition; coarsening



1 Intro duction

The kinetics of phaseseparationin alloys has drawn considerableinterest in recen years.
Most alloys of commercialinterest owe their propertiesto speci ¢ microstructureswhich are
generatedthrough special processingtechniques, sud as phaseseparationmedanisms. In

guendted binary alloys, for example,onetypically obsenesphaseseparationdue to a nucle-
ation and growth processpr alternatively, dueto spinodal decomposition [4, 7, 8]. While the

former processnvolvesa thermally activated nucleation step, spinodal decomposition canbe
obsenedif the alloy is quentedinto the unstableregionof the phasediagram. The resulting

inherert instability leadsto composition uctuations, and thusto instantaneousphasesepa-
ration. Commonto both medanismsis the fact that the generatedmicrostructuresusually
are thermodynamically unstable and will changein the courseof time | thereby a ecting

the material properties. In order to descrike theseand other processespne generallyrelies
on models given by nonlinear ewlution equations. Many of these models are phenomeno-
logical in nature, and it is therefore of fundamertal interestto study how well the equations
agreewith experimertal obsenations.

In this paper, we proposea comparisonmethod basedon the geometricproperties of the
microstructures. The method will be illustrated for the microstructures generatedduring
spinadal decompsition. Thesestructures are ne-grained and snale-like, as shavn for ex-
amplein Figure 1. The microstructuresare computedusingtwo di erent ewlution equations
which have beenproposedas modelsfor spinadal decompsition: The seminalCahn-Hilliard
model, aswell asits stochastic extensiondue to Cook.

The rst modelfor spinodal decompsition in binary alloysis dueto Cahnand Hilliard [4,
7]; seealso the surweys [6, 16]. Their mean eld approad leadsto a nonlinear ewolution
equationfor the relative conceitration dierence u= % 9%, where% and % denotethe

relative conceittrations of the two componernts, i.e., % + % = 1. The Ginzburg-Landaufree



energyis given by 7

E (u) = (u)+ Sir uj® dx; (1)
where is a bounded domain, and the positive parameter is related to the root mean
squaree ective interaction distance. The bulk free energy , is a double well potertial,
typically

(uy=>u 1°%: (2)

Taking the variational derivative E = u of the Ginzburg-Landaufreeenergy(1) with respect

to the concelttration variable u, we obtain the chemical potertial

= u+ %(U) :
and thus the Cahn-Hilliard equation Q=@ = , l.e.,
@ _ @ .
Q- U @ () 3)

subject to no- ux boundary conditionsfor both andu. Due to theseboundary conditions,
any mass ux through the boundary is prohibited, and therefore massis consered. We
generallyconsiderinitial conditionsfor (3) which are small-amplitude random perturbations
of a spatially homogeneoustate, i.e., u(0; x) = m+ "(x), where" denotesa small-amplitude
perturbation with total massR " = 0. In order to obsene spinodal decompsition, the
initial massm hasto satisfy (@ =@?)(m) < O.

One drawbadk of the deterministic partial di erential equation (3) is that it completely

ignoresthermal uctuations. To remedy this, Cook [10] extendedthe model by adding a



random uctuation term , i.e., he consideredthe stochastic Cahn-Hilliard-Cook model

@ _ @ .
@ u @(U) + ; (4)

where

h (t;x)i = 0; h (ti; X)) (t;x2)i = (t1 t2)g(X1  X2) :

Here > 0 is a measurefor the intensity of the uctuation and q describes the spatial
correlation of the noise. In other words, the noiseis uncorrelatedin time. For the special
caseq = Wwe obtain space-timewhite noise, but in generalthe noisewill exhibit spatial
correlations. Seealso[23].

Both the deterministic and the stochastic model producepatterns which are qualitativ ely
similar to the microstructures obsened during spinodal decomposition [5]. Recert mathe-
matical resultsfor (3) and (4) haveidenti ed the obsened microstructuresascertain random
superpositions of eigenfunctionsof the Laplacian, and were able to explain the dynamics of
the decompsition processin more detail [3, 27, 28, 33, 34, 38].

