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Abstra ct. Let G be a compact torus acting on a compact sym-
plectic manifold M in a Hamiltonian fashion, and T a subtorus
of G. We prove that the kernel of - : HE(M) ! H*(M=QC) is
generatedby a small number of classes® 2 H¢Z (M) satisfying very
explicit restriction properties. Our main tool is the equivariant
Kirwan map, a natural map from the G-equivariant cohomologyof
M to the G=T-equivariant cohomologyof the symplectic reduction
of M by T. We show this map is surjective. This is an equivariant
version of the well-known result that the (nonequivariant) Kirw an
map - :HZ(M)! H%(M=G) is surjective. We also compute the
kernel of the equivariant Kirw an map, generalizingthe result due
to Tolman and Weitsman [TW] in the caseT = G and allowing
us to apply their methods inductively. This result is new even in
the casethat dimT = 1. We closewith a worked example: the
cohomology ring of the product of two CP?2s, quotiented by the
diagonal 2-torus action.

1. Intr oduction and Statement of Results

Let (M;!) be a symplectic manifold with an action of a compact
torus G. A momentmap is an invariant map

©:Mi! ¢

which intertwines the group action and the symplectic form by the
moment map condition

Q) (¢ X,) = dno; »i;

where» 2 g, X, is the vector eld on M generatedby », and h; i
is the pairing of g° with g. We also write ©” to indicate hO; »i, the
»componert of ©. Condition (1) and the nondegeneracyof ! imply
that singular points of © occur when X, = 0, or when a subtorus of G

This work was partially supported by a National ScienceFoundation Postdoc-
toral Fellowship.
1



2 R. F. GOLDIN George Mason University

actstrivially . If C %2 M is a componert of the xed point setof G on
M, then ©(C) hasconstant valuein g-.

For M a compact manifold, the image of © is a corvex polytope in
9" [GS]. Let d = dimG. For any subtorus T ¥ G, denoteby M T
the Xed point setof M under T. Wesay T is genericif MT = MC.
The terminology is appropriate asthere are a nite number of subtori
T sud that MT cortains but does not equal M ©. If T is generic,
©(MT) is a set of isolated points. In general, howewer, the images
©(MT) form codimensionk walls of the polytope, whered  k is the
dimensionof the subtorus of G=T acting e®ectiely. Thesewalls may
be internal to the polytope. Let S! 12 G be a 1-dimensionalsubtorus.
If a componert of MS" has an e®ectie G=S! action, then its image
will be a codimension-1wall. Theseinclude but are not restricted to
the facetsof the polytope.

When! is a regular value of ©, © () is a submanifold of M and
has a locally free G action by the invarianceof ©. The quotient space
© 1(1)=G is called the sympletic reduction and is denotedM =G(1 ),
wherethe parameter! is suppressedvhen! = 0.

This paper is concernedwith the ordinary, rational cohomologyof
symplectic reductions and its relationship to the G-equivariant coho-
mology of M. By de nition, the G-equivariant cohomologyof M is

HE(M) = H*(M £ EG)

where EG is a cortractible spacewith afreeG actionandM £5 EG
indicates the product M £ EG quotiented by the diagonal G action.
For more details, see[AB2].

When G acts locally freely on a manifold Z, the G-equivariant co-
homology of Z is the ordinary cohomologyof the quotient Z=G. In
particular for * a regular value of the momert map,

He(© '(*)) = H*(M=G(*)):
Theorem 1.1 (Kirwan). Let M be a compact sympletic manifold with
a Hamiltonian G action, where G is a compact torus. Let © be a

moment map for the G action on M. For any regular value! 2 g°,
the natural map

- tHg(M) ! H¥(M=G(*))
induced from the inclusion © 1(*) ¥2M is a surjection.
We generalizethis theoremto the following equivariant version.

Theorem 1.2. LetM be a compact sympletic manifold with a Hamil-
tonian G action, whee G is a compact torus and T a subtorus, not
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necessarily generic. Let ©g and ©r be momentmapsfor the resyective
actions. For a regular value! 2 t® of ©r, the inclusion of the subman-
ifold ©-(*) of M induces a surjection in equivariant cohnomola@y

1 THEM) i1 Ha (M=T()):

Note that we use- to indicate the map on cohomologyinduced by
the restriction from M to ©;(0), and - + for the map on cohomology
induced by the restriction from M to ©;*(0) 1 ©5*(0).

