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Abstract

In this paper, we prove that every isometry from a nonempty weakly compact convex setK into
itself fixes a point in the Chebyshev center ofK , providedK satisfies the hereditary fixed poi
property for isometries. In particular, all isometries from a nonempty bounded closed convex
of a uniformly convex Banach space into itself have the Chebyshev center as a common fixed
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Let X be a Banach space andS a bounded subset ofX. Forx ∈ X, we write

R(x,S) = sup
{‖x − y‖: y ∈ S

}
,

and we denote the diameter ofS by diamS, i.e., diamS = sup{‖y − z‖: y, z ∈ S}. For
r � 0,B(x, r) denotes the closed ball with radiusr centered atx. co(S) denotes the closur
of the convex hull ofS.
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Let K be a weakly compact convex nonempty subset ofX. Let RK = inf{R(x,K):
x ∈ K}. The set{x ∈ K: R(x,K) = RK } and the numberRK are called, respectively, th
Chebyshev centerand theChebyshev radiusof K. The subsetK of X is said to havenormal
structureif every convex subsetC of K with more than one point has a nondiametral po
i.e., a pointx0 ∈ C, such that

R(x0,C) < diamC.

A mappingT :K → K is calledisometryif ‖T x − Ty‖ = ‖x − y‖ for all x, y in K.
The following proposition is known; we give its proof for completeness.

Proposition 1. The Chebyshev centerC of K is nonempty. IfT :K → K is an isometry
from K ontoK, thenT (C) = C.

Proof. We have

C = {
x ∈ K: R(x,K) = RK

} =
⋂

n∈N

Cn,

where eachCn = {x ∈ K: R(x,K) � RK + 1/n} is nonempty closed convex. SinceK is
weakly compact and{Cn} is decreasing,C 
= ∅.

Let x ∈ C. SinceT is a surjective isometry, one has

R(T x,K) = R(T x,T K) = R(x,K) = RK

and henceT x ∈ C. SoT (C) ⊂ C.
On the other hand, applying the above argument toT −1, we get thatx ∈ C implies

y = T −1x ∈ C. Sox = Ty ∈ T (C), showing thatC ⊂ T (C). ✷
Question 1. In Proposition 1, ifT is not surjective, does one still haveT (C) ⊂ C?

We will see later that the answer to the above question is positive under c
assumptions.

2. Isometries in uniformly convex spaces

Throughout this section we denote byX a uniformly convex Banach space and byK a
nonempty bounded closed and convex subset ofX. Since every uniformly convex Banac
space is reflexive, the setK is weakly compact.

An equivalent definition of uniform convexity is: for everyε > 0 andr > 0, there exists
δ(ε) > 0 such that wheneverx, y, z ∈ X, ‖x − z‖ � r, ‖y − z‖ � r and‖x − y‖ � ε, one
has ∥∥∥∥

x + y

2
− z

∥∥∥∥ � r − δ(ε).

Lemma 1. Let K be a nonempty bounded closed convex subset of a uniformly c
Banach spaceX. The Chebyshev centerC of K is a singleton, sayk0.
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Proof. ThatC 
= ∅ follows from Proposition 1.
Suppose on the contrary thatx1, x2 ∈ C, and let‖x1 − x2‖ = ε > 0. Let r = RK .

For everyz ∈ K, we have‖x1 − z‖ � r and‖x2 − z‖ � r. By the definition of uniform
convexity, there exists aδ(ε) > 0 such that

∥∥∥∥
x1 + x2

2
− z

∥∥∥∥ < r − δ(ε). (1)

By the definition ofRK , there exists az in K such that
∥∥∥∥
x1 + x2

2
− z

∥∥∥∥ > r − δ(ε), (2)

which contradicts (1). ✷
Proposition 2. Let K be a nonempty bounded closed convex subset of a uniformly c
Banach spaceX. If T is an isometry,T :K → K, thenT (K) is also nonempty bounde
closed convex.

Proof. It is well known that any isometry in a uniformly convex Banach space is affine
So the convexity ofT (K) is obvious.