Even though both modelsare basedon deepphysical insight, they are phenomenological
models. Many researbers have therefore studied how well the models agreewith experi-
mertal obsenations. Seefor example[2, 13, 17, 30], aswell asthe referencegherein. Most
of thesestudieshave beenrestricted to testing scalinglaws. Exceptionsinclude for example
Ujihara and Osarnura [37], who perform a quartitativ e evaluation of the kinetics by ana-
lyzing the temporal ewlution of the scattering intensity of small angle neuron scattering
in Fe-Cr alloys. Another approch was pursuedby Hyde et al. [18], who considerspinodal
decompmsition in Fe-Cr alloys. Using experimertal data obtained by an atom probe eld ion
microscopy PoSAP analysis,they study whether the obsened microstructures are topologi-
cally equivalent to the structures generatedby seeral model equations.

Two structuresaretopologically equivalent, if onecanbe deformedinto the other without
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cutting or gluing. While it is dicult in generalto determine when two structures are
equivalert, onecaneasilyobtain a measureor the degreeof similarity by studying topological
invariants. Theseare objects (such as numbers, or other algebraicobjects) assignedto eah
structure, which remain unchangedunder deformations. In other words, if theseinvariants
di er for two structures, the structures cannot be topologically equivalert. Yet, similarities
betweenthe invariants indicate similarities betweenthe consideredstructures.

The topological invariant usedin [18] is the number of handlesin the microstructure
occupiedby one of the two material phaseswhich is introducedas a characteristic measure
for the topological complexity of percolatedstructures. Sincemoving a dislocation through
a sponge-like interconnectedmicrostructure generally requirescutting through the handles
of the structure, the handle density can be viewed as an analogueof the particle density
for systemscontaining isolated particles. From a theoretical point of view, the number of
handlesin a microstructure is a special caseof topologicalinvariants calledBetti numbers. In
this paper, we demonstratehow the information cortained in the Betti numberscanbe used
to further quantify the geometryof complexmicrostructures. We rely on recen progressin
computational homology which makese cient computation of the Betti nhumbers possible.
Speci cally, we usethe recerly releasedpublic-domain software padkage CHomP [20, 21].

Our results are illustrated for the morphologiesgeneratedby the deterministic Cahn-
Hilliard model (3) and the stochastic model (4). We shawv that knowledge of the Betti
numbers can detect signi cant di erences in the dynamic behavior of these two models.
By combining the information provided by di erent Betti numbers, we are able to quartify
boundary e ects in nite sizesystems.In addition, our method can be usedto detect fun-
damenal changesin the microstructure topology due to parameter variation, sud as the
transition from percolatedstructuresto isolatedparticles. Many structure-property relation-
shipsin materials scienceare basedon fundamenal assumptionsconcerningthe underlying

microstructure, and our topological analysiscan aid in unveiling the underlying topology:.



To simplify the presemation, we only considertwo-dimensionalmicrostructures generated
by spinodal decompsition. Newertheless,the preserted software works in arbitrary dimen-
sions. Aside from the study of 3D microstructures, this also allows for the analysis of

spatio-temporal structure changes,by including time asa fourth dimension[12].

2 Homology and Betti Num bers

As is indicated in the introduction we claim that homology provides a useful technique for
identifying and distinguishing the ewlving microstructures of (3) and (4). While this paper
is not the appropriate forum for an in-depth description of algebraictopology and homology
four points do needto be discussed:(i) What structuresdo we want to understandthe geom-
etry of, (i) what geometricfeaturesdoeshomologymeasure (iii) how is the homologybeing
computed, and (iv) what additional information doeshomology provide when comparedto
existing methods of microstructure analysis?

Sincewe are interestedin phaseseparationand u(t; x) represets the relative concerra-
tion di erence betweenthe two materialsat time t andlocation x, the simplestdecomposition

of the domain consistsof the two sets
XT(t):=fx2 jut;x)>mg and X (t):=fx2 ju(tx)<mg; (5)

where m denotesa suitable threshold value, sudh as the total mass. In this situation, the
setsX (t) represen the regionsin the material where one or the other elemen dominates.
Of course,u is the solution of a (stochastic) nonlinear partial di erential equationand hence
we cannot expect to have an explicit represetation of the setsX . For the simulations in
this paper, we usea nite di erence sdhemeto numerically solve (3) and (4) and thus given

the domain = (0;1) (0;1) with a spatial grid sizeN N we obtain valuesU(t; x%; x2)



wherex; = 1=2N) + (j 1)=N. We give a geometricinterpretation to this numerical grid
via the squaresQ-, := [ 1)=N;=N] [(n 1)=N;n=N]. In particular we de ne a cubical

approximation to X (t) by

U (t) = QuiUtiixix®) >m  and U (t) = QujU(tixixd) < m

Figure 1 indicatessetsU (tx) at varioustimes stepsfor a particular solution to (3) and (4).
It is easyto obsene that patterns producedby U (ty) are complicated,time dependen, and
appear at intermediate time stepsto di er qualitativ ely for the deterministic and stochastic
models. Before moving on to descritke how homology can be usedto quartify theseobser-
vations, notice that if the computations had beenperformedin a three-dimensionaldomain,
then the sameapproad could be usedexceptthat the 2-dimensionalsquaresQ-,, would be
replacedby 3-dimensionalcubes.