Thesetwo theoreomsallow one to compute the cohomologyof the
symplecticreduction by a torus action, aslong asone can computethe
equivariant cohomologyand the kernelof this map. In certain casesthe
equivariant cohomologyhas beencompletely described [GKM], [GH].
The kernel of the Kirwan map in Theorem 1.1 hasalsobeendescribed
in very generalterms, which we presen belowv as Theorem 1.4. These
resultshingeon the key fact that for compactHamiltonian torus spaces,
the equivariant cohomologyinjects into the equivariant cohomologyof
the xed point setunder the natural restriction map [Ki].

Theorem 1.3 (Kirwan). Let M be a compact Hamiltonian G space for
G a compact torus. Let C be the collection of connected compnents of
the "xed point setM ©. Then

M
(2) He(M) ! HE(M®) = HE(pt)- H(C)

caCc
is an injection. For a class® 2 HZ(M) and C 2 C, we write ®¢ to
indicate the restriction to the xed component C.

The relationship betweensurjectivity onto the symplectic reduction
and injectivity of the equivariant cohomologyinto that of the xed
point setis manifestin the following description of ker- from Theo-
rem1.1.

Theorem 1.4 (Tolman-Weitsman). Let M be a compact Hamiltonian
G-space, with momentmap ©. Let! 2 g° be a regular valueof ©. The
kernel of the Kirwan map

- tHg(M)i! H¥(M=G(*))
is the ideal KK Z(*)i in HZ(M) geneated by K2(2) = S»ZgKg(l)
where
Ka() :=f®2 HE(M)j®c = O for all connected componentsC of M ©
with HOg(C);» > ht; »ig:

We prove an equivariant analogueof this theorem:
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Theorem 1.5. LetM be a compact Hamiltonian G space with moment
map©g. Let T be any subtorusof G and © the corresppnding moment
map for the T action. For * be a regular value of ©, the kernel of the
equivariant Kirwan map

T HEM) i1 HEL(M=T())

S
is the ideal KK {(*)i geneated by K() = ,, K&(*) whee KZ(*)
is de ned asin Theorem 1.4.

The subindexG on K2(*) and K§(*) indicatesthat thesegenerate
idealsin HZ(M ), while the superindicesindicate the relevant set of
vectors in the theorems. We will use KK ()i to indicate the ideal
in HE(M) generatedby K §(*) and we will suppressthe parameter?
when! = 0. Notice that the di®erencebetweenthe kernel of - and
that of - 1 is that the union in Theorem 1.5 is taken only over » 2 t.
The signi canceis that Theorem1.4 canberecoveredby the successie
application of Theorem1.5to one-dimensionakubtori of G. In the case
that * = 0O, for eadh S! % G, the kernelis generatedby K 2, and K¢,
for a choice of generator» 2 st. It follows that the kernel of - is
generatedby classes® 2 HE (M) satisfying one of d conditions, where
d=dimG.

The nal cortribution of this article is to nd a small set ¥ of
§2 g sudh that K2(*) in Theorem 1.4 can be replacedby K&(*) =

oy K&(). Let ¥ % g be the ('nite) set of unit vectors perpendic-
ular to codimension-1walls of the momert polytope. For any » 2 ¥,
the annihilator »’ is a hyperplane in g° through 0 and parallel to
a codimension-1wall of the momen polytope. These hyperplanes,
shifted to passthrough 1, are the key to the kernel of - .

Theorem 1.6. Thekernelof - : HZ(M) ! H*M=G(*)) is geneated
by classes® 2 HZ(M) with the following property. There exists an
oriented hyperplaneH® through! and parallel to a codimension-1wall
of the moment polytope suchthat ® restricts to 0 on the set of all xed
points whoseimage under © lie to the positive side of H®.

We prove this theoremin Section5.

2. Equiv ariant Morse theor y

First we state seeral basic facts about equivariant Morse theory
(as deweloped in [AB1]). We then re ne theseideasto gain equivari-
ant homotopy information that is standard in the casethat the Morse
function hasonly isolated critical points and there is no group action.
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Let f be a smooth function on a compactmanifold M and C a con-
nectedcomponert of the critical setof f on M. Choosea Riemannian
metric on M. We say C is a non-degeneate critical manifold for f if

(1) C¥2M is a submanifoldof M sud that & = 0 alongC, and
(2) The HessianHcf (the matrix of secondderivatives of f) is
non-degenerateon the normal bundle°C of C in M.

