20:18 18 June 2011

T D] At:

[Sauer,

Downloaded By:

Journal of Difference Equations and Applications e Taylor & Francis
iFirst article, 2011, 1-13 Taylor & Francis Group

Convergence of periodically forced rank-type equations

Tyrus Berry* and Timothy Sauer

George Mason University, Fairfax, VA 22030, USA
(Received 17 May 2010; final version received 2 June 2010)

Consider a difference equation which takes the k-th largest output of m functions of the
previous m terms of the sequence. If the functions are also allowed to change periodically
as the difference equation evolves, this is analogous to a differential equation with
periodic forcing. A large class of such non-autonomous difference equations are shown to
converge to a periodic limit, which is independent of the initial condition. The period of
the limit does not depend on how far back each term is allowed to look back in the
sequence, and is in fact equal to the period of the forcing.
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1. Introduction
Recently, there has been substantial interest in max-type difference equations [1-9,
14—18]. For the equation

Xp = 1234{]0"()6””')}’ (1)

with initial sequence (xi, ..., xy), it has been shown [11] that if the f; are contractive, then
all solutions converge to a fixed point, i.e.

lim x,, = rx.

n—oo

Moreover, the fixed point r. can be identified as the maximum of the individual fixed
points

Fe = lglggl{ri},

where r; is the unique fixed point r; = f;(r;).
In view of this result, it is reasonable to ask about convergence in the periodically

forced case. Assume that f, ...,fy vary periodically with the discrete time variable n.
We will investigate the limiting behaviour of the non-autonomous difference equation
Xn = .ax {.fi(-xn*ia I’l)}, (2)
1=i=M

where f; : R XN — R are contractions with respect to the first variable and P-periodic
with respect to the second. That is, we assume there exists @ << 1 such that

| fiCx,n) = fiy, )| = alx —yl, 3
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for all i, n and f;(x, n + P) = f(x, n) for all n. We think of P as the forcing period and M as
the memory length. We will show below that solutions of the contractive, P-periodic
difference equation (2) converge to a unique periodic orbit with period P, for all initial
sequences.

In [10], rank-type equations were proposed as a generalization of max-type equations.
Consider the difference equation

Xn = ]g-ﬁrlair}\ll( {fiCxn-0}, @)

where k-rank denotes the kth largest value. It was shown in [10] that with the same
contractiveness hypotheses, solutions converge to r. = k-rank{r;}, the kth largest of the
individual fixed points. In this paper, we further generalize this result to the periodically
forced case. Our main result is the following:

THeOREM 1.1. Let f1, ...,fm : RXN—=R be contractions with respect to the first
variable and P-periodic with respect to the second. Let 1 = k = M. Then, for any initial
sequence, the solution of the difference equation

o = kerank {f(o,i, )}, ®)

is asymptotically periodic with period P.

Unlike the autonomous case, in general, we do not know how to find a formula for the
periodic solution in terms of the individual dynamics of the f;. In the fourth section of this
article, we relate some partial progress in this direction.

The conclusion of Theorem 1.1 fails if a =1 in (3), even if k=P =1, the
autonomous max-type case [7]. We mention two well-known examples where the
condition on « does not hold.

Example 1.2. Consider the difference equation
Xy = max{— x,-1, ~Xy—2}.

Although this is an autonomous max-type equation (k= P = 1), it is easy to check
that all solutions have period 3 # P. In this example, o = 1, and Theorem 1.1 does

not apply.
Example 1.3. The first-order difference equation
X, = max{1l — 2x,-1,2x,-1 — 1}

has bounded, non-periodic (chaotic) solutions for almost every initial condition xj
between O and 1. In this example, « = 2. As a dynamical system, this example is the
upside-down tent map.

Example 1.4. For a straightforward application of Theorem 1.1, fix positive integers P and
k = M, and denote by A and B two P X M matrices of real numbers, where the entries
|A;| < 1. Define the difference equation

X, = k-rank{Azx,—1 + Bj1, AmXy—2 + Biz, « ., AjiygXn—y + Bim }, (6)
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where 7 =14 (n — 1 mod P). Thus, the coefficients cycle through the rows of the
matrices A and B, forcing the equation with period P. Theorem 1.1 implies that all
solutions converge asymptotically to a period P solution.