This leadsus to the question of what geometric properties homology can measure. We
begin with the fact that for any topological spaceX there exist homology groups H;(X),
i = 0;1;2;::: (see[20] and the referencegherein). For a generalspaceH;(X ) takesthe form
of an arbitrary abelian group. Howe\er, in the cortext of our investigationsthere are two
simplifying conditions. The rst is that from the point of view of materials sciencewe are
only interestedin structuresthat canoccurin 3-dimensionalEuclideanspace.The secondis
that the spaceswve compute the homologyof are represeted in terms of a nite number of
cubes(squaresif we restrict our attention to a 2-dimensionalmodel asis being donein this
paper). In this setting the homology groups are much simpler; rst, Hi(X) = Ofori 3
and second,for i = 0;1; 2,

Hi(X)=2"

where Z denotesthe integersand ; is a non-negatiwe integer called the i-th Betti numker.

Thus, for our purposesthe homologygroupsare characterizedby their Betti nhumbers.
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Ead of the homologygroupsmeasuresa di erent geometricproperty. Ho(X) courts the
number of connectedcomponerts (pieces)of the spaceX . More precisely if o= k, then X
hasexactly k componeris. A speci ¢ exampleof this is shawn in the left diagramin Figure 2,
where o = 26 correspnding to the 26 di erent connectedcomponerts. Obsene that the
sizeor the shape of the componerts doesnot play arole in the valueof . Dependingon the
application this can be taken as a strength or weaknessof this approad. For the problems
being discussedn this paper we seeit asa strength, sincewe have no a priori knowledgeof
the speci c geometryof the material microstructures.

H1(X), or moreprecisely ;, providesa measureof the number of tunnelsin the structure,
though the correspndenceis slightly more complicated. In a two-dimensionaldomain, suc
asthat indicated in Figure 2, tunnels are reducedto loops. In particular, asis shawvn in the
right diagram of Figure 2, the greenstructure enclosesxactly four regionsindicated by the
black curvesand hence ; = 4. Notice that ead of the remaining white regionshits the
boundary. As before,sizeor shape plays no role in the de nition of a loop.

For a three-dimensionalstructure loopsbecometunnels, whereagainthe length or width
of the tunnel is irrelevant. For examplea washerhas one wide but very short tunnel while
a gardenhosehas a narrow but long tunnel. In either case ; = 1. As mertioned earlier
we are only consideringa two-dimensionaldomain in which caseH,(X) = 0. Howe\er, for
a generalthree-dimensionaldomain , equalsthe number of enclosedvolumesor cavities
within the material.

From a computational point of view, determining the Betti numbers of a complex 3D
structure is far from trivial. In fact, it was pointed out explicitly in [18] that \designing
a computer program to directly court the handle density in a complex structure would be
extremely di cult [18, p. 3419]." The authors therefore compute the number of handles
indirectly, using techniquesfrom digital topology [22]. Thesetechniquesrelate the number

of handlesto the Euler characteristic of the structure, which canbe computedeasilyin three



spacedimensions.Our study is madepossibleby recen progressn computational homology
which doesallow for the direct computation of the Betti numbers. As we already indicated
in the introduction, we usethe software padkage CHomP [21]. An elememary introduction
to homologyand the underlying algorithms can be found in [20]. Typical computation times
of the software in our situation are described in the next section.

To closethis section,we would like to place our methodology in the proper corntext and
commen on its merits. Characterizing material propertiesis an old subject, and numerous
tools have beendevisedover the courseof time. Many of thesetools use spatial averaging,
sud as the structure factor or point correlation functions. While these quartities do pro-
vide information on predominart wavelengthsand length scalesthe averagingprocessused
in their de nition removes much of the local connectivity information of the microstruc-
ture. This fact is illustrated in [36], where seeral di erent correlation functions are usedto
reconstruct microstructures.

