MATH 325, Section 001
Spring, 2011
Exam 3 Name Solutions

1. Suppose that the sequences (a,) and (b,) satisfy the recurrence rela-
tions

an = 3an—1 + bn—l
bn (07 + Ap—1 + bnfl

with initial conditions a¢g = 0 and a; = 1.

(a) Find a single recurrence relation (u,) which is satisfied by both
(a,) and (by,).

We look for a recurrence relation of the form
Uy, = Cup_1 + Du,_o.

From the initial conditions and the first equation, we get
1=3-04+by, so
by = 1.

Therefore, from the second equation,
bp=1+0+1=2.

We can now get
a;=3-1+2=95

and
bo=5+1+2=28.

We now substitute these values into the equation for u,
with n =2 to get



5 = C
= 2C+D.

Solving gives C'=05 and D = -2, so
Uy = DUp—1 — 2Up_2.

(b) Use mathematical induction to show that each of the sequences
(a) and (b,) satisfies the recurrence relation which you found.

If n=2, a,=5=51-0=b5a;—2a9 = d5a,—1—2a,,_> and b, =
8 =5-2—2 =5b; —2by = 5b,,_1—2b, 5. Therefore, both (a,)
and (b,) satisfy the recurrence relation for n=2. Now
suppose n > 2 and that for all k such that 2 < k < n,
ar and by satisfy the recurrence. Then

ap, = 3ap-1+ bn—l
= 3<5Gn,2 — 20/”73) + <5bn72 — an,g)
= 5(3an_2 + bn_g) — 2(3an_3 + bn_g)

= dap_1 — 202
and

by = ap+ an_1+0by1
= (bay—1 — 2a,-2) + (Ban_o — 2a,_3) + (5b,—o2 — 2b,,_3)
= 5(an71 + Qp_o + bnfz) — 2(an,2 + a,_3 + bn,g)
= Bb,_1 — 2b,_s.

2. In the mythical country of Hedfruskl, the unit of currency is the zliptwyec.
Find the generating function g(z) for the number ways are there of
making change for a 100 zliptwyc bill using only 1 zliptwyc, 3 zliptwyc,
7 zliptwyc, and 10 zliptwyc bills. Express your answer as a rational
function.



Let e, ey, e3, and e4 be the number of 1, 3, 7, and 10 zliptwyc
notes respectively. Then we want the number of non-negative
integer solutions of

e1 + 3eq + Tes + 10eqs = 100.

Let di = e;, dy = 3ey, d3 = Tes, and dy = 10es,. We want the
number of non-negative integer solutions of

dy + dy + ds + dy = 100

such that dy is divisible by 3, d3 is divisible by 7, and d,
is divisible by 10. Therefore,

glr) = (I+o+22+-- )1+ +25+-- )1 +2"+2" + - )1+ 20 + 2520+ --)

= (a3 ).
n=1 n=1 n=1 n=1
Using the formula for the sum of a geometric series gives
1 1 1 1

Therefore,

1
9@ = A= )1 = a1 = a)’

. Use generating functions to find the number of non-negative integer
solutions of
€1+ ey = 100

such that e; is even and es is at least 1. [You must use generating
functions to do this problem, although after you get your answer, you
might try to think of another way of doing the problem to verify that
your answer is correct.]

The generating function is given by



glx) = (A+22+2*+- )+ +2°+--)
1 x
1—221—2
T
(1—2)2(1+x)

The partial fraction expansion for ¢(x) has the form

T A B C

=G pire) T-2 @-af 1ia

Therefore,
r=A(1 -2 +B(1l+2)+C1 —x)
This equation can be written as
(C—A)z*+(B-2C)z+(A+B+C) =u.

Comparing coefficients gives the system

A-C = 0
B —-2C
A+B+C =0.

Solving this system gives /1::C7:<—i and E}::%, Therefore,

g(x)Z—i<1ix>+;<(1_1x)2>Wll(lix)'

00

We want the coefficient of z!°° in this expansion. Using the
formula for the sum of a geometric series and the generalized
binomial theorem gives that the coefficient of z!% is ——i+—

3 — 1 . = i ci 100 -
2 (100) i- Since (100> 101, the coefficient of x'™ is

50, so there are 50 solutions.

4



4. Use generating functions to solve the recurrence relation

ap = 6a,-1 — 9a,_2

with initial conditions ay = 1 and a; = 0. The formula (_]{;2) -

(—=1)*(k + 1) might be helpful for this problem. [You have to do this
with generating functions—no credit will be given unless it is clear that
that is how you are doing the problem.|

Multiplying the given equation by z" gives

A" = 6a,_12" — 9a,_ox".

Let A(z) = Y22, a,z". Then

Alz) = 6 Z Q12" — 9 Z o
n=2 n=2

oo o0
= 6 Z A1zt — 922 Z Apox™ 2
n=2

n=2

oo oo
= 6z Z anz"” — 922 Z anpx"
n=1 n=0

= 6x(ax + A(x)) — 92%(ag + a1x + A(x))
= 6zA(x) — 92°(1 + A(x)).

Solving for A(z) gives

—9z?
Alz) = ———.
(z) (1 —3x)?
From the generalized binomial theorem,

1 /=2
S —3)"
(1 —3x)? T;)(n>< z)

= > (=1)"(n+1)(=3)"z"
n=0

= > (n+1)3"2"
n=0
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Therefore,

—922 e non
Ax) = 1 =322 = —9z 7;)<n+ 1)3"x",
S0
Alx) = — i(n +1)3" 22 = — i(n —1)3"a",
that is, " "
Ax) = i(l —n)3"z".
n—2

Therefore, a, = (1 —n)3" for n=2,3,---.

. Suppose that the sequences (a,) and (b,) satisfy the recurrence rela-
tions

Ap = Qp-1+ bn—l
bn = Qp+ ap1
with initial conditions ay = 0 and by = 1. Let A(x) = 302, a,a™

and B(z) = Y.0°,b,x™ be the generating functions for (a,) and (b,)
respectively. Express A(x) and B(x) as rational functions.

Alz) = 02 ant™ = Y52 anaa™ 4+ 300, bya™ = X2 g ana™tt +
Ym0 oob,z"*!.  From the initial conditions, we get om0 ocoa, "t =
rA(z) and 30° b, 2"t =z +xB(x). Therefore,

Ax) = zA(z) + 2B(x).
B(z) =20 0bpx™ =14+ 30° 1 bpx™ =1+ 300 anx™ + 2001 g™ =
1+ A(z) + xA(x). Therefore,
B(z) =1+ (1+2)A(x).
Substituting in the equation A(x) = zA(z)+xB(z) and simplifying

gives
z

T 2r — g2

A(x)
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and substituting this into the equation B(z) = 1+(1+z)A(x)
gives

B 11—z

11— 20— 22

B(x)

. Find the exponential generating function for the number a,, of n-permutations
of the multiset {c0- A, 00- B, 00-C'} such that there are an even number
of As. Express your answer in terms of exponential functions.

The exponential generating function is ¢®(z) = (1+ %? + % +
«-~)(1+%—|—§—|—« . -)(1—|—%+§—|—~ -+) = (coshz)e®e” = (3)(e"+e *)e* =
(3)(e¥ +e7).

. In the pattern below, how many ways are there to go from the dot on

the bottom to the dot on the top right if each step consists of one step
up or one stem to the right?

e o Finish
°

Start

The problem asks for the number of sequences of 4 U’s and 4
R’s (U for ‘Up’ and R for ‘Right’) so that the number of R’s
to the left of a U does not exceed the number of U’s. That

number is the Catalan number Cj = 4%1 <244> = (3)70 = 14.