If every connectedcomponert of the critical setis non-degenerateywe
say f is Morse-Bott. At ewvery non-degeneratecritical submanifold,
we usethe Riemannianmetric to idertify a neighborhood of the zero-
sectionin the normal bundle °C with a tubular neighborhood of C in
M. The Hessiande nesa splitting °C = °*C©°i C into positive and
negative normal bundles. The dimensionof the bres of °i C is called
the Morse index of C and is denoted, c.

Now assumethat M hasa G action, where G is a compact torus,
and that the metric and the function f are invariant with respect to
this action. The splitting of °C into positive and negative bundlesis
equivariant. This setting mimicsthat in which f isagenericcomponert
of the momert map, and C is a connectedcomponert of M €.

The proofs of the following two lemmaare closeto identical to those
preserted by Milnor [Mi] in the casethat critical manifolds are points
and there is no group action. We note only the minor di®erencesn
this more generalsetting. To make the lemmastrue for Morse-Bott
functions, all local calculations must include extra coordinates along
the critical manifolds. To make the lemmasequivariant, we choosean
invariant Riemannianmetric (sothat the group acts by isometries)and
we equivariantly identify a neighborhood of the zero-sectionn the nor-
mal bundle of a critical submanifold with a tubular neighborhood of
that submanifold (see[Au]). This makesall relevant mapsand homo-
topies equivariant. For Lemmas?2.1 and 2.2, assumeM is a compact
manifold with a G action and a G-invariant Riemannianmetric, where
G is a compacttorus. Let f : M ! R be an invariant Morse-Bott
function. Let M2 =fi1(j1 ;a]fora2 R.

Lemma 2.1. Supwsea< bandf i ![a;b] is compact and contains no
critical points of f. Then

M2 g MP
is a G-equivariant homotopyequivalene.

Lemma 2.2. Supmsethere are m connected compponentsCy;::: C,, of
the critical setof f with the samecritical value,and suchthat f (C,) =
¢ee= f (Cy) 2 (a;b). Then MP is equivariantly homotopicto M 2 with
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a , i-cell bunde over C; attachel for eachi = 1;:::m, whee _; is the
Morse index of C;.

Thesehomotopy theoremslead the following results about equivari-
ant cohomology For the sake of simplicity, we assumethat f has
distinct valuesfor distinct connectedcomponerts of the critical set.
We note that the theorems proven belov can be generalized(using
Lemma 2.2) to include the casethat f doesnot have distinct values
for distinct critical sets,howewer the notation becomescumbersome.

Assumenow that the G action is Hamiltonian, and that f is a com-
ponert of the momert map for the G action. As mernioned, we assume
alsothat f separatesthe critical sets,i.e. one can order the critical

is generic,thesecritical setsare the xed points of the G action.
The fundamertal principle introduced by Atiyah and Bott [AB1] is
that

Theorem 2.1. An eguivariant cohomol@y classon C, extendsto a
classon M2 for any a 2 R; in particular, it extendsto one on all of
M (althoughnot uniquely).

We prove this theoremfollowing [AB1] and [TW].

Proof. De ne the sets

3) M= fi(i1 ;f(C)+ %) and

(4) M{ =G 5 (C) i %)

where?; > 0is smallenoughthat C; isthe only critical setin f i 1(f (C))j
2;;f(Cj) + 3). Note that by Lemma 2.1

©)) M e M:

For ead i, there is a long exact sequencen G-equivariant cohomology

(6)
COE! HI(M ;M) HE(MF) ! HE(Mj)! HZT(M* ;M) ¢t

As before,we equivariantly identify a tubular neighborhood of C; with
a neighborhood of 0 in the normal bundle of C;. This bundle splits
°C; = °*C; © °i C; into the positive and negative normal bundles of
Ci. By excisionand homotopy equivalence,

He(M"; M) 2 HG(Di; S))
whereD; and S; are the unit disk and spherebundles, respectively, of
°i C;. The equivariant Thom isomorphismstatesthat

Hg(Di;S) 2 Hg'+'(Ci)
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where, ; = dim(°i C;). Thusthe exact sequencd6) is equivalertly
(7)
¢eE! HZ - (CH)! HEM) ! HEM) ! HZ-i(C) ! ¢ee:

