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A FIXED POINT THEOREM FOR FAMILIES
OF NONEXPANSIVE MAPPINGS

TECk-CEEONG LIM

In thiz paper it is proved that if K is a weakly compact
conveXx suhget of a Banach space and if X has normal struc-
ture, then any family of commuting nonexpansive mappings
on X into itself admits a common fixed point.

Kirk [5] first proved that if K is a nonempty weakly compact
convex subset of a Banach space and if K has normal structure [3],
then every nonexpansive mapping T: K — K has a fixed point. Later,
Belluce and Kirk [1] extend this theorem by showing that any finite
family of commuting nonexpansive self-mappings of such a set X
always has a common fixed point. Their attempts to prove a com-
mon fixed point theorem for arbitrary families resulted in the need
for a strengthening of normal structure called complete normal
structure (see [2]). Since then the problem of whether their theo-
rem is true for arbitrary families under the normal structure setting
remained unsolved. In the present paper, we shall solve this prob-
lem by giving an affirmative answer. A technique used in the proof
is the notion of asymptotic center which was first considered by
Edelstein [4] to obtain a strong version of fixed point theorem in
uniformly convex Banach spaces.

Throughout this paper, we shall denote the diameter of a set
A of X by d(A).

DEFINITION 1. Let {%.}.c; be a2 bounded net, ordered by ordinals
less than 7, in a convex set C of a Banach space X, where 7 is an
ordinal = 1. For every x€C and every ordinal 8 < v, define

() = sup{lle — = |: @ = B}
r(z} = inf {ry(x): 6 < 7} = lm|{z — ,]|
and
r = inf {r(z): 2 C} .
The set {xeC:r(zx) = 7} (the number )} will be called the asymptotic

center (asymptotic radiug) of {z,}., in C.

REMARK. Our main concern in this paper is the case where N =
R: for some § = 0.
Some basic properties of (v) and asymptotic center:
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1. TFor each z€C, {ry@)lsc, is a decreasing net with limit »(z).

2. r(x) =0 if and only if =, —=.

3. (rm) —rislle—y¥ |} for every z, y€C. This follows from
(1) and the fact that |ra(@) — re) S e — ¥ {| for every 8 < 7.

4. r(z)is a continuous convex function on €. This follows from
@), (1) and the fact that 'r,(q:) are convex functions on C for sall
8 <.

5. {xeCir(x)=1r}is a closed convex gubset of C. This follows
from (4).

8. If C is weakly compact convex, then {ze C:r(x) = r} is non-
empty. This follows from (4), the equality {geC:r(z) = 7} =

v {geCirx) ST+ 1/n} and that closed convex subsets of weakly

compact set are weakly compact.

DEFINITION 2. A convex subset C of a Banach space is said to
have normal structure [3] if every bounded convex subset D of C
with | D] > 1 contains a point & such that sup {1z — yj: y € D} < (D)
A convex subset C of a Banach space is said to have W ,-normal
structure, & = 0, if for every nonconstant bounded net {Tolacy, in G,
the asymptotic center of (Tolacyy 1D CO (Todac, is a proper subset of
Co (Zo)acyys 1D CABE that C has y,-normal structure for every =0
we say that C has asymptotic normal structure.

In their original paper [3], Brodskii and Milman characterized
normal structure as follows: A convex subset of a Banach space
has normal structure if and only if it contains no diametral sequences.
(A diametral sequence is a nonconstant bounded sequence {2}z, such
that d(@ay OO @y ** ) o)) — 8({z,)}5-).) The following jemma is &
simple variation of the above characterization.

LEMMA 1. A convew subset C of @ Banach space has mormal
structure if and only if it does mot contain o sequence {x,} such that
for some ¢ >0, |j&, — gl £ 6 | @usn — Tull 2 € — 1nt for all nz 1,
m =1, where ¥, = 1w >t %

Proof. If C contains a bounded convex subset such that | D>
1 and sup {Jlz — ¢l yec D} = 3(D) for every z€ D, then it is easy %0
choose, by induction, a ponconstant sequence {x,} & D gatisfying the
condition in the lemma with ¢ = (D). On the other hand, assume
that {x,} & C 18 a sequence satisfying the condition in the lemma.
If xeCofm, «-+, %), it is not difficult to show that & = MT, + My, +

cev 4w, for some -, i.€ L coo,m} and N, lE1E M, with
=1 0< MEN and A, <0 for 2555 n It follows tbat
2 | — il 26— 1/n for every n = 1 and every x€Cof{m, -+ La)-

Hence &&nis, CO&Ey -2 z,))—c and ¢ is necesgarily equal to 3({za))-
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In what follows, we shall use 7.(%), r(x) and » ag is defined in
Definition 1 without referring to the original net {x.},., if no am-
biguity can arise,

PROPOSITION 1. A convex subset C of a Banach space has normal
structure if and only if it has YWrnormal structure.

