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Abstract. We prove that in a complete partially ordered set with a largest point,
every commutative family of isotones has the largest common fixed point. This result
for a single mapping was used recently by Ok (2004) to study fixed set theory and
its applications in economics.

1. Let (X, <) be a partially ordered set. A largest point of X is an element a of
X such that x < a for all x € X. Obviously such a point, if exists, is unique and
we could have called it the largest point of X.

In this paper, we call X complete if every linearly ordered subset of X has a greatest
lower bound in X.

A mapping f : X — X is called an isotone if f(x) < f(y) for every z,y € X with
x <y. A family F of mappings of X into X is called commutative if fog=go f
for every f,g € F, where o denotes the composition of maps.

The following theorem and its proof can be found in [1] (see section 8.22, p. 187;
reverse the order.):

Theorem 1. Let (X, <) be a nonempty complete partially ordered set which has a
largest element. Let f be an isotone of X into X. Then f has a largest fized point.

In this paper, we generalize the above theorem to common fixed point of a com-
mutative family of isotones.

The following result is known; we give a proof for the sake of completeness. Here
we call a subset S of (X, <) a directed set if every two, and hence finitely many,
elements of S has a lower bound in S.

Proposition 1. Let (X, <) be a complete partially ordered set. Then every directed
subset of X has a greatest lower bound in X.

We begin with the following lemma. For any set S, |S| denotes the cardinality
of S.

Lemma 1. Let D be an infinite directed subset of a partially ordered set (X, <).
Then there exists a family of directed sets {D, : a € A}, linearly ordered under
inclusion, such that |Dy| < |D| and |J Dy = D.
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Proof. Suppose D is countable and D = {x1,x2,...,Zy,...}. Define D1 = {x1}.
Suppose Dy has been defined such that Dy is finite. Let ay € D be a lower bound
of Dy U {xgi1}, and let Diyq = Dy U {zgy1,ax}. By induction, D,, is defined
for all positive integers n and that each D, is finite, has a minimum element, and
Dyp+1 D Dy D {z1,...,x,}. It follows that the lemma is true if |D| = Ro.

Now suppose that D is uncountable. Let x be the first uncountable ordinal with
cardinality |D|. Well order D so D = {z : v < k}.

For an arbitrary infinite set N C D, define F'(N) as follows: For each finite subset
v C N, let u(v) € D be alower bound of v. Let F;(N) = NU{u(v) : v C N finite }.
Let FQ(N) = Fl(Fl(N)),Fg(N) = Fl(FQ(N)), ey and let F(N) = UFz(N) Then
|F(N)| = |N| and F(N) is a directed subset of D.

Let w be the first infinite ordinal. Define D, = F({z, : @ < w}). Suppose D,
have been defined for all ordinals o with w < a < v < k. If v has a predecessor
v — 1, then define D, = F(Dy—1 U{zq : & < v}). If v is a limit ordinal, let
Dy = Uy<a<ry Da- Note that we have |Dqo| < |af for each a < £ (in case of limit
ordinal, |D,| < |a|? = |a).

Since {zo : @ < v} C D4, D is the union of D,,w < a < K, each of which is a
directed set and has cardinality less than || = |D. O

Now we prove the proposition:

Proof of Proposition 1. Suppose that every linearly ordered subset of (X, <) has
a greatest lower bound. Suppose on the contrary that there exist directed subsets
which do not have greatest lower bound. Let D be such a directed set with minimum
cardinality. Obviously D is infinite. By the lemma, D is a union of a family of
linearly ordered (under inclusion) of directed subsets D, € A, of D each of which
has cardinality less than |D|. By the minimality assumption, each D,, has a greatest
lower bound z,, in X. Clearly S = {z, : @ < A} is linearly ordered in X. Hence by
completeness, S has a greatest lower bound, which is easily seen to be the greatest
lower bound of D. O

We are now ready to prove the following theorem:

Theorem 2. Let (X, <) be a nonempty complete partially ordered set which has a
largest element. Let F be a commutative family of isotone maps of X into X. Then
F has a largest common fized point.

Proof. Let [ be the largest element of X. Let S be the (commutative) semigroup
generated by F. Let

D =S8(1)={s(l): s € S}.
D is a directed subset of X, since s(I) < [ and #(I) < [ imply sot(l) = tos(l) <
s(1),t(l) for any s,t € S. By completeness assumption and Proposition 1, S(I) has
a greatest lower bound, which we denote by A S(1).
Define a transfinite sequence as follows:

zo =1Lz = \S().
Suppose x, have been defined for oo < 7y such that z, < zg for a < 8 < . If v
has a predecessor v — 1, we define 2, = A S(zy—1) (the greatest lower bound exists
since S(xy—1) is a directed set as in the case for zo =1[). If v is a limit ordinal, we
define 2, = A{zq : @ < 7}. By transfinite induction, z, is defined for all ordinal «
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and satisfies z, < g for a < (.

Let k be an ordinal with |k| > | X|. Then x,,a < k, cannot be all distinct, so there
exists ay, 8 with a; < 8 such that ., = x3. This implies that z,, = q,41. It
follows from the definition of z,, 41 and the isotonicity of members of S that

$(Tay) = Ta,

for all s € S i.e. x4, is a common fixed point of & and hence of 7. Let x be a
common fixed point of F. Then it is also a common fixed point of S. Certainly
x < xo = 1. Suppose z < x, for all & < . Then s(x) = 2 < s(z,) for all o < 7.
It follows that x < =z, from the definition of x,. Hence by transfinite induction

x < x4 for all a and so x,, is the largest common fixed point of F. This completes
the proof of the theorem. O

Let us remark that the following theorem for commutative family of isotones,
which is a special case of Theorem 1 in DeMarr [2], was also used in Ok [3]:

Theorem 3. Let (X, <) be a nonempty complete partially ordered set which has a
largest element. Let F be a commutative family of isotone maps of X into X. Then
there exists a minimal x € X with x = f(x) for all f € F.

An extension of DeMarr’s result was also made by Wong [4]:

Theorem 4. Let X be a partially ordered set and let F' be a non-empty family of
commuting isotone mappings of X into itself. If there exists a well-ordered-complete
xog € X with f(xg) < xg for each f € F, then F has a minimal common fixed point.

Here, an element xzg € X is called well-ordered-complete if each well-ordered
subset with x( as the largest element has an infimum.

REFERENCES

[1] B. A. Davey and H. A. Priestley, Introduction to lattices and order, 2nd ed., Cambridge
University Press, 2002.

[2] R. DeMarr, Common fixed points for isotone mappings, Collog. Math., 13 (1964), 45 - 48.

[3] E. A. Ok, Fixed set theory for closed correspondences with applications to self-similarity and
games, Nonlinear Anal., 56 (2004), no. 3, 309-330.

[4] J. S. W. Wong, Common fixed points of commuting monotone mappings, Canadian J. Math.,
19 (1967), 617-620.

Received September, 2004; revised April, 2005.
E-mail address: t1im@gmu.edu