In order to obtain quartitativ e connectivity information on microstructures, seweral au-
thors have thereforeemployed topologicalmethods. Seefor example[1, 9, 15,18, 19, 29], as
well asthe referencegherein. Due to the computational issuesmentioned above, the easily
computable Euler characteristic takes a predominart role in these studies. Yet, the Euler
characteristic, which is the alternating sum of the Betti numbers, provides considerablyless
topological information than the complete set of Betti nhumbers. This is true even in the
two-dimensionalcaseconsideredin this paper. In Section5 it will be showvn that the Euler
characteristic is closelyrelated to boundary e ects, whereasthe Betti numbers also cortain

information on the bulk structure.



3 Eects of Noise on the Pattern Morphology

In this sectionwe use computational homologyto study the e ects of the stochastic forcing
term in (4) on the temporal ewlution of the pattern complexity. We considerthe caseof
total massm = 0 and asin (2), and to begin with restrict oursehesto 2 = 0:005.
The simulations are performed on the unit square = (0;1) (0;1). The deterministic
part of the ewlution equation (4) is appraximated using a nite di erence stheme with
linearly implicit time-stepping, similar to schemesdescriked in [14, 31], for the stochastic
noiseterm we follow [35]. This numerical sdhemeis implemerted e cien tly using the fast
Fourier transform. For the simulations in this paper we used an implemertation in C in
combination with the fast Fourier transform padkage FFTW [11]. As for the noiseterm,
we considerthe caseof cut-o noisewhich guararteesa spatial correlation function g which
closelyapproximates .

For varying valuesof the noiseintensity , we numerically integrate the Cahn-Hilliard-
Cook equation (4) starting from a random perturbation of the homogeneoustate m = 0
with amplitude 0:0001up to time

160

tend = “Ogm)? where %Bm) = 3m* 1; (6)

which in our situation reducesto teng = 0:004. This time frame coversthe completespinodal
decompsition phase,aswell asearly coarsening.The domain is discretizedby a 512 512-
grid, the time interval [0;tenq] is covered by 10; 000 integration steps. Every 50 time steps,
the setsX (t) introducedin the last sectionare determined,and nally their Betti numbers
are computed using [21]. On a 2 GHz Dual Xeon Linux PC it took about 15 minutes to
createthe 402sets X (t) for t=teng = 0; 0:005 0:01Q :::; 0:995 1, aswell as a total of 46
minutes to computetheir Betti Numbers.

Figure 3 cortains the results of these computations for two di erent valuesof the noise
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intensity. The solid red curves shav the Betti number ewlution for the deterministic
case = 0, the dashedblue curvesare for noiseintensity = 0:01;the solution snapshotsin
Figure 1 aretaken from thesetwo simulations. At rst glance,the graphsin Figure 3 are not
surprising. For the initial time t = 0 both o and ; arelarge, sincethe initial perturbation
waschosenrandomly on the computational grid. In fact, the actual valueslie well outsidethe
displayed range. The smaothing e ect of (4) leadsto a rapid decreaseof the Betti nhumbers
for timest closeto 0, and coarseningoehavior in the Cahn-Hilliard-Cook model is responsible
for the decreaseobsened towards the end of the time window. All shovn ewlutions exhibit
small-scale uctuations, which are most likely artifacts causedby the cubical appraximation

of the setsX (t). Even though these uctuations are not necessarilydesirable,they are a
more or lessautomatic consequencef the numerical appraximation of the partial di erential

equation (4).

Despite these similarities, there are someobvious di erences betweenthe deterministic
and the stochastic ewlution. In the deterministic situation, the initial complexity decgy
occurs sconer than in the stochastic case. In addition, it appearsthat the Betti numbers
of X*(t) for = 0:01 decy more or less monotonically, provided we ignore the above-
mertioned small-scale uctuations. In cortrast, in the deterministic casethe initial decrease
seemgo be followed by a period of stagnation or even growth of the Betti numbers, seefor
example o for X *(t) or ; for X (t).