Example 1.5. Let A be a P X M matrix of positive real numbers and consider the
recurrence

X, = max{A,—”x;f‘_l, ,AﬁMx;‘l‘iM}, @)

where —1 < o; < l and 7 = 1 4+ (n — 1 mod P). It follows from Theorem 1.1 (applied to
y. = Inx,) that the recurrence converges to a unique period P orbit. Note that this result is
independent of the memory length M. The periodicity of the limit only depends on the
periodicity of the forcing.

In sufficiently simple cases, we can say more about the convergent solution. In Section 4,
we further pursue the special case M = P =2 of (7). A closed form for the globally
attracting solution of (7) is given by

—2 —? Ca
1imx2n:max{AnAg‘{'/““”,AET/l DA 2’}

n—oo

_ _2 _ 2 B
Tim x41 =maX{A11A§§1/1 ATV A QZ)}-

(See Example 4.5 for details.) The complexity of this solution contrasts with the simplicity
of the case P = 1, which is simply x,, — max{AEl/l_Qi)} (see [11-13]).

Example 1.6. Let Aj,A,As be real numbers less than 0.15, By, B;,B; be arbitrary
real numbers and P be a positive integer. Then, it follows from Theorem 1.1 that every
solution of
x, = median { A SINBIA2T P)— oA sin(Bak2m/P)=x; ;| A3 sin(B+2m/ )=, }’

is asymptotically periodic with period P. Note that the median is synonymous with 2-rank.
It is easily checked that the condition A; < 0.15 < (1/2) — (In2/2) implies that the
functions f;(x) = exp(A; sin(B; + 27n/P) — x?) are contractive, so the convergence is
implied by Theorem 1.1.

Our main convergence result Theorem 1.1 will be proved as a special case of a more
general result, Corollary 3.5, which applies to a class of difference equations called

sup-contractive. The next example is covered under the sup-contractive hypothesis, which
is more general than a fixed k-rank.

Example 1.7. Letf1, ....fy : R— R be contractions. Let P = M be a positive integer and
denote 7 = 1 + (nmod P). We will show in Example 3.7 that every solution of

1 _
X =5 (Irgl%{fi(xn—i)} - q;{ir}l}l({fi(xn—i)}>7
is asymptotically periodic with period P.

In Section 2 below, we develop some facts about functions that are contractive in the
sup-norm. An important result is Lemma 2.4, which will imply that (5) is sup-contractive.
In Section 3, we show that the general class of sup-contractive recurrence equations



[Sauer, T D] At: 20:18 18 June 2011

Downloaded By:

4 T. Berry and T. Sauer

converges as desired. Finally, in Section 4, we return to the max-type equation (2), and
find the value of the asymptotically convergent periodic orbit for some specific values of
M and P.

2. Sup-contractive functions

The convergence proofs in the next section apply to a wide class of functions G : R* — R?,
which includes compositions of contractive functions as in (3) with the max and k-rank
functions. We will be interested in the operator norm of functions G, where the norm used
is the sup-norm. Namely, assume there exists L = 0 such that

IGx) = GOlleo = Lllx = yllo,

for all x,y € R?. We can think of L as the Lipschitz constant of G in the sup-norm, and will
refer to it as the sup-Lipschitz constant in the following sections. When L = 1, we will call
G sup-non-expansive and when L <1 we will call G sup-contractive. Note that a
contraction on R is sup-contractive since the infinity norm on R is simply the absolute
value.

Example 2.1. Let G : RY — R be the function G(x) = cllxll,,, where ¢ > 0. Since

lellxll, = cllyll,l = clllxll, = llyll,l = cllx = yll, = M 7llx = yllw,

G is sup-non-expansive when ¢ = M ~'/? and sup-contractive when ¢ < M ~'/7.