Lemma 2.3. For i = 1;:::;k, the sequene (7) splits into the short
exactsejuene

8) 0! HZ-(C)! HEM)! HEMi)! o

Proof of Lemma2.3. The compositionHg -'(Ci) ! H&(M;") ! HE(Cy),
where the secondmap is induced by inclusion, restricts to the com-
position HZ ' (Ci) 2 HE(Di;S) ! HE(Di) 2 HE(Ci). This latter
composition is muliplication by the equivariant Euler classof the neg-
ative normal bundle of C;. Atiyah and Bott shawv in [AB1] that, in
the casethat there is an St % G which is acting on °i C; and x-
ing Cj, this classis not a zero-divisor. It follows that HZ - '(C;) !
HZ(M;") must be an injection. Furthermore, by the exactnessof se-
quence (7), the image of HE(M/ ) | HZ™1-1(C)) is the kernel of
Hat-i(C) ! HEM (M["), which is 0 by injectivity. Thus there is a
surjectionHZ(M;") ! HZ(M/ ); shawing that the sequencesplits. =

An equivariant cohomologyclasson Cy extendsto oneon M. By
the homotopy equivalence(5), a classon M;" extendsto oneon M|, ; .
+

Surjectivity in (8) impliesthat a classon M|,, extendsto oneonM/,; .
Thus by induction a classon Cy extendsto a classin HE(M). o

One may ask the question of how unique these extensionsare. By
the injection (2), a classis distinguishedby its restriction to the xed
point set. As these xed point sets are critical sets for Morse-Bott
functions obtained from componerts of the momert map, we exploit
their relationship amongead other.

Let grad f be the gradiert of f with respect to a compatible Rie-
mannian metric. For any critical subsetC, there is a cell-bundle of
points x 2 M which corvergeto C under the °ow of j grad f (or
grad f), called the stablemanifold (or unstablemanifold) of C. Fur-
thermore, every point in M corvergesto some C under this °ow.
Thus, for any x 2 M, there is a (nonunique) sequenceof critical sets

the unstable manifold of C;; which corvergeto C;,, for eweryj , 1.
De ne the extende stablemanifold of a critical set C to be the set of
points x 2 M whose°ows alongj grad f have an assaiated sequence
including C. In the casethat M is a coadjoirt orbit of a semi-simple
Lie group, the extended stable manifold of a critical point p is just
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the closureof the stable manifold out of p; they are called (permuted)
Sdubert varieties.

Lemma 2.4. Supwse® 2 HZ(M) restricts to 0 on all C; suchthat
i < j. Then ®)c, is somemultiple of e(°' (C;)), the equivariant Euler
classof the negative normal bunde of C;.

Proof. By (8), aclass® sud that ®ij1 = 0isin theimageongi 1(G) !

H&(M;"). As the map He *'(C) ! He(M;") ! HE(Cy) (wherethe
latter map is restriction) is multiplication by e(°" C;), ®c, must be a
multiple of this class. a

Lemma 2.5. For every connected component C of the critical set of
f, there is a class® with the following restriction properties:
(1) ®¢, = 0if C; is not in the equivariant extendel stablemanifold
of C, and
(2) ®c = ¢°' C) wher e°i C) is the equivariant Euler class of
the negative normal bunde (de ned by f) of C.

are not in the extendedstable manifold of C;, asi < j impliesf (C;) <
f (Cj). Using the short exact sequencg8) we extend the classO on

He *'(Cj) and the composition Hg' */(Cj) | HZ(M[") | HE(C))
is multiplication by e(°" Cj), we may extend ® to Mj+ sud that its
restriction to C; ise(°' Cj).

Now supposei > j but C; is not in the extended stable manifold
from C;. Sincepoints in the unstable manifold of C; “ow into points
in Mji , by Lemma2.2thereis a CW-complexK which is G-homotopic
to Mji with a , ¢, -cell bundle over C; attached. K has critical sets

Ci wherem; 2 HE(C;). Let ; 2 HZ(M) besud that jjc, = 0;1 < i
and jjc, = mje(°' C;). ; existsby the rst part of this proof, and

Cj . Let

X —_—

° = ® i
wherethe sumisoveralli > j sud that C; isnot in the extendedstable
manifold of C;. Then ° hasthe desiredrestriction properties. o

Instead of dealing with CW-complexes,one might considerthe clo-
sures of the stable manifolds and make the sameargumern as that
above with thesevarieties. However, the singularities require resolving
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to be surethere are well-de ned classesrestricting oneto the complex
caseonly.

