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Abstract

In this paper, we prove that every isometry from a nonempty weakly compact convExistt
itself fixes a point in the Chebyshev center Kf provided K satisfies the hereditary fixed point
property for isometries. In particular, all isometries from a nonempty bounded closed convex subset
of a uniformly convex Banach space into itself have the Chebyshev center as a common fixed point.
0 2003 Elsevier Science (USA). All rights reserved.

Keywords:Weakly compact convex set; Isometry; Fixed point; Uniformly convex Banach space

1. Introduction

Let X be a Banach space afch bounded subset &f. Forx € X, we write
R(x, S) =sup{|lx — yll: y € S},

and we denote the diameter §fby diams, i.e., diamS = sug|ly — z|I: y,z € S}. For
r >0, B(x, r) denotes the closed ball with radiusentered at. co(S) denotes the closure
of the convex hull ofs.
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Let K be a weakly compact convex nonempty subseXofLet Rx = inf{R(x, K):
x € K}. The set{x € K: R(x, K) = Rk} and the numbeRg are called, respectively, the
Chebyshev centend theChebyshev radiusf K. The subsek of X is said to havaeormal
structureif every convex subset of K with more than one point has a nondiametral point,
i.e., a pointxg € C, such that

R(x0, C) < diamC.

A mappingT : K — K is calledisometryif |Tx — Ty|| = ||lx — y| forall x, y in K.
The following proposition is known; we give its proof for completeness.

Proposition 1. The Chebyshev centér of K is nonempty. Iff : K — K is an isometry
from K onto K, thenT (C) =C.

Proof. We have

C={xeK: Rx,K)=Rg}= ﬂcn,
neN
where eaclC,, = {x € K: R(x, K) < Rx + 1/n} is nonempty closed convex. Sin&eis
weakly compact andiC,, } is decreasing; # @.
Letx € C. SinceT is a surjective isometry, one has

R(Tx,K)=R(Tx,TK)=R(x,K)= Rk

and hencd'x € C. SoT(C) Cc C.
On the other hand, applying the above argumeriftd, we get thatr € C implies
y=T"1x e C.Sox=TyeT(C), showingthat c T(C). O

Question 1. In Proposition 1, ifT is not surjective, does one still ha¥&C) c C?

We will see later that the answer to the above question is positive under certain
assumptions.

2. Isometriesin uniformly convex spaces

Throughout this section we denote Kya uniformly convex Banach space and Kya
nonempty bounded closed and convex subset.dbince every uniformly convex Banach
space is reflexive, the sé&t is weakly compact.

An equivalent definition of uniform convexity is: for evety> 0 andr > 0, there exists
8(¢) > 0 such that whenever, y,z € X, |x — z|| <7, |y —z|| <r and|x — y|| > €, one
has

x+y
2

—z|| <r—4é(e).

Lemma 1. Let K be a nonempty bounded closed convex subset of a uniformly convex
Banach spac&. The Chebyshev cent€rof K is a singleton, sayo.
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Proof. ThatC # ¢ follows from Proposition 1.

Suppose on the contrary that, xo € C, and let||xy — x2|| = € > 0. Letr = Rg.
For everyz € K, we have|x1 — z|| <r and|x2 — z|| < r. By the definition of uniform
convexity, there exists &) > 0 such that

S
2

By the definition ofRg, there exists & in K such that

<r —4§(e). (1)

X1+ x2
2

which contradicts (1). O

—z| >r —46(e), (2)

Proposition 2. Let K be a nonempty bounded closed convex subset of a uniformly convex
Banach spac«. If T is an isometryT : K — K, thenT (K) is also nhonempty bounded
closed convex.

Proof. Itis well known that any isometry in a uniformly convex Banach space is affine [2].
So the convexity of (K ) is obvious.

If {Tx,}isasequenceifi(K), which convergestg, then{Tx,} is a Cauchy sequence.
By isometry{x,} is also Cauchy and so converges to a pairdf the complete seK.
Thereforey =Tx € T(K) andT (K) is closed. O

Lemma 2. The Chebyshev centerof K is a fixed point for all isometries fror onto K .

Proof. By Lemma 1, the Chebyshev center is unique. By Proposition 1, it is a fixed point
of every isometry fronkK ontoK. O

Lemma3.LetT: K — K be anisometry. Then there existé & K such thatTk = k.

Proof. We haveT?(K) c T(K) C K and inductively7"t1(K) c T"(K). Consider the
setL :=({T"(K): n € N}. SinceT"(K) is weakly compact for every € N, it follows
that L # ¢@. Using the fact thaf" is one-to-one, it is not difficult to show thdt(L) = L,
and so our conclusion follows from Lemma 20

Lemma 4. Let T: K — K be an isometry and consider the set co{T"xo: n € N},
wherexg is an arbitrary point ofK. ThenT has a fixed point ir$.

Proof. Obviously sinceT is affine and continuoud;(S) c §, and the proof follows from
Lemma3. O

Lemma 5. Let K be as in Lemmd and T : K — K an isometry. Then the Chebyshev
radius Rr k) of T(K) is equal toRx and the Chebyshev center B{K) coincides with
the pointT ko.
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Proof. For the pointT'xg € T(K) we have
ITko—Tx| = llko—x|| < Rx, VYTxeT(K), 3

which implies thatR7 k) < Rk .
Suppose for a contradiction th&y k) < Rg and Ietk6 be the Chebyshev center of
T (K). Then there is a point € K such thatl'y = k;. Now for everyx € K we have

lx =yl =ITx —Ty|l < Rr) < Rk,
which contradicts the definition dfk .
HenceR7r k) = Rk and (3) implies thaf (ko) is the Chebyshev center 8(K). O

Now we can prove our result:

Theorem 1. Let K be a nonempty bounded closed and convex subset of a uniformly convex
Banach spac&X. Then the Chebyshev centgy of K is a fixed point for every isometry
T:K—K.