Example 2.2. For a fixed z € RY, define G : RM — R by G(x) = z’x. Since

M M
=B =1 — = el — il = e =yl > Lzl =l = yllaollzls,
i=1 =1

G is sup-non-expansive when ||z|]|; = 1, and sup-contractive when [|z]|; < 1.

Example 2.3. For 1 =k = M, let R; : R — R be the function that returns the k-th largest
entry of the M-dimensional input vector. Customarily, R, is called the ‘k-rank’ function.
It includes the max (k = 1) and min (k = M) as special cases. Not surprisingly, the max
function is sup-non-expansive. Somewhat more surprising is that this property holds for all
k, as shown in the next lemma.

LEMMA 2.4. The k-rank function Ry is sup-non-expansive.

Proof. Let x,y € R, and assume, without loss of generality, that Ri(y) = Ri(x). Set y,;
be the i-th largest component of y and let x,, be the i-th largest component of x. Then,

Vi) E Vi) = =Y = Re(Y) = Ri(x) = Xy = Xy = 00 = X

Now, examine the list of natural numbers I = (r(1), ..., r(k),s(k), ...,s(M)). We note
that 7 has length M + 1 but each entry is chosen from {1, ..., M}. Thus, by the pigeonhole
principle, at least two of the listed numbers must be the same. Note that all the
r(1), ..., r(k) are distinct and all the s(k), ..., s(M) are distinct, thus there must be some
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1 =i =k and some k = j = M such that r(i) = s(j) = t. Therefore,

e = yr(y = Re(Y) = Ri(%) = x5y = X,

which implies that

IRk(x) = Rl = Ri(x) = Re(v) = x0 =y = | =yl = llx = ylleo.
Since the absolute value is the infinity norm on R, R, is sup-non-expansive. ]

The sup-Lipschitz constants are multiplied under composition, based on the next
lemma.

LeEmmA 2.5. Assume f1, ... .fr: RM — R have sup-Lipschitz constants less than L, and
f:RY—=R has sup-Lipschitz constant L, then g(x) = f(f1(x),f2(x), ...,fx(x)) has
sup-Lipschitz constant no larger than LL,.

Proof. Let x,y € RM then

lg(x) — gl = [f(F1(0), ..., fr@) — FF1(), - .. feO))]
= Lymax | f;(x) — fi(»)| = LiLyllx — ylleo.
1=i=k 0

Note that if f is sup-contractive, and all f; are sup-non-expansive then g is
sup-contractive. Similarly, if fis sup-non-expansive, and all f; are sup-contractive then g is
sup-contractive. Finally, the next lemma shows that if we bundle together functions into a
vector, the sup-Lipschitz constant cannot grow.

LEMMA 2.6. Assume fi,...,fr: RY =R have sup-Lipschitz constants at most L.
Then, f : RM — R defined by

f(X) = (fl(x)afZ(x)a s 7fk(x))7

has sup-Lipschitz constant at most L.

Proof. Let x,y € RM then
lF ) — Ol = lrgfgck{lfi(X) =i} = Lllx = ylleo-
o O

Note that if k=M and L < 1, then in fact f is a contraction on R so bundling
functions is a way to build contractions. Finally, note that these statements could be
generalized to allow f; to be vector valued but this is not necessary for what follows.

3. General case

We now return to our original recurrence equation
Xy = k-rank{f;(x,—;,n)},
l=i=M

under the assumption that each f; : R— R is a contraction. Since k-rank is sup-non-
expansive by Lemma 2.4, and each f; is sup-contractive, the composition of the two
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is sup-contractive by Lemma 2.5. This is a special case of the equation
Xn = Gu(Xu—1, -, Xn—m1),

where Gy, ...,Gp are any sup-contractive functions and G,.p = G, for all n. Setting
s = PM, we will first show that for all initial conditions, the limit is periodic of period s
by a contraction mapping argument. We will then use the P-periodicity of G,, to show
that the limit is actually periodic of period P.