3. The equiv ariant Kir wan map

In this sectionwe useequivariant Morsetheory to prove Theorem1.2,
that the equivariant Kirwan map is surjective. This proof follows very
closely Tolman and Weitsman's rendition of Kirwan's result (Theo-
rem 1.1) in the casewhere G = S!. The main elemens of this proof
arefoundin [TW], modi ed to allow for atorus action comnuting with
the St action and for the possibility of non-genericT %2 G.

Proof of Theorem 1.2. ChooseS! %> G and let
©g: :M 1 (sH®

be a momert map for the S* action. We st show that the restriction
HEZ(M)! HE(OL(0)) is surjective.

Let » 2 g generatethe S* action. Considerthe function (©”)? where

©@=h» :M! R:

For an appropriate choice of norm on (s!)®, we have jj©s1jj?2 = (©”)2.
The critical setof (©”)? consistsof the minimum ©isll(0) and the critical
setsof ©”. By the momert map condition (1), the critical points of ©”
are the "xed points of the S! action generatedby ». As Kirwan notes
in [Ki], the function (©”)? may not be Morse-Bott function; there may
be degeneratecritical sets. Howeer, this occursonly at the minimum
(©”)i 1(0) wherethe short exact sequencg8) holds trivially .

As before,without lossof generality we may supposethat f = (©”)2
separateghe critical set. We orderthem by f (C;) < f (C;) if and only
if i <j and Co = ©./(0). Let M;" and M{' be asin (3), (4). We use
Lemma2.3to show that HE(M/") ! Hg(@‘S}(O)) is surjective for eat
i.

We noted that HE(Mg ) ! HZ(Co) is an isomorphism. Now assume
that we have a surjectionHZ(M ") ! HE(Co) foralli - ki 1. By the
short exact sequence8), there is a surjection HE(M;) ! HE(M} ):
But HE(M| ) 2 Hg(Mlji 1) by the homotopy equivalence(5) and the
latter ring surjects onto H&(Co) by assumption. Thus HZ(M/) !
H&(Co) is a surjection. By induction there is a surjection HZ(M) !
HE(©L1(0)): AsOisaregularvalueof ©s:, HE(OL(0)) 2 HE_ . (M=S")
and thus

(9) HZM) ! HE.(M=S')
is a surjection.
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Thereis a residualHamiltonian G=S! action on M =S, which allows
us to apply this technique inductively. By reduction in stages,for any
commnuting subgroupsH,; andH, of G, (M=H;)=H, = M=(H.£ H)).
Forany T %2 G, choosea splitting T = S'£ ¢¢tE St. Successigly apply
the surjection (9) to obtain a sequenceof surjections

HaM) ! HEg(M=S)! HE gies(M=(S'ESY) ! ¢! HE (M=T):

o]

4. The kernel of the equivariant Kir wan map

Here we prove Theorem 1.5, that ker-t = K§(*), where - 1 :
HEM) ! HZ(M=T(*)) is the equivariant Kirwan map. We rst
shawv that K§(t) ¥ ker- 1 by directly restricting classesn K§(t) to
©i1(1). We then shaw the idealsare equalby a dimensioncourt.

Proof of Theorem 1.5. Let i : t ] g be the inclusion map of Lie al-
gebrasand %: g° ! t” the induced projection. Denote by hig and
h it the natural pairings betweeng® and g and betweent® and t, re-
spectively. Thenif ©s : M ! g” is a momen map for the G action,
©r = Yax ©g is a momert map for the restricted T action. Choose
1 2 t” aregular value of ©r. Let ® 2 K for some» 2 t. By def-
inition ®jc = O for every connectedcomponert C of M ¢ sud that

O (C) > H; »it. Let

MS (1) = fm2 Mje(m) > h; »irg:
M (1) is a maximal dimensionopen G-invariant submanifold of M.
Thus the restriction of the injection HZ(M) ! Hi(M®) to M} (2) is
an injection into the cohomologyof those componerts C of M € which
lie in M7 (t). Thus®c = Ofor all C ¥2M (*)© implies )« ., = 0.
In particular
(10) ®tm2Mij hog(m)i(»ic=trirg = O
But

HoG (M);i(»)ig = Wt ©g(m);»it

hOr (m); »i1:

Therefore,
fm2 Mj HOg(m);i(»)ic = H; »itg
= fm2 Mj hor(m);»t = I »irg
1 ©):
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Thus®j©iT1(1) = 0, or equivalertly ®2 ker- 1. It followsthat any class

in the ideal generatedby K§ = [ ,2tK ¢ liesin ker- .
To show that the inclusion KK {i p ker- 1 is an equality, we prove
that

(11) dimhK &i = dimker- 1 = dim(H2-; (pt) - hKLi)

asgradedideals. We prove this in the case! = 0, asthe more general
caseis identical but notationally more cumbersome.