The obsenations madein the last paragraphcould indicate fundamenal di erences be-
tweenthe deterministic and the stochastic Cahn-Hilliard model. Howeer, theseobsenations
are basedon a single randomly choseninitial condition, and it is therefore far from clear
whetherthey represem behavior typical for either of the models. For this we have to obsene
ensenbles of solutions for eat of the models and study the statistics of their complex-
ity ewlutions. For the purposesof this paper, we concefrate on the averagedcomplexity

ewlution. Figure 4 shaws the averagedBetti number ewlution for six valuesof the noise
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intensity  ranging from 0 to 0:1, in ead casebasedon solution ensenbles of size100. The
gualitativ e form of the complexity ewlution curvesdi ers substartially. For large noisethe
complexity decgys monotonically, while it shawvs a surprising increasein the deterministic
situation. The changebetweenthe two behaviors occurs gradually, and there seemsto be
a speci ¢ threshold  for the noiseintensity beyond which monotone deca is obsened.
Notice alsothat despitethe small ensenble size,the ewlution curvesof X *(t) and X (t)
are in good agreemety which for our choiceof m = Oand asin (2) hasto be expected.
In this sensethe ensenble behavior is a re ection of typical solution dynamics, reinforcing
our above obsenations.

The simulations discussedso far considerthe speci ¢ value 2 = 0:005. We performed
analogoussimulations for various valuesof , for various grid sizes,and a variety of time
steps. In ead case,the time window extendedfrom 0 to teng asde ned in (6). Theseresults
show that the behavior showvn in Figure 4 is typical. In all casesthe time window covers
the complete spinodal decomposition phase,as well as early coarsening;the resulting evo-
lution curvesfor the deterministic caseshow the characteristic non-monotonebehavior; for
su cien tly large noiseintensity we obserne monotonedecg. The only parameterschanging
with  appearto be the absolute height of the ewlution curvesand (possibly) the critical
noiseintensity . While thesescalingswill be addressedn more detail in Section5, we
closethis sectionwith a brief discussionof the dependenceof . on

To get a more accuratepicture of the monotonicity properties of the ewlution curveswe
compute the averagedBetti number ewlution from larger solution ensenbles and for times
up to only teng=4. As before, teng is given by (6), and we considerthe casem = 0. The
noiseintensity is chosenequalto 172, and the enserble sizeis taken as1; 000. The results
of thesesimulations for 72 = 0:005, 0:006, 0:007, and 0:01 are shaovn in Figure 5. Notice
that ead of thesecurvesexhibits monotonedecy of the Betti nhumberswith a pronounced

plateau, so onewould expect that thesecurvesare for values o- Yet, it appearsthat
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the length of the plateau decreasesvith increasing . This latter obsenation could indicate
that for the larger -valuesthe noiseintensities usedin Figure 5 are too large. In fact, our
scalinganalysisin Section5 will shawv that this is the case.

The results of this sectiondemonstratethat Betti numberscan be usedto quartitativ ely
distinguish betweenmicrostructure morphologiesgeneratedby di erent models. Ultimately
we hope that this quartitativ e information can be usedto match modelsto actual experi-
mertal data. In fact, the limited experimertal data in [18] seemdo indicate that the handle
density of the microstructures generatedthrough spinodal decomposition decreasesnono-
tonically. Thus, these experimertal results favor the stochastic Cahn-Hilliard-Cook model

with su cien tly large noiseintensity.

4 Morphology Changes due to Mass Variation

Sofar werestricted our study to the caseof equalmass,i.e., we assumedn = 0. Yet, spinodal
decommsition canbe obsenedaslongas °m) < 0, which for our choiceof is equivalert
to jmj < 3 2  0:577. Total massvaluesoutside this rangelead to nucleation and growth
behavior which producesmicrostructures consisting of isolated droplets | in cortrast to
the microstructures showvn in Figure 1. In this section we use computational homologyto
guartify the pattern morphologychangesduring spinodal decomposition in the deterministic
Cahn-Hilliard model (3) asthe total massis increasedfrom m = O towardsm 3 %2,
Before presening our numerical results, we have to addressone technical issue. Even
though the homogeneousstate m is unstable aslong as °¢m) < 0, the strength of the
instability changeswith m. One can easily shov that the growth rate of the most unstable
perturbation of the homogeneoustate is closeto  °¢m)?=(4 ) [27]. Thus, asthe total mass
approadesthe boundary of the spinadal region, the time frame for spinodal decomposition

grows. In orderto comparethe pattern morphologyfor di erent valuesof the total masswe
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thereforescalethe considerediime window. As in the last section,we computethe solutions
up to time teng de ned in (6), whosescalingis motivated by largest growth rate mertioned
above.