With slight abuse of notation, we can consider G, as a function of all s variables,
although it depends only on the first M

Xp = Gp(Xn—1, « oo, Xn—5) = Gu(Xy—1, .., Xn—m1), (3)
where G,y = G,yp = G, for all n. We define
Xn = Xns+1, - -+ 5 Xnsg+s)s
and let Xy be the initial condition. We want to show that we can write

)_CVH-I = F()_Cn)7

where F : R*— R’ is a contraction in the infinity norm on R’. Let y = (y1, ...,y,) and
define the following functions for k =1, ...,s.
Fl()_)) = Gl(ysvysflv .. 7y1)
Fk(_)_)) = Gk(Fk—l(j))v L] 7Fl(y)7yS7yS—17 e 7yk)-
Note that this is an inductive definition since F) depends on Fy, ..., Fy—;. Finally, we
define
FG) = (F1(), ..., FsG)). ©))

The recursive nature of the definition of F requires the following lemma to show that F
encapsulates the evolution of the sequence {x,}.

LeMMA 3.1. Let Gy, ...,Gy: R*— R and let {x;} be defined by (8). Define F by (9).
Then, for all n, we have X, = F(x,).

Proof. This is equivalent to showing that X, = Fr(X,) for k=1, ...,s which is
equivalent to

Fk()_cn) = Gk(xns+s+k—l7 oo 7-xns+k)-
Note that when k£ = 1, we have
F1(X,) = G1(Xugtsy -+ + s Xnst1) = Xngtst1,

by definition of F| and G;. Then, for 2 =< k = s, we can proceed by induction. Assuming
Xpgport = Fp(x,) for all k < k, we have

Fk()_cn) = Gk(kal()_CnL .. aFl()_Cn)7xns+S7 oo 7-xns+k)
= Gk(xns+s+k71> <oy Xnsts+1s Xns+sy - - - ;xnerk) = Xns+s+ks

which completes the proof. |

Now that we have defined F, we need to show that it is a contraction.
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THEOREM 3.2. Let Gy, ...,G,: R*— R be sup-contractive and define F as in (9).
Then, F : R* — R’ is a contraction with respect to the infinity norm.

Proof. By Lemma 2.6, it suffices to show that each F; is sup-contractive. Note that the
projection function ;(y) = y; is sup-non-expansive since
|m(®) — m)| = |lxi — il = % = Fllo.

Thus, F; = Gi(74(9), ..., m(y)) is sup-contractive by Lemma 2.5, because G, is sup-
contractive and 7r; is sup-non-expansive. For 1 < i = s, we proceed by induction. Assume
F; is sup-contractive for all j < i, then

Ft()_}) = Gi(Fifl(y)7 "'7F1()_))a 775()_))777_?*1()_))7 7771()_}))

So, F; is a composition of the sup-contractive function G; with sup-contractive functions
F;_1, ..., F| and sup-non-expansive projection functions y, ..., 7;. Thus by Lemma 2.5,
F; is sup-contractive, which completes the induction and thus shows that F is a
contraction. O

COROLLARY 3.3. Let Gy, ...,Gp : RY = R be sup-contractive and let G,p = Gp for all
n. Given an initial condition (xy, ...,xy), let

Xn = Gu(Xu—1, -+, Xn—m1)5

then x,, converges to a unique PM-periodic orbit independent of initial conditions.

Proof. By Theorem 3.2, we can construct a contraction mapping F : R® — R® such that
Xu41 = F(x,). Thus, by the contraction mapping theorem, F has a unique fixed point
x* € R’ and for any %y € R’ we have lim,—wX, = x*. O

Note that s may not be the prime period (smallest possible period). So, we now show
that in fact x,, must be asymptotically periodic of period P.

THEOREM 3.4. Let Gy, ...,Gp : RM — R be sup-contractive and define F as in (9). Let x*
be the unique fixed point of F. Then, x* is periodic of period P.