Proof. Suppose C has W,-normal structure and suppose on the
contrary that it contains a diametral sequence {u)7, with diameter 4.
For every z € Co (%,),, there is an integer N sueh that x ¢ Co(u,, - - -, %)
for all m = N. Since d{ty,,, Co(w, -+, %)} — 8 a8 i—co, we have
r(®) = Tim, ||#, — #]| = 6 for every zeCo(u)i. This implies that
r =05 and the asymptotic center of {u.}iz. in Co(u), in Co (uw,),
itself —a contradiction. Hence C has normal structure by Brodskii-
Milman’s characterization. '

Suppose now that C does not have Y, normal structure., Then
there exists a nonconstant bounded sequence {u}g., such that r(x) =
¢ for every x € Co(u,).. By the basic property (2) following Defini-
tion 1, we have = >> 0. Denoto Co (»,), by D.

Let z, be an arbitrary point in C. Since r{x) = r, there exists
o€ (), such that [lz, — %,|| = r — 1; move 2, towards », along the
line segment joining x, and z, if necessary, we may assume that
| — @ || <». Suppose now that {x, ---,z}s D =2 has been
chosen such that

(1) o, —x;l<r (11012750
and

1

&. — Zunll 2 7 "’(n—__l);

where %, , = S= #,. We proceed to choose =,,,€ D as follows: Let
m be an integer such that

1 .
{2) Tn(mi)g?'+m (1515 n)
and
_ 1
(3) Tn(xn)é?'+m-

Choose 2, € {Um, %mey, +*+} 80 that

1

(4) r,,(f..)’*“zo—funé“m'
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Since max (|| z, — Zhr =< rx(Z,), we have, from (3) and (4),

= 1
(5) ”izo—xn”_rfémo

Let {2, -+, z.} be defined recursively by the formulae
(6) A=tmt (-t (1<ign

where

e (Ml

foreach 1 < i< n We then define Tnir = 2.

Geometrieally, Tur: 18 obtained by first moving 2z, along the line
segment joining =z, and z, so that its distance with %, becomes r
(keeping z, unmoved if its distance with 2, is already not greater
than 7) and then moving the resulting point towards &, in the same
manner and continuing so on, up to »n times,

It 18 geometrically clear and can be easily proved that || ,,, g, ||<
rforall 1<igq, By making use of (1), (2), (6) and the fact that
20 € {Upy Upyy, --+}, ONE can eagily show that

1
T i - g
(7) [ — 2.l *r+n2(n+1)
for all 1 £4¢<n. Since
”zi - zi-:“ = t\'”xi - zs—i” é max (”3’1 & ” -, 0)

by (6), we have, by (7),

wm~augmrwm+~»+wm—ang—~i——

#i(n + 1)
and therefore
umH—augu%~@n—uaﬂ—%uzr~§?

by (5). Clearly, T,y € D, Thus, by induction, we have constructed
3 sequence {x,} satisfying the condition in Lemma 1 with ¢ = o >0,
This implies that C has no normal structure and the proof is complete.

PROPOSITION 2. A convex subset C of @ Banach space has normal
structure if and only tf it has asymptotic normal structure.

Proof. The sufficiency part follows from Proposition 1. For
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necessity, suppose that C has normal structure. Suppose on the
contrary that C does not have Wrnormal structure for some » = 0.
By Proposition 1, we must have A = 1. Then there exisis a noncon-
stant bounded net {#.},<y, in C such that »(x) = r for all x € Co (Ta)ecw,
where r is the asymptotic radius of {&.},<x, i Co (Fo)acx,» Again r >0,

For each € Co (&,).<x,, We associate with it an ordinal 8(x) < W,
as follows: BSince »(x) = », {gUD.sll? — 2. 111 8 < Wi} 18 a decreasing
net in B with infimum # so that there exists an Increasing sequence
{Bitiz, of ordinals less than ¥W; with lim; sup.., iz — ./l =7r. We
then put g(x) = sup {8:: 1 = 1}. Since v = 1, gx) < W,

It follows from the definition of 8(x) that sup {||z — .| a = v} =
r for every v = gB(z). This implies that for every ¢ > 0, for every
v 2 B(x), there exists an ordinal @ > v such that r = {|¢, — z|| = r — &