As M is a Hamiltonian G-spaceand M =T is a Hamiltonian G=T-
spacethey areboth equivariantly formal with respectto their groupac-
tions. This implies that asgradedvector spacesH(M) = HZ_;(pt) -
Hi(M) and HZ_;(M=T) = HZ_;(pt) - H*(M=T): Recallthat - 1 :
He(M)! HZ(M=T)and- :H{(M)! H"M=T) are surjective
(Theorems1.2and 1.1). Thusthere is a gradedequality

dimHZ(M) i dimHZ_(M=T)

dim(Hg-r (pt) - HE(M)) i dim(HEr (pt) - H*(M=T))
dim(Ha; (pt) - ker(- :HE(M) ! HE(M=T)))
dim(Hgr (pt) - HKLi):

dimker- 1

wherethe last equality follows from Theorem 1.4.
We now shaw that K §i hasthe samedimension. In degreek for
»2t,

dimhK 2i% = dimhf®2 HE(M)j ®jc, = 08i < j, for any j sud that ©(C;) > Ogi

wherei < j if andonly if ©5(Ci) < ©(C;). LetF : HE(M) ! HI(M)
be the surjective map which forgetsthe G=T action. BecauseM T =
M € for genericT, if ®2 H&(M) hasthe property that ®jc, = 0 8i <
j, then F(® 2 HX(M) has the property that F(®)jc, = 08i < j.
Furthermore, for » 2 t, ©; = ©f sothat sut classesare precisely
thosein hK7i. As kerF = HZ_;(pt) in all but degree0, we conclude
that

dimhf®2 H&(M)j ®j%i(: 08i < j; forany j suc that ©5(C;) > Ogi
dimhf~ 2 Hior(pt) - HM(M)j Tjc, = 08i < j;

I+ m=k

for any j sudh that ©5(C;) > Ogi
dim*(H&-r (pt) - HK i)
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5. The walls of the moment pol ytope

In this section, we prove an important re nement of Theorem 1.5.
It statesthat the collection of KK 2(*)i for a small number of » 2 g are
sutcient to generatethe kernelof the map HE(M) ! H*(M=G(*)).
In particular, one can consideronly suc » which are perpendicularto
codimension-1walls of the momert polytope.

We illustrate the main theorem of this sectionwith an example. Let
M be a generic6-dimensionalcoadijoirt orbit of SU(3). The maximal
torus G = T2 of SU(3) actson this orbit in a Hamiltonian fashion. The
image of the momen map is a hexagon,and the codimesion-1walls of
the momen polytope are shown in Figure 1(a).

m
uu / R

upug © ugup s @ e

Figure 1. (a) The imageof a genericSU(3) coad-
joint orbit under the moment map; (b) A class® that
is 0 to onesideof a codimension-1hyperplanethrough
1: (c)-(d) Two classeswhich restrict to 0 on one side
of a hyperplane parallel to a wall of the momert poly-
tope. Their sumis ®.

Considerthe reduction at the point * indicated. Accordingto Theo-

rem1.4,ageneratingsetfor the kernelofthe mapHZ(M) ! H*(M=G(*))

would include classeswhich restrict to 0 on xed points whoseimages
under the momert map (indicated by vertices) lie to one side of any
hyperplanethrough . In particular, the class® whoserestrictions to
the xed points is indicated by Figure 1(b) would be a generatorof the
kernel becauseit is 0 to one side of the hyperplaneH. Theorem5.1
states that sud a classis redundart; it will in fact be generatedby
classeswhich are 0 to one side of a hyperplane through * parallel to
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a wall of the momert polytope. In Figures 1(c) and 1(d) we seetwo
classeswhich are in the kernel accordingto Theorem 5.1 and whose
sumis ®.