Proof. Define a shift operator by S(X,) = (Xust14pP, - - -, Xns+s+p)- We will use the fact that
G; is actually periodic of period P to show that the function § commutes with F. Note that

S(F()_Cn)) = S()_Cn+l) = (xns+s+l+P; cee ;xl‘lX+S+S+P)

F(S()_Cn)) = F(xns+l+Pa ey Xpghs4P)-

First, we examine the first component of F(S(%,))

(F(S(J_Cn)))l = Gl(xnererP; e ;xnerlJrP)

= G14P(Xusts+Py -+ + s Xns+14P) = Xnsts+1+Ps

where the second equality comes from the fact that G; is periodic of period P. This shows
that the first components of S(F(x,)) and F(S(x,)) are the same. We proceed inductively to
show that all the components are the same. Assume that (S(F (X2); = (F (8(x,))); for all
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j <i. Then,

(F(S(En)))i = Gi(Fi-1(SXn)); - s F1(S@n)); XnssPs -+ - » Xns-tst Pri—s)
= Gi+P(xns+s+i—l+P7 ooy Xnsts+14+Py Xns+s+Py - - - axns+s+P+i—s)

= Xns+s+i+Ps
where we have again used the P-periodicity if G; to conclude G; = G, p. This shows that
S(F(x,)) = F(S(xy)).

So, inductively, we have S(x,) = F"(S(Xy)). Let x* be the unique fixed point of F and
define two sequences, the first with xo = x™ and the second with yy = S(x*). Note that

lim y, = lim F"(59) = x~,

n—oo
since all initial conditions converge to x*, and at the same time

lim y, = lim F"(59) = lim F"(S(xp)) = lim S(F,(x0)) = lim S(x¢) = S(x™).

n—oo

So, we conclude that S(x™) = x* and thus x* is periodic of period P. O
COROLLARY 3.5. Let Gy, ...,Gp : RY = R be sup-contractive and let G, p = Gp for all
n. Given an initial condition (xy, ...,xy), let

Xp = Gp(Xy—1, oy Xn—m1),

then x, converges to a unique P-periodic orbit independent of initial conditions.
Proof. By Theorem 3.4, there exists a unique x* € R® which is P-periodic such that
lim,—X, = x*. Thus, x, is asymptotically periodic of period P. (|

We conclude that x, approaches a unique periodic orbit, for any initial condition,
whose period is equal to the forcing period P. The periodicity of the rank-type equation (5)
is now an easy corollary.

COROLLARY 3.6. For i=1,...,M, let fi(x,n): RXN—R be contractive in x and
P-periodic in n. Given an initial condition (xy, ...,xy) and k € {1, ... , M}, let

Xp = k'rank{fi(xn*iv n)}a
then x, converges to a unique P-periodic orbit independent of initial conditions.

Proof. Recall that by Lemma 2.4, the k-rank function is sup-non-expansive, and each
fi(x,n) is sup-contractive in x so by Lemma 2.5, the composition is sup-contractive.
By Corollary 3.5, x,, is asymptotically periodic of period P. ]

We can now return to the equation from Example 1.7.
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Example 3.7. Letf1, ....fy : R— R be contractions. Let P = M be a positive integer and
set 7 =14 (nmod P). Let

1
Xn = Gu(Xu=1, « s Xp—p) = B (max{fi(xn—i)} - ﬁ‘rank{fi(xn—i)})

Recall that by Lemma 2.4, the rank functions are all sup-non-expansive. Thus,
a-rank{f;(x,—;)} is a composition of a sup-non-expansive function with sup-contractive
functions f;, and thus the composition is sup-contractive by Lemma 2.5. Furthermore,
setting z=(1/2,—1/2), we see that ||z]l; =1 so f(x) =z’ is sup-non-expansive.
Therefore,

Ga1s - ym) = 2 (max{f;(y))}, A-rank{fi(y)})
1
=3 (max{f(y;)} — A-rank{f;(y))})

is sup-contractive for all n. By Corollary 3.5, x,, is asymptotically periodic with period P.