Proof. Suppose on the contrary thEkg # ko and consider the se&t= Co{T"kg: n € N}.
From Lemma 4 we have that there is a pairg S with Tz = z. Obviouslyz € T"(K),
Vn € N, and because is not the Chebyshev center &f there exists a point € K such
that

lz—ell= Rk +1¢ (4)

for somer > 0. Sincez € §, it follows that there exist nondecreasing sequence
ni,n2,...,ng € Nwith

k
ZAiT"iko —z
i=1

whereY *_ 2, =1, >0,Vi=1,2,... k. From (4) and (5) it follows that

<3 (5)

k k
D MiT"ko—T"e| > |z — T™el — [z — > _ AT ko
i=1 i=1
> t t
/RK+I—§=RK+§. (6)

On the other hand, sincE" kg, T"e € T" (K), Vi =1,2,...,k, Lemma 5 implies that
|T" ko — T"e|| < Rk, and we have

k
D niT"ko—T"e
i=1

k
<D Ml T"ko— T™e|| < Rg. (7)
i=1

Now (7) contradicts (6) and we obtain the resultl
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3. Isometrieson weakly compact convex sets

Let K be a weakly compact convex subset of a Banach spacqB.eta € A} be a
decreasing net of nonempty subset«oénd for eachx € K let

r(x,{By: a € A}) =|iorp R(x, By)
and
r=r(K, {By: « EA}) =inf{r(x, {By: « eA})Z X € K}

The number and the sefx € K: r(x,{By: o € A}) = r}, which is nhonempty closed
convex, are called, respectively, tagymptotic radiusndasymptotic centeof {B,: « €
A} with respect to (w.r.t.X.

The following can be found in [6].

Proposition 3.1f T: K — K is nonexpansive,i.g|lx — Ty| < |lx — y||, Vx, y € K, then
the asymptotic center of the sequence of $&{X) is T -invariant.

Proof. Let C be the asymptotic center 6" (K)} w.r.t. K andr be its asymptotic radius.
Letx € C. For eachy € K we have

17"y = Tx || <IT" "y — x|
which implies

R(Tx, T"(K)) < R(x, T"71(K))
and hence

r(Tx, {T"(K)}) <r(x, {T"(K)}).

ThereforeTx e C. O

We say a weakly compact convex honempty sulisetf a Banach space havixed
point property(f.p.p.) if every isometry ok into K has a fixed pointK is said to have
hereditary f.p.p.if every closed convex nonempty subsetfhas the f.p.p. It is well
known (see Kirk [5]) that every weakly compact convex honempty subset of a Banach
space with normal structure has the hereditary f.p.p. Also from a result of Maurey (see [3,
Theorem F]), every closed convex bounded nonempty subset of a superreflexive space has
hereditary f.p.p. The following theorem is more general than Theorem 1. Since the proofs
in Section 2 are essentially self-contained, we think that Theorem 1 warrants separate
treatment.

Theorem 2. Let K be a weakly compact convex nonempty subset of a Banach space, and
assume thak has the hereditary f.p.p. L&t: K — K be an isometry. Thef has a fixed
point in the Chebyshev center &f
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Proof. Let C andr be the asymptotic center and the asymptotic radius, respectively, of the
sequencd”(K) w.r.t. K. SinceC is T -invariant,T has a fixed point in C. SinceT is an
isometry andl'(¢) = ¢, we have

R(c, T"(K))=R(Tc,T"(K)) = R(c, T”’l(K)), n=12 ...,
from which it follows thatr = R(c, K). For anyx € K, we have

R(x,K) >limR(x, T"(K)) = r = R(c, K).

Thusc is in the Chebyshev center &f. O

The following simple example shows that the isomé@trin the theorem above need not
fix all points in the Chebyshev center.

Example 1. Let X beR? with the sup norm. LeK be the right half of the unit ball oX .
The Chebyshev center &f is {(x,0): 0 < x < 1} and the isometry' (x,y) = (1 —x, y)
fixes only(1/2, 0) in the Chebyshev center.

Corollary 1. Let K be a weakly compact convex nonempty subset of a Banach space, and
assume thak has normal structure. Lef : K — K be an isometry. Thefi has a fixed
point in the Chebyshev center &f

Corollary 2. Let K be a closed convex bounded nonempty subset of a superreflexive
Banach space, anfl : K — K be an isometry. Thefi has a fixed point in the Chebyshev
center ofK.

Corollary 3. Let K be a weakly compact convex nonempty subset of a Banach space
whose norm is uniformly convex in every direction. Then every isorfietky —~ K has
the Chebyshev center &f as a fixed point.

Proof. The Chebyshev center &f is unique [4]. O

Problem 1. Let K be a weakly compact convex nhonempty subset of a Banach space, and
assume thak has normal structure. Brodskii—-Milman [1] proved that there is a point that
is fixed by every surjective isometry &f. DoesK have a point that is fixed by every
isometry fromK into K?
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