More generally let C be a connected xed point componert of the
G-action on M, and » 2 g genericsothat C is a critical manifold for
©”. Let X” bethe extendedstable manifold of C under ©”. The image
©(X?”) of X” under the momert map is not a priori corvex. Suppose
dim®©(X”) = dimg® = d. Considerthe collection of codimension-
1 walls of ©(M) that lie in ©(X ”). Theseare the imagesof S*- xed
point setsin X ”. At leastoneof thesewalls, translated to passthrough
C, hasthe property that ©(X *) liesertirely to oneside. If ©(X”) is hot
maximal dimension,then every codimension-1wall cortaining ©(X ”)
hasthis property.

We are now ready to state and prove in what sensethe walls of the
momen polytope are suxcient information for calculating the kernel
of -.

Theorem 5.1. Let ¥7 consist of hyperplanesthrough? and parallel
to codimension-1walls of the moment polytope. Let K %2 HZ(M) be
the ideal genented by classes® 2 HZ(M) which restrict to 0 on all
connected components C of M ¢ whoseimagesunder © lie to one side
of someH 2 ¥7. ThenK = ker-, whee - :HE(M)! H(M=G(?))
is the Kirwan map.

Proo& Chooseany ® 2 H; (M) where®¢, 1y = 0. By Theorem 1.4,
®2 ,,Kg(*). Wewart to shov that ® can be written asa linear
combination of elemens in K(*) where” 2 ¥ are the annihilators of
the hyperplanesthrough 0 and parallel to codimension-1walls of the
momert polytope.

Without loss of generality, assume® 2 KZ(t) for some», where
K&(*) are classegestricting to 0 on xed points whoseimage under
© lies to oneside of »* + 1. Order the connectedcomponerts of the

prove that ® can be expressedas a sum of elemerts in K5(*);” 2 ¥,
by induction on the index of the critical sets. Let C;j, be the rst
critical set such that ®c,, 6 0. Then ®c, is somemultiple m;, of

e(°.,Ci,). Let X7 be the extendedstable manifold of C;, and let ®,
be any class satisfying the properties of Lemma 2.5. In particular,
®, 2 Kg'(*)[ Kg '*(*) where”;, is perpendicularto a codimension-
1 wall H of © M) sud that ©(X7) lies to one side of H shifted to
passthrough 1. Then ®; m;, is a classwhich restricts to 0 on
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Let Ci,,, bethe rst critical set on which this classis non-zgro. Use
Lemma2.5to nd aclass®,,, supportedonX,;. Then ®; @,

1+1

is0onCy;:::;Ci,, . In this manner,weexpress®= ; ®, whereeah
® 2 Kg(*) for somechoiceof ~ perpendicularto a codimension-1wall
of the polytope. o

6. Applica tion to the product of symplectic manif olds

Let M = X, £ ¢¢¢E£ X be the product of symplectic manifolds X;,
ead with a Hamiltonian T action. Theorem5.1 allows us to sa a lot
about the reduction of M by the diagonaltorus action. We note that
the diagonaltorus T is a subtorus of the product G = T £ ¢¢E£ T
acting on M. If the torus is just one-dimensional,Theorem5.1 is not
more useful than the original formulation of Theorem 1.4. It is when
dimT , 2 that one can signi cantly reducethe number of vectors
neededto generatethe kernelof - : Hf, (M) ! HY(M=T;). We
calculate the cohomologyof the reduced spacefor a product of two
copiesof CP?s, wherewe have quotiented by the diagonal TZ action.

By the momert map condition (1), if we choosethe symplecticforms
I onX;andk!, k2 R on X,, the imagefor the momert map for the
T action on X, is that for the action of T on X, dilated by k. The
image of the momert map for the diagonal T actionon X, £ X, is the
sum of the momert maps for ead componert. Let X; = X, = CP?
and T acton X; by (W k) ¢[20 : 21 : 5] = [2o : €M1z, : €¥22,]. Choose
k>2andlet ©: X, £ X, ! tg beamomert map for the diagonal
action. Then ©(X 1 £ X,) with its walls is pictured in Figure 2.

(N, N)

(S, N, (E, N)

(N, S (N, E)

S, S

(E.S) (S.E) (E.E)

Figure 2. The image of the momert map for T¢2
acting on CP? £ CP?2.