If {T xn} is a sequence inT (K), which converges toy, then{T xn} is a Cauchy sequenc
By isometry{xn} is also Cauchy and so converges to a pointx of the complete setK.
Thereforey = T x ∈ T (K) andT (K) is closed. ✷
Lemma 2. The Chebyshev centerk of K is a fixed point for all isometries fromK ontoK.

Proof. By Lemma 1, the Chebyshev center is unique. By Proposition 1, it is a fixed
of every isometry fromK ontoK. ✷
Lemma 3. LetT :K → K be an isometry. Then there exists ak in K such thatT k = k.

Proof. We haveT 2(K) ⊂ T (K) ⊂ K and inductivelyT n+1(K) ⊂ T n(K). Consider the
setL := ⋂{T n(K): n ∈ N}. SinceT n(K) is weakly compact for everyn ∈ N, it follows
thatL 
= ∅. Using the fact thatT is one-to-one, it is not difficult to show thatT (L) = L,
and so our conclusion follows from Lemma 2.✷
Lemma 4. Let T :K → K be an isometry and consider the setS = co{T nx0: n ∈ N},
wherex0 is an arbitrary point ofK. ThenT has a fixed point inS.

Proof. Obviously sinceT is affine and continuous,T (S) ⊂ S, and the proof follows from
Lemma 3. ✷
Lemma 5. Let K be as in Lemma1 and T :K → K an isometry. Then the Chebysh
radiusRT (K) of T (K) is equal toRK and the Chebyshev center ofT (K) coincides with
the pointT k0.
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Proof. For the pointT x0 ∈ T (K) we have

‖T k0 − T x‖ = ‖k0 − x‖ � RK, ∀T x ∈ T (K), (3)

which implies thatRT (K) � RK .
Suppose for a contradiction thatRT (K) < RK and letk′

0 be the Chebyshev center
T (K). Then there is a pointy ∈ K such thatTy = k′

0. Now for everyx ∈ K we have

‖x − y‖ = ‖T x − Ty‖ � RT (K) < RK,

which contradicts the definition ofRK .
HenceRT (K) = RK and (3) implies thatT (k0) is the Chebyshev center ofT (K). ✷
Now we can prove our result:

Theorem 1. LetK be a nonempty bounded closed and convex subset of a uniformly c
Banach spaceX. Then the Chebyshev centerk0 of K is a fixed point for every isometr
T :K → K.

Proof. Suppose on the contrary thatT k0 
= k0 and consider the setS = co{T nk0: n ∈ N}.
From Lemma 4 we have that there is a pointz ∈ S with T z = z. Obviouslyz ∈ T n(K),
∀n ∈ N, and becausez is not the Chebyshev center ofK there exists a pointe ∈ K such
that

‖z − e‖ = RK + t (4)

for some t > 0. Since z ∈ S, it follows that there exist nondecreasing seque
n1, n2, . . . , nk ∈ N with

∥∥∥∥∥

k∑

i=1

λiT
ni k0 − z

∥∥∥∥∥ <
t

2
, (5)

where
∑k

i=1 λi = 1, λi > 0, ∀i = 1,2, . . . , k. From (4) and (5) it follows that

∥∥∥∥∥

k∑

i=1

λiT
ni k0 − T nk e

∥∥∥∥∥ � ‖z − T nk e‖ −
∥∥∥∥∥z −

k∑

i=1

λiT
ni k0

∥∥∥∥

� RK + t − t

2
= RK + t

2
. (6)

On the other hand, sinceT ni k0, T
nk e ∈ T ni (K), ∀i = 1,2, . . . , k, Lemma 5 implies tha

‖T ni k0 − T nk e‖ � RK , and we have
∥∥∥∥∥

k∑

i=1

λiT
ni k0 − T nk e

∥∥∥∥∥ �
k∑

i=1

λi‖T ni k0 − T nk e‖ � RK. (7)

Now (7) contradicts (6) and we obtain the result.✷
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3. Isometries on weakly compact convex sets

Let K be a weakly compact convex subset of a Banach space. Let{Bα : α ∈ Λ} be a
decreasing net of nonempty subsets ofK and for eachx ∈ K let

r
(
x, {Bα: α ∈ Λ}) = lim

α
R(x,Bα)

and

r = r
(
K, {Bα : α ∈ Λ}) = inf

{
r
(
x, {Bα: α ∈ Λ}): x ∈ K

}
.