4. Finding the periodic limit

We now return to the max-type equation (2) and rank-type equation (5) and attempt to find
closed-form solutions. The closed-form solution to the autonomous contractive rank-type
equation was first given in [10], and we are able to reprove this result as a special case.
However, we will see that finding a closed formula for the limit under periodic forcing is in
general more difficult. We will need two lemmas about contractions on R.

Lemma 4.1. Let f : R— R be a contraction with fixed point r, then x > r implies f(x) < x,
and x < r implies f(x) > x.

Proof. Since f(r) = r and fis a contraction, |f(x) — r| < |x — r|. If x > r, then
fO—r=lfx)—rl<lx—rl=x-r,

so f(x) < x. If x <r, then
r—fx)=|f@x-—rl<lx—rl=r—nx,

so f(x) > x. O

LEMMA 4.2. Let f, g : R— R be contractions, and assume that ry,ry, r3, rq satisfy f(ry) =
r1 < rsyand g(r)) = ry < ry. Then, either f(ry) < r3 or g(r3) < r4.

Proof. Assume g(r3) = r4. Then,
ra —ry=r4 — g(r1) = g(r3) — g(r)) <rz —ri.
The contractivity of f yields
fr) =ri=1fra) =il =l fra) = f)| <ra =l =r4s =12 <r3 =14,

which implies that f(r4) < r3. O
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First, we can use Lemma 4.1 to find the explicit solution of the autonomous equation
(4), where each f; is a contraction with fixed point ;. The following result, first proved in
[10], shows that every initial condition converges to the constant solution k-rank {r;}.

THEOREM 4.3. Let f; : R— R be a contraction with fixed point r; for 1 =i = M and set
X, = k-rank {fi(x,—;)}. Then, lim,—.cx, = k-rank{r;}.

Proof. Note that this recurrence is autonomous and thus P =1, so by Corollary 3.6
every initial condition converges to a unique constant (period 1) solution x*. Thus,
it remains only to show that x" = k-rank{r;} is a fixed point of the recurrence.
Leto:{l,...,M}— {1, ...,M} be a permutation such that

Ta(ly S Tg) = 0 = To(m)-

So, the constant solution should be x* = ry ). Assume x; = x; = --- = x) = x". Then,

Xyt = kerank{f1(x7), ..., fo(x™), ... fux")}
— kerank{£1(x7), ..o x"s oo far )

We want to show that xy+; = x*. Note that when i < k, we have ry) = rox) = X", S0 by
Lemma 3.1 we have f,;)(x™) = x*. Similarly, when i > k, we have ryi) = roq) = x", s0
by Lemma 3.1, we have f;)(x*) = x*. Thus, we have

Foy&), oo fot-n@x) = X7 = fouan@D), oo foun(x).

Thus, xpr+1 = x*, sox" is a fixed point of the recurrence and therefore it is the unique limit
for any initial condition. ]

Theorem 4.3 gives the complete solution to the rank-type equation (5) in the period 1
case. We now turn to the case of period 2 forcing and restrict our attention to the max-type
equation (2), for which it is possible to find a closed-form solution. This solution gives
insight into the complexity of solutions to (2) when the forcing period is large.
For M = P = 2, the equation (5) becomes the period 2 recurrence

Xoi = max{f(x2i—1),f2(x2-2)}

(10)
Xpip1 = max{g(x2), g2(x2i-1)},
where f1,f>, g1 and g, are contractions. We can denote the fixed points
S1g1(r) =f1(r2) =y
81(f1(r2)) = gi1(r1) = r2
fa(r3) =r3
82(ry) = ry.
THEOREM 4.4. The period-2 orbit
; = max{f(max{r,, e
X2 {f1(max{ry,r4}),r3} (11

Xoip1 = max{gi(max{ry,r3}), 74},

fori = 0 is the attracting period-2 orbit of difference equation (10).
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Proof. Due to Corollary 3.6, it suffices to show that the formula (11) gives a period-2 orbit.
First note the following table can be obtained easily.

max{ry, r3} max{ra, r4} X X2ig1

r ) r r

3 Iy max{rs, f1 (r4)} max{ry, g (r3)}
r T4 max{rs, fi (74)} T4

3 s r3 max{ry, g1 (r3)}

For example, in the first row, we have:
Xoi = max{fi(max{ry, r4}),r3} = max{f(r2),r3} = max{ry,r3} = ri.