The image of xed points are labeled and indicated by vertex dots,
and the image of xed point setsof codimension-1tori are indicated
by line segmets, which in this caseform codimension-1walls of the
momert polytope. We nd the cohomologyof the symplecticreduction
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(X1£ X2)=T; (*) where! isthe point indicated in the gure by nding
the kernelof - 1 HY (X1 £ X3) ! H*((X1£ X3)=T¢ (*)) using The-
orem 5.1. We note that there are three distinct hyperplanesthrough
1 parallel to walls of the momert polytope: horizontal, vertical, and
diagonalwith slope -1.

Consider rst H7 (X1 £ X;). By the equivariant Kénneth theorem,

(12) HT, (X1 £ X32) = H7(X1) - nz(py HT (X2);

whereTe %2 G = T £ T is the diagonaltorus. H$(CP?) is generatedin
degree2, by characteristic classesnherited from the module structure
H2(pt) ! H2(CP?), and the equivaraint symplectic form on CP2,
We usethe chosenbasisfor t° 2 H#(pt) and denotethe characteristic
classesby u; and u,. These classesrestrict to themsehes on eah
“xed point of T on CP2. Let x be (the multiple of) the equivariant
symplectic classgiven by the restrictions indicated in Figure 3.

>u2

0 -Uy

Figure 3. The restriction of the classx to the
“xed point setof T acting on CP?2.

Similarly, u; and u, are degree2 equivariant classeson CP2 £ CP?
which restrict to themsehesat every xed point of the T, action onthe
product. By (12) the classesi;; uz; x- 1and 1- x generateH (CP2£
CPZ). Hereui = ui- 1=1- u.

Note that a xed point of CP2£ CP2isapair (p;g) 2 ((CP?)T;(CP?)T).
The restriction of a classon the product spaceto a xed point is

(13) (@- Djpa = &p- Bgq
where a;b 2 HZ(CP?). The algebraic structure of these classesis
inherited by multiplication on eat xed point.

The Betti numbers for H{, (CP? £ CP?) are easyto compute. As
gradedvector spacesH7, (CP?£ CP?) = Hi(pt) - H?(CP?£ CP?).
It follows that the equivariant Poincar§ polynomial for CP2 £ CP? is
(L+ 2+ t44 ::0)2(1+ 2+ t%2 = 1+ 4t2+ 10t%+ : ::: We noted above that
Ug; Uz 1- x; and x - 1 arefour linearly independent degree2 classes.
A choiceof 10 linearly independert degree4 classess u?; u3; u;U,; X -
U X - UpUp- X;Uz- X;X- X;1- x% andx?- 1. The restrictions of
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these classesto the xed point set (CP2 £ CP?)™ is determined by
the formula (13). As an example,we computethe restriction of x - X
to the xed point set. SeeFigure 4.

g
Og———p Wby
0 \ B
0 "

H

Figure 4. The restriction of the classx- x to the
“xed point setof the diagonal T acting on CP2£ CP2,
Notice that this classrestricts to 0 on xed points
whoseimage under © lie on one side of the indicated
hyperplane through .

We haveleft to 'nd the kernelof - : H7, (CP2£ CP?) ! H®((CP2£
CP?)=T; (*)). The reducedspace(CP? £ CP?)=T, () has (real)
dimension

dim(CP2£ CP?)j 2dimT, = 8j 4= 4

Thus we expect all classesof degree6 or higher to be in the kernel
of - : Hf (CP?2£ CP?) ! H®(CP?£ CP?»)=T,(!)). In degree2,
we can easily seethat no linear conbination of the four classesabove
will restrict to 0 on onesideof any of the three hyperplanesparallel to
walls of the momert polytope. By Theorem5.1, there are no degree2
classedn ker- . In degree4, howewer, we expect nine (of ten) linearly
independert classedo bein the kernel, asthe imageof - is (a multiple
of) the volume form on the reduction. The reader can verify using
(13) that the following classesrestrict to 0 on one side of one of the
three hyperplanesthrough 1 parallel to a wall of the momert polytope:
X- X;Ulp+ Up- X;U2+ Up- X;u2i 1- x%u3j 1- x%U5§ Uz-
X;Up- Xj X- Up+ Up- Xj X- Upg+X%2- 1j 1- x%1- X2+ up- X
andX- Up+ X- Up+ X2- 1+ uiu,. They are all linearly independer,
which can be veri ed rather tediously. As an example,one can seein
Figure 4 that x- X restricts to 0 on onesideof the diagonalhyperplane
through * .
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