How do changesn the total massm a ect the microstructuresgeneratedhrough spinodal
decompsition? Figure 6 cortains typical patterns for m = 0; 0:1; :::; 0:5. In ead case,
the pattern was generatedby solving (3) up to time t = 0:4 teng, With teng asin (6).
Notice that ewven though all of thesemicrostructures are a consequenc®f phaseseparation
through spinodal decompsition, the last two microstructuresresenile the onesgeneratedby
nucleation and growth. In other words, Figure 6 indicatesa gradual changefrom the highly
interconnectedstructures obsened in the equal masscaseto the disconnectedstructures
obsened in nucleation.

In order to further quartify this gradual change, we use computational homology asin
the last section. For 12 = 0:005and various valuesof m between0 and 0:55 we computed
the averagedBetti number ewlution of the setsX (t) in (5) fromt = Oup to time t = teng.
The resulting two-dimensional surfacesare shovn in Figure 7. To avoid the large Betti
numbers closeto the random initial state, these graphs do not include the timest = 0
andt = 0:005 teng. Of particular interestis the topology of the setsX * (t) which correspnd
to the dominart phase. The graphsin the left column of Figure 7 shawv that in terms of
the quartitativ e topological information given by the averagedBetti numbers, one obsenes
a gradual and cortinuous changefrom the interconnectedmicrostructuresfor m = 0 to the
nucleationmorphology In addition, the graphof o for X * (t) indicatesthat for t=te g > 0:25,
i.e., after the completion of spinodal decompsition, and for m > 0:2 the dominart phase
forms a connectedstructure; that is, the complememary phasebreaksup completely Yet,
the typical droplet structure reminiscen of nucleation and growth behavior can only be
obsened for values of the total masslarger than 0:3. In the surfacesof Figure 7 this is

re ected by the fact that for xed time t, the Betti number ; of the dominart phaseX * (t)
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cortinuesto increasewith m untii m  0:3. As the total massapproahes3 2, the rst
Betti number then decreasesgain, correspnding to an increasingdroplet size.

In addition to the results shovn in Figure 7, we performed analogous simulations
for 2 = 0:0025, 0:0075, and 0:0100. In ead case,the qualitative shape of the com-
puted surfacesmatched the one for 2 = 0:005, only the absolute height of the surfaces
changed. In fact, our computations indicate that the units on the vertical axesof Figure 7
scaleproportionally to ! for thesevaluesof

The computations of this sectionindicate how homology can be usedto quartify global
morphological changes,sud as connectivity, due to massvariation. On a more general
level, given a model of a particular material it would be interesting to seekcorrelations
betweenmacroscopigropertiesand the type of geometricinformation expressedn Figure 7.
Sud studies would be in the spirit of structure-property relationships which have been
obtained for certain typesof microstructures, sud asfor systemsof isolated particles using
particle distributions, or for interconnectedstructures [24, 25] using the notion of matricity.
Comparisonsof this nature would probably be of even greater importance in the caseof
three-dimensionalsimulations, since visualization of these phenomenawould be extremely

complicated.

5 Boundary E ects and Scalings

While our study sofar concetrated on the Betti numbers o and 1, signi cant additional
information can be obtained by combining the topological information for X * (t) with the
information for the complemetary sets X (t). To illustrate this, consideragain the mi-
crostructure in the left diagram of Figure 2 consisting of 26 componerts. Most of these
componerts are introduced through boundary e ects | only 6 componerts are internal.

Even though the Betti number , of X *(t) doesnot distinguish betweenthesetwo types
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of componens, only internal componerts of X * (t) introduce loopsin X (t). In fact, if
we denotethe number of internal componerts of X * (t) by int.0o(X ¥ (t)) and the number of

componerts touching the boundary of by pay:0(X * (1)), then we have

nco(X (1) = (X (1) and  payo(XT(Y) = oXT(L) (X (1) :

For 2 = 0:005and m = = 0 the averagedtemporal ewlution of these quartities is
shown in the left diagram of Figure 8, for a samplesize of 100. While the number of inter-
nal componerts shaws the typical non-monotonebehavior descrited in the last sections,
the number of boundary componerts remains basically constart, well into the coarsen-
ing regime. Notice alsothat due to m = 0 and our choice of , the ensenble averages
of (X7 (t)) and 1(X (t)) haveto beequal. Thus, the number 4,.0(X " (t)) of boundary
componerts equalsin fact the Euler characteristic of the set X * (t). Similarly, the right
diagram of Figure 8 shavs the ewlutions of ;.0 and pqy.0 for the correspnding stochastic
casewith = 0:01. While the number of internal componerts exhibits the monotonedecgy
descriked in Section3, the number of boundary componerts reathesthe samelevel asin the
deterministic situation, but starts its decg earlier.