The numberr and the set{x ∈ K: r(x, {Bα : α ∈ Λ}) = r}, which is nonempty close
convex, are called, respectively, theasymptotic radiusandasymptotic centerof {Bα : α ∈
Λ} with respect to (w.r.t.)K.

The following can be found in [6].

Proposition 3. If T :K → K is nonexpansive, i.e.,‖T x −Ty‖ � ‖x − y‖, ∀x, y ∈ K, then
the asymptotic center of the sequence of setsT n(K) is T -invariant.

Proof. Let C be the asymptotic center of{T n(K)} w.r.t. K andr be its asymptotic radius
Let x ∈ C. For eachy ∈ K we have

‖T ny − T x‖ � ‖T n−1y − x‖
which implies

R
(
T x,T n(K)

)
� R

(
x,T n−1(K)

)

and hence

r
(
T x,

{
T n(K)

})
� r

(
x,

{
T n(K)

})
.

ThereforeT x ∈ C. ✷
We say a weakly compact convex nonempty subsetK of a Banach space havefixed

point property(f.p.p.) if every isometry ofK into K has a fixed point.K is said to have
hereditary f.p.p.if every closed convex nonempty subset ofK has the f.p.p. It is wel
known (see Kirk [5]) that every weakly compact convex nonempty subset of a Ba
space with normal structure has the hereditary f.p.p. Also from a result of Maurey (s
Theorem F]), every closed convex bounded nonempty subset of a superreflexive sp
hereditary f.p.p. The following theorem is more general than Theorem 1. Since the
in Section 2 are essentially self-contained, we think that Theorem 1 warrants se
treatment.

Theorem 2. Let K be a weakly compact convex nonempty subset of a Banach spac
assume thatK has the hereditary f.p.p. LetT :K → K be an isometry. ThenT has a fixed
point in the Chebyshev center ofK.
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Proof. Let C andr be the asymptotic center and the asymptotic radius, respectively,
sequenceT n(K) w.r.t.K. SinceC is T -invariant,T has a fixed pointc in C. SinceT is an
isometry andT (c) = c, we have

R
(
c,T n(K)

) = R
(
T c,T n(K)

) = R
(
c,T n−1(K)

)
, n = 1,2, . . . ,

from which it follows thatr = R(c,K). For anyx ∈ K, we have

R(x,K) � lim
n

R
(
x,T n(K)

)
� r = R(c,K).

Thusc is in the Chebyshev center ofK. ✷
The following simple example shows that the isometryT in the theorem above need n

fix all points in the Chebyshev center.

Example 1. Let X beR
2 with the sup norm. LetK be the right half of the unit ball ofX.

The Chebyshev center ofK is {(x,0): 0 � x � 1} and the isometryT (x, y) = (1 − x, y)

fixes only(1/2,0) in the Chebyshev center.

Corollary 1. LetK be a weakly compact convex nonempty subset of a Banach spac
assume thatK has normal structure. LetT :K → K be an isometry. ThenT has a fixed
point in the Chebyshev center ofK.

Corollary 2. Let K be a closed convex bounded nonempty subset of a superrefl
Banach space, andT :K → K be an isometry. ThenT has a fixed point in the Chebysh
center ofK.

Corollary 3. Let K be a weakly compact convex nonempty subset of a Banach
whose norm is uniformly convex in every direction. Then every isometryT :K → K has
the Chebyshev center ofK as a fixed point.

Proof. The Chebyshev center ofK is unique [4]. ✷
Problem 1. Let K be a weakly compact convex nonempty subset of a Banach spac
assume thatK has normal structure. Brodskii–Milman [1] proved that there is a point
is fixed by every surjective isometry ofK. DoesK have a point that is fixed by eve
isometry fromK into K?
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