The rest follows from similar simple logic. Now, we can make a new table considering
all the pOSSibilitieS for xp;, xpi+1 and xp;4p = max{fl (.X2,'+]),f2(XQ,')}.

X2i X241 Si (e2iq1) o (x20) X242
r L) r Jf2 (r) r
3 ra Si (rg) r3 r3
J1 (ra) T4 J1 (ra) Sfo (f1 (ra) J1 (ra)
3 g1 (r3) fi (g1 (r3) r3 r3

Since columns three and four are clear, we must justify the final column using
Lemma 4.1, (note that the final column is simply the max of columns three and four). In the
first row, since r; > r3 and r3 is the fixed point of f,, Lemma 4.1 implies that f,(r) < r;.
In the second row, note that 3 = max{f(r4),r3} sors > fi(r4). In the third row, note that
fi(ry) > r3 and since r3 is the fixed point of f, by Lemma 4.1, we conclude that
f2(f1(ra)) < f1(rs). Finally, in the fourth column, note that this combination only occurs
when r3 > r; and ry is the fixed point of f; ° g; so by Lemma 4.1, we have f(g;(r3)) < r3.
Thus, the table shows that x,; 1, = x;.

Note that one combination, xp; = f(r4) and x4+ = g;(r3) is missing from the table. If
this combination occurred, then f1(r) = ry < r3 = f1(ry) and g, (ry) = ry < rqy = g1(r3),
which contradicts Lemma 4.2. Thus, this combination is impossible, and the four rows of
the table represent all possibilities.

We now construct an analogous table to show that x»;13 = xp;41, which will complete
the proof.

X2i4+2 X241 g1 (x2i42) 82 (X2i41) X2i+3
r r r 82 () I

"3 Ta 81 (r3) Ty o
Ji(ra) Ty &1 (fi (ra) Iy T4

3 g1 (r3) g1 (r3) 82 (g1 (r3) g1 (r3)

In the first row, r, > rq so by Lemma 4.1, g>(r) < r,. In the second row, ry =
max{gi(r3),rsa} so rs > gi(r3). In the third row, r4 >r, so by Lemma 4.1,
g1(f1(ry) <ryg). In the final row, gi(r3) >rsy so by Lemma 4.1, we have
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g2(g1(r3)) < g1(r3). This completes the justification of this table, and finishes the
proof. |

Example 4.5. We return to the equation from Example 1.5 with M = P =2

(0% Q
X = max{A“le-‘,l ,A21x2i2,2}

o (a4
Xoip1 = max{Apxy!, Apxs? |},

where Aj; > 0and —1 < «ay, ap < 1. We rewrite this equation by taking the natural log of
each term (since In is monotonic) to get

y2i = max{InA; + a;yzi-1,InAs; + a2}
Yaip1 = max{InAp + ayy;, InAx + aryri-1}.

In terms of Theorem 4.4, we have

1I1A12 + allnA”
—af
InA;; + a1lnAqs
rp = 5
I — o
111A22
r3 =
: 1 - (¢%)
11’1A21
rqg = .
1 - an

Then, the period-2 limit is defined in Theorem 4.4, and we can exponentiate to get the
period-2 limit of x,. Thus, we have

o /1—a ) 1—a? o /1—a? —w
Xoi = max{Ale(zl /n 2)7A12A$1 / ])Agzl/ 1),A(212/1 2)}

- —? 2 /g2 _
i1 :maX{AllA(zgl/l 012)7AHA$;1/1 a])Agtlxl/l “1),A(211/1 052)}7

as the periodic limit. This solution is consistent with the autonomous case in Example 2.6
of [11]. Setting A} = Aj; = Ajp and Ay = Ay} = Ay, the solution is found to be simply

Xn— max{A(ll/lfa‘),A(zl/lfa”}.