In view of Figure 8, onecanrightfully questionthe conclusionsobtainedsofar. During the
spinodal decompsition regime, int.0 and pay.0 are comparable,further into the coarsening
regime the number of boundary componerts clearly dominates. In order to validate our
results of the last two sections,it is therefore necessaryto considervarious systemsizes. If
instead of the unit squarewe considerthe domain = (0;°) (0;"), then a combination
of the spatial rescalingx 7! x="and the temporal rescalingt 7! t' 2 transforms both (3)
and (4) into equationson the unit square,but with new interaction parameter ="2. In the
stochastic case(4), the rescalingleavesthe noiseintensity unchanged. In other words, we

can considerlarger systemsizesby consideringsmaller valuesof
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The resultsof sud a systemsizescalinganalysisare shovn in Figure 9, wherewe consider
both the deterministic case = 0 and the stochastic casewith = 0:01for m = 0 and a

variety of -values. The resulting ewlution curvesfor ..o have beenmultiplied by =

with ' = 0:0015, which is the smallest consideredvalue of the interaction parameter.

Thus, the left column of Figure 9 indicates a scaling of ..o proportional to e,
proportional to the areaof the underlying domain. For the number of boundary componerts

shavn in the right column of Figure 9, we usedthe scalingfactor ( = )¥2. The diagram
therefore indicates that 4.0 Scalesproportional to 122 'i.e., proportional to the length
of the boundary of the domain. Due to the speci ¢ form of the involved scalingfactors, the

absolutenumbers given on the vertical axesin Figure 9 are the correct componert numbers
for %2 = 0:0015. In this situation, the number of internal componerts clearly dominatesthe

number of boundary componerts throughout spinodal decompsition and early coarsening.
Notice alsothat the resultsfor the stochastic caseindicate that the critical noiseintensity

discussedht the end of Section3 appearsto be independert of the systemsize. This explains
the ndings of Figure 5.

While the scalingin the left column of Figure 9 showvs more deviation than the onein the
right column, thesedeviations are a consequencef the small systemsizesfor large values
of . Yet, we nd it remarkable that the non-monotoneewlution of j,;.c can be obsened
ewven for 2 = 0:01, despite the fact that in this casewe have .o 0:5 pgy:0 during
spinadal decompsition and early coarseningand that the ampli cation factor usedto scale
the interior componert curve is 0:01°>= = 44:4. We beliewe that the accuracyof the above
scalingsover the considered -rangeindicatestheir validity alsofor smaller valuesof

The results of this sectiondemonstratethat the information provided by the collection
of Betti numbersfor X (t) canbeusedto derive detailed quartitativ e statemens about the
relative sizesof boundary e ects in nite sizesystems,whencomparedto internal (or bulk)

e ects. This is in sharp cortrast to what can be extracted from other (easiercomputable)
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topological invariants, sud as the Euler characteristic. In the above situation, the Euler
characteristic only descrilkesthe number of boundary componerts, but canprovide no insight

into the number of internal componerts.

6 Conclusion

In this paper we proposedthe useof computational homologyasan e ectiv e tool for quarti-
fying and distinguishing complicated microstructures. Rather than discussingexperimertal
data, we considerednumerical simulations of the deterministic Cahn-Hilliard model, aswell
as its stochastic extensiondue to Cook. The obtained topological characterizations were
usedto (a) uncover signi cant di erences in the temporal ewlution of the pattern com-
plexity during spinodal decomposition betweenthe deterministic and the stochastic model,
aswell asto (b) establishthe existenceof a gradual transition of the spinodal decomposi-
tion microstructure morphology asthe total massapproahesthe boundary of the spinodal
region. Furthermore, by combining di erent topologicalinformation, we managedto (c) ob-
tain detailed information on boundary e ects for various systemsizes. In order to simplify
our presertation, the results were presened in a two-dimensionalsetting. Newertheless,the
computational tools are available for and e ective in arbitrary dimensions.

