MATH 325, Section 001
Spring, 2011
Exam 1 Name Solutions

1. How many ways are there of arranging three boxing matches from a
group of 10 Democrats and 7 Republicans if each match is to consist
of a Democrat against a Republican? Assume that the order of the
matches does not matter, and that nobody is in more than one match.

First choose 3 Democrats to participate in the matches. There
10 . . .
are <3> ways of doing this. Arrange the three Democrats in

a row. Then choose 3 Republicans to participate in the matches
and arrange them to determine which Democrat each will box.
There are P(7,3) ways of doing this. By the Multiplication
Principle, there are

10 7! 10! 10!
Pr3) ('3 ) = Gz = 3

ways of setting up the matches.

Answer:

100
314!

2. How many ways are there of arranging three boxing matches from a
group of 17 Republicans? Assume that the order of the matches does
not matter, and that nobody is in more than one match.

First select the 6 people who will participate in the matches.
1
There are (67> ways of doing that. Arrange the six people

in a row. ©Select an opponent for the first person in the row.
There are 5 ways of doing that. There are now 4 people in the
row who do not have opponents. Select an opponent for the first
of these four people. There are 3 ways of doing that. This
leaves 2 people who will fight each other. By the Multiplication
Principle there are

17 17\ 15-17!
(6>'5'3_15<6)_ 611!

ways of setting up the matches.

Answer:

15-17!
6!11!




3. Find the number of 12-bit strings of 0’s and 1’s having exactly 4 0’s no
two of which are adjacent.

There will be 8 1’s. We place the 8 1’s in a row with spaces
between them and at the beginning and end:

-1-1-1-1-1-1-1-1-—.
We choose 4 of the 9 spaces in which to put the 4 0’s. There

are (Z) = %! ways of doing this.

Answer:

9!
415!

4. How many ways are there of assigning 4 A’s, 5 B’s, 8 C’s, and 2 D’s to
a class of 19 students?

View the assignment of grades as an arrangement of the 19-letter
“‘word’’ AAAABBBBBCCCCCCCCDD where the first student

on the class list gets for a grade the first letter in the arrangement,
the second student on the class list gets for a grade the second
letter in the arrangement, and so on. Therefore, we want the

number of 19-permutations of the multiset {4-A,5-B,8-C,2-

D}. There are

(1)
4,5,8,2) 41518121

such 19-permutations.

Answer:

19!
4151812!




5. How many ways are there of choosing three scoops of ice-cream to be
used in a banana split if there are 31 flavors from which to choose.
(The flavors can be mixed in any way, so, for example, it is possible
to get two scoops of vanilla and one scoop of tutti-frutti. Assume that
the order in which the flavors are chosen does not matter.)

This problem asks for the number of 3-combinations of a multiset
having 31 kinds of objects each having repetition number oo

(or at least 3). There are <3+331 N 1) = (333> = 3??%! such

3-combinations.

Answer:

33!
30!3!

6. How many integer solutions are there of the equation
$1+[L‘2+JZ3+ZL‘4 = 15

such that x;, > 0 for k =1,2, 3,47

We want the number of 15-combinations of 15-combinations of
the multiset {oo0-aj,00-az, o0 as, 00 ay}, which is

(4+15—1>_(18>_ 18!
15 ~\15/) 1513

Answer:

18!
15!13!




7. How many integer solutions are there of the equation
T+ 2o+ x3+x4 =15

such that x1 >0, 2o > 1, 23 > 3, and 1 < x4 < 47

First we let yo = 29— 1, y3 = 23— 3, and ys = x4 — 1. Then
we want the number of solutions of z; + ¥y +y3+ y4s = 10 such
that 0 < 21, 0 < 9y, 0 < w3, and 0 < y4 < 3. The number of
solutions of 7 + Y2 + y3s + y4 = 10 such that 0 < zy, 0 < s,

0<ys, and 0 < y4 is (44_18_1) = (13) Now let zy = yq —

4. The number of solutions of x;+ys+ys+ys = 10 such that
0< 2z, 0<y,, 0< y3, and 3 < y4 is the same as the number

of solutions of z; +ys+ Y3+ 24 =6 such that 0 <z, 0 <L ys,
6+4—1 9

0 <wys3, and 0 < 24, which is ( +6 ) = (6) Therefore,

the number of solutions of the original problem is

<13)_(9)_ 131 9
10 6/ 103! 6!3!"

Answer:
13! 9!

10!3! 6!3!




8. Find the first three terms in the series representation of (=g

if ﬁ =cy+ a1z + cox? + - -+, find ¢y, 12, and cox?.

By the Binomial Theorem,

=07 =3 () ut,
Ccop = <_03) =1,
=)=
and

1_11)3, that is,

Co — 1
c1x = 3
cor? = 622




9. Show that if n is a positive integer, then

£ ()£ @) e

k=0 k=0

Proof:
3"=(241)", so by the Binomial Theorem,

no__ = n k
=3 ( k) 2",
k=0
On the other hand, 3" = (4—1)", so applying the
Binomial Theorem gives

n

=3y (Z) (—1)k4nB),

k=0

Comparing the two expressions for 3" gives the
result.

10. How many ways are there of placing three red rooks, three blue rooks,
and two yellow rooks on an eight-by-eight chess board in such a way
that no two rooks are in the same row or the same column.

There are 8! ways of choosing the positions in which the 8 rooks
will be placed. O0Once the positions are chosen, the number of
ways of arranging the rooks is the number of permutations of

8
the multiset {3-red,3-blue,2-yellow}, and there are (3 5 2)
)
8!

333 Such permutations. Therefore, by the Multiplication Principle

there are g%% ways of placing the rooks.

Answer:

(81)?
31312!




11. Suppose that k and n are integers such that 2 < k£ < n. Prove that
(”>+2( " )+< " )—(”+2> [Hint: Use Pascal’s Identity.
A b1 _9)= ) : Use Pascal’s Identity.

Proof:

Applying Pascal’s Identity several times gives

()20 20) = (le) = )+ (2 p -
((<f+n;)>+<k”2>> = (") (35) =

12. Find the coefficient of 23y?z in the expansion of (x + 2y + 32)S.

By the Multinomial Theorem, the coefficient of z°(2y)?(3z) is

(3 g 1) = 3%:1. Therefore, the coefficient of 2%y%z is
22.3. .6 — gl
31201
Answer:

6!