Let u, = &, Choose @ > g{u,) such that r = llz, —w, iz r—1

and put %, — %,. Suppose that %, ---, %,, » = 2, have been chosen
such that € (@ ecp, s —w;l|Sr @A £i<0,1<7<n) and
|ty — @l = » — H(n — 1)", where #%,., = 33u. Let p=
max (8(w,), - -, B(u.), B(%.)), where #,=3.2 %, Choose U € (Talpcacn

such that ||u,..— #,. | = » — 1/n% this is possible since p = 8(#,).
That || . — % J| = r for every 1 = 1 < = is also true since p = 8(u,)
for each ¢+ =1, -+, n. Hence, by induction, we have constructed a
sequence {u,}5, S {¥ecx, such that the condition in Lemma 1 is
satisfled with ¢ = ». This is a contradiction to the assumption that
C has normal structure by Lemma 1 and the proof is complete.

REMARK. One can also define v-mormal structure for ordinals
7= 1 and prove that a convex set has normal structure if and only
if it has v-normal structure for all ordinals v = 1.

We are now in the position of proving the following theorem:

THEOREM 1. Let K be a nonempty weakly compact convex subset
of @ Banach space and assume that K has normal structure. Let
F be an arbitraery family of commuting nonespansive maps from
K into itself. Then ¥ has a common fized point.

Proof. The theorem is true for | # | < W, by Belluce-Kirk’s
theorem [1}, so we assume that .# is infinite. We shall first prove
the theorem for |. | = W, and assume that it is true for | # | = W,
for every « < v, then prove it for the case | & | = W,. This would
complete the proof by transfinite induction.

Suppose that | 5 | =W, and let & = {f,, f, -++}. Since closed
convex subsets of K are weakly compact, we can apply Zorn’s lemma
to obtain a subset M of K which is minimal with respect to being

e
B
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nonempty, closed, convex and mapped into itself by every member
of % Suppose M is not a singleton. For each n, let &, be a com-
mon fixed point in M of {fi, *-+, f.)}; this is possible by [1]. Since
M is minimal, {z,), is not a constant sequence. Let B be the as-
ymptotic center of {g}=, in M. By weakly compactness of M, B+ 4.
If B = M, then r(z} = r(¥) for every %, ¥ in M, in particular r(x) =
r(y) for every x, y € Co (X,)z.. This implies that the asymptotic cen-
ter of {xm. in Co(z)i: is Co (z,), itself—a contradiction to normal
structure of K by Proposition 1. Hence B is a proper (closed con-
vex nonempty) subset of M. For every z € B, every f, € .57, we have
2o — Fu@) || = [ fama) — Fu@) | S N2 — x|l for every m = .m so that
r(f(#)) = Tm,, liza — L@ = i, || @, — %]} = r(@) = 7, and therefore
Fdz)e B. This shows that B is also mapped into itgself by every
member of &% —a contradiction to the minimality of M. Hence M
consists of a single point which must be a common fixed point of &

Suppose that the theorem is true for all such families & with
| # | = W. for some a <7. Let % be a family satisfying the con-
dition in the theorem and |.# | = W, By previous reasoning, K
contains a subset M which is minimal with respect to being nom-
empty, closed, convex and mapped into itself by each member of F
If M is not a singleton, define a pet {Tolacn, 88 follows: For each
a < Y, either |{fadss.! = We for some o <7 or |{filisal <Ro
g0 that by induction’ hypothesis or Belluce-Kirk’s theorem, {felss«
has a common fixed point which we call z,, An argument parallel
to the previous one together with Proposition 2 shows that the
asymptotic center of [#a}ac, iIn M i8 a proper subset of M and is
closed, convex, nonempty and mapped into itself by each member
of #. Thisis a contradiction. Hence M congists of a single point
which is a common fixed point of .#, completing the proof.

The special feature of the above proof leads to the following

THROREM 2. Let K be defined as in Theorem 1. Let & be @
family of nonexzpansive self-mappings of K such that every finite sub-
Family of & has a common fized point in every Fwinvartont closed
convex nonempty subset of K. Then F has o common fived point.

REMARK., The technique of asymptotic center can also be applied
to prove, by induction, Theorem 1 for finite families through the
following facts which had been implicitly used in [4] in the case of
uniformly convex Banach spaces. :

1. If f is a nonexpansive mapping on a bounded convex set C
into itself and ¢ C, then the asymptotic center of {z, f (), F4), -+
in C is mapped into itself by f.

2. If f, -, f. are commuting nonexpansive mappings on 2
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pounded convex set C into itself, and x is a common fixed point of
fo v o9 Samu then the asymptotic center of {z, Flx), fiz), -~} in Cis
mapped into itself by each f, 1£ign.
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