We beliewe that the preseed methods can sene as practical tools for assessinghe
quality of cortinuum models for phaseseparation processesn materials. This is achieved
by providing quartitativ e topological information which can readily uncover di erences in
models asin (a). In addition, this quartitativ e information can be usedto comparethe
computed microstructure topology to experimertal obsenations. For example, the study
in [18] determinedthe handle density of spinadally decompsingiron-chromium alloys. This
quartity correspndsto the rst Betti number, and the results of [18] indicate a monotone

decg/ | which in combination with (a) favorsthe stochastic Cahn-Hilliard-Cook model over
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the deterministic one. Finally, combining topologicalinformation asin (c) makesit possible
to quartify boundary e ects, which are presen in any nite sizesystem.

A secondpossible application is the identi cation of model parametersbasedon the
microstructure topology. For example, our considerationsin (b) resulted in characteristic
ewlution curves as a function of the parameter m, as well asin scaling information with
respect to . Combined, these graphs could be usedto determine speci c valuesof these
parametersfor certain experimertal situations.

It would be interesting to apply the methods preserted in this paper to more elaborate
modelswhich include additional e ects, sud asfor exampleanisotropic elastic forces[26] or
polycrystalline structures [32]. Moreover, we believe that combining our methods with the
matricity conceptintroducedin [24, 25] can further increasethe classi cation potertial of

the method.
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t = 0:0004 t = 0:0012 t = 0:0036

= 0.01

Figure 1. Microstructures obtained from the Cahn-Hilliard-Cook model (4). The top row
shows solution snapshotsfor the deterministic case = 0, the bottom row is for noise
intensity = 0:01. In both caseswe used ¥ = 0:005and m = 0. The set X *(t) de ned
in (5) is shown in dark blue.

Figure 2: Betti numbers for the darker region of the = 0 andt = 0:0036snapshotfrom
Figure 1. The left diagram shows the = 26 componerts in dierent colors, the right
diagram indicatesthe location of the ; = 4 loops.
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X * (1) X (1)

Figure 3: Evolution of the Betti numbersfor the solutionsof Figure 1. In ead diagram, the
solid red curve correspndsto = 0, the dashedblue curveis for = 0:01. In both caseswve
used ¥ = 0:005and m = 0. The diagramsin the left column show the results for X * (t),
the right columnis for X (t). The top row cornains the ewlutions of o, the bottom row

shows ;.
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Figure 4: Evolution of Betti number averagesfor a samplesize of 100, with 1% = 0:005
andm = 0. In the top row at dimensionlevel 60the curvescorrespnd to the values = 0:1,
0:03,0:01, 0:003,0:001,and 0, from left to right; analogouslyin the bottom row at level 25.
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Figure 5: Betti number averagesfor X * (t) with varying ™ = andm = 0. From top to
bottom the curvescorrespndto 2= = 0:005 0:006 0:007,and 0:01, respectively. The

samplesizefor ead of thesesimulations is 1; 000.

Figure 6: Microstructures obtained from the Cahn-Hilliard model (3) for 2 = 0:005 for
varying m. From top left to bottom right solution snapshotsare shovn for total mass
m = 0;01:::;05at time t = 0:4 teq, i.e., shortly after completion of the spinadal
decompsition phase.The set X * (t) is shown in dark blue.
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X * (1) X ()

Figure 7: Evolution of Betti number averagesfor a samplesize of 100, with %2 = 0:005
and varying massm. The left column correspndsto X * (t), the right oneto X (t); the top
row cortains the graphsfor the 0-th Betti number, the bottom row for the rst.

Figure 8: Averagedtemporal ewlution of the number .o of internal componerts of the
set X * (t), and of the number 4.0 Of componerts of X * (t) touching the boundary of the
basedomain . In ead diagram, the solid red curve correspndsto .0, the dashedblue
curveis for 4y.0. The left diagramis for the deterministic case = 0, the right onefor the
stochastic casewith noiseintensity = 0:01. In both casesve used ¥ = 0:005andm = 0.
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Figure 9: Evolution of internal and boundary componert averagesof X * (t) for varying
and a samplesizeof 100, with m = 0. The top row shows the case = 0, the bottom row
is for = 0:01. The left column is for the number of internal componerts and shows the
ewlutions of the scaledquartity .o = , with =2 = 0:0015; from top to bottom in
ead of the diagramsthe curvesarefor 72 = 0:0015,0:0025,0:005,0:0075,0:01. The right
column is for the number of componerts touching the boundary and shows the ewlutions of
the scaledquartity a0 ( = )2, for the samevaluesof 2.
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