5. Discussion

We have shown in Corollary 3.6 that solutions of periodically forced rank-type difference
equations are asymptotically periodic of the forcing period. The same is true of a class of
more general equations called sup-contractive, according to Corollary 3.5. In some simple
cases, we were able to identify explicit solutions, as in Theorems 4.3 and 4.4. The solutions
appear to be significantly more complicated for larger period P and memory M than treated
here, and explicit formulas for the solutions remain to be found.

Acknowledgement
This research was partially supported by NSF under DMS-0508175 and DMS-0811096.



20:18 18 June 2011

T D] At:

[Sauer,

Downloaded By:

Journal of Difference Equations and Applications 13

References

[1] K. Berenhaut, J. Foley, and S. Stevic, Boundedness character of positive solution of a max
difference equation, J. Difference Equ. Appl. 12 (2006), pp. 1183—1189.

[2] W.J. Bride, E.A. Grove, C.M. Kent, and G. Ladas, Eventually periodic solutions of
Xp+1 = max{l/x,,A,/x,—1}, Comm. Appl. Nonlinear Anal. 6 (1999), pp. 31-34.

[3]1 Y. Chen, Eventually periodicity of x,+1 = max{l/x,,A,/x,—1} with periodic coefficients,
J. Difference Equ. Appl. 11 (2005), pp. 1289-1294.

[4] C.Cinar, S. Stevic, and L. Yalcinkaya, On positive solutions of a reciprocal difference equation
with minimum, J. Appl. Math. Comput. 17 (2005), pp. 307-314.

[5] J. Feuer, On the eventual periodicity of X,+1 = max{l/x,,A,/x,—1} with a period-four
parameter, J. Difference Equ. Appl. 12 (2006), pp. 467-486.

[6] E.A. Grove, C. Kent, G. Ladas, and M. Radin, On x,;; = max{1/x,,A,/x,—1} with a period 3
parameter, Fields Inst. Commun. 29 (2001), pp. 161-180.

[7] E.A. Grove and G. Ladas, Periodicities in Nonlinear Difference Equations, Chapman &
Hall/CRC Press, Boca Raton, FL, 2005.

[8] C.M. Kent and M.A. Radin, On the boundedness nature of positive solutions of the difference
equation X,y = max{A, /x,, B,/x,—1} with periodic parameters, Dyn. Contin. Discrete
Impuls. Syst. Ser. B Appl. Algorithms 2003 (2003), pp. 11-15.

[9] G. Ladas, On the recursive sequence X, = max{Ag/x,, ...,Ar/x,—}, J. Difference Equ.
Appl. 2 (1996), pp. 339-341.

[10] T. Sauer, Convergence of rank-type equations, preprint (2009). Available at http://math.gmu.
edu/~tsauer/.

[11] T. Sauer, Global convergence of max-type equations, J. Difference Equ. Appl. (2010).

[12] S. Stevic, Global stability of a difference equation with maximum, Appl. Math. Comput. 210
(2009), pp. 525-529.

[13] F. Sun, On the asymptotic behavior of a difference equation with maximum, Discrete Dyn. Nat.
Soc. 2008 (2008), 243291.

[14] 1. Szalkai, On the periodicity of the sequence x,+; = max{Ao/x,, ...,Ax/Xn—t}, J. Difference
Equ. Appl. 5 (1999), pp. 25-29.

[15] H.D. Voulov, On the periodic nature of the solutions of the reciprocal difference equation with
maximum, J. Math. Anal. Appl. 296 (2004), pp. 32-43.

[16] H.D. Voulov, On a difference equation with periodic coefficients, J. Difference Equ. Appl. 13
(2007), pp. 443-452.

[17] H.D. Voulov, Asymptotic behavior of the solutions of a nonlinear difference equation,
J. Difference Equ. Appl. 15 (2009), pp. 595-603.

[18] X. Yang, X. Liao, and C. Li, On a difference equation with maximum, Appl. Math. Comput.
181 (2006), pp. 1-5.



