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Summary. We introduce the preorbifold cohomology PH∗,¦
T (Y ) of an almost complex manifold with a torus

action by T . The bigrading on this ring is by positive real numbers in the first entry, and by elements of T
in the second. We show that in the case that Y has a locally free action by T , the preorbifold cohomology
equals the orbifold cohomology H∗

orb(Y/T ) (as defined by Chen and Ruan [CR]) of the quotient Y/T . For Y a
Hamiltonian T -space, PH∗,¦

T (Y ) naturally surjects onto H∗
orb(Y//T ),where Y//T is the symplectic reduction

of Y by T at a regular value of the moment map. We introduce a finite subring PH∗,Γ
T (Y ) of PH∗,¦

T (Y )
which makes computations of H∗

orb(Y//T ) combinatorial in nature.

1 The Definition of Preorbifold Cohomology

As a vector space (indeed, an H∗
T (pt)-module), we define the preorbifold cohomology by

PH∗,¦
T (Y ) :=

⊕

g∈T

PH∗,g
T (Y ),

where PH∗,g
T (Y ) = H∗

T (Y g) is the equivariant cohomology of Y g = {y ∈ Y | g · y = y}. The product and
grading on PH∗,¦

T (Y ) are more subtle. We will come to these presently.
For a class a ∈ PH∗,¦

T (Y ), let ag denote the component of a in the summand PH∗,g
T (Y ). We will say

that a ∈ PH∗,g
T (Y ) or a is supported on Y g if ah = 0 for h 6= g. Suppose that Y is compact and T acts on Y

locally freely: that is, Stab(y) is finite for all y ∈ Y . Notice that in this case, PH∗,¦
T (Y ) reduces to a finite

direct sum over the finitely many elements in T that appear as stabilizers.

1.1 The product on preorbifold cohomology

The definition of the product in preorbifold cohomology requires the introduction of a new space and an
associated (union of) bundle(s) over its connected components. Let

Ỹ :=
∐

g,h∈T

Y g,h

where Y g,h = (Y g)h.
For any connected component Z of Y g,h, the group 〈g, h〉 generated by g and h acts on the almost

complex vector bundle νZ, the normal bundle to Z in Y , fixing Z itself. Thus as a representation of 〈g, h〉,
νZ breaks up into isotypic components

νZ =
⊕

λ∈〈̂g,h〉

Iλ

where Iλ is a bundle over Z on which 〈g, h〉 acts with representation given by λ. We define the time of Iλ

to be the sum
time(Iλ) = yr(g) + yr(h) + yr((gh)−1).

Note that time(Iλ) is 0, 1, or 2.

Definition 1.1 For each connected component Z of Ỹ , let E|Z be the vector bundle given by

E|Z =
⊕

time(Iλ)=2

Iλ.

The obstruction bundle E is the union of E|Z over all connected components Z in Ỹ . Note that the rank of
E may change on different connected components.
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Remark 1.2 Each component Z is T -invariant and hence E|Z → Z is a T -equivariant bundle. Thus there is
a well-defined equivariant Euler class ε of E: for every component Z, let ε restricted to Z be the equivariant
Euler class of E|Z . The class ε is called the virtual class of E.

Consider the three inclusion maps given by

e1 :Y g,h ↪→ Y g

e2 :Y g,h ↪→ Y h, and

e3 :Y g,h ↪→ Y gh.

The maps e1, e2, e3 clearly extend to maps on Ỹ . They therefore induce the pullbacks

e∗1, e
∗
2 : PH∗,¦

T (Y ) →
⊕

g,h∈T

H∗
T (Y g,h)

and the pushforward map
(e3)∗ :

⊕

g,h∈T

H∗
T (Y g,h) → PH∗,¦

T (Y ).

Definition 1.3 For a1, a2 ∈ PH∗,¦
T (Y ), we define

a1 ^ a2 := (e3)∗(e∗1(a1) · e∗2(a2) · ε),
where ε is the virtual class of the obstruction bundle E over Ỹ , and the product occurring on the right hand
side is the usual product in the equivariant cohomology of each piece Y g,h of Ỹ .

Remark 1.4 If a1 ∈ PH∗,g
T (Y ) and a2 ∈ PH∗,h

T (Y ), then e∗1(a1) · e∗2(a2) ∈ H∗
T (Y g,h). After multiplying by

ε, the pushforward map (e3)∗ sends this class to H∗
T (Y gh), which implies a1 ^ a2 ∈ PH∗,gh

T (Y ).

1.2 The R grading on PH∗,¦
T (Y ).

Clearly multiplication in PH∗,¦
T (Y ) is not graded if the degree is assigned in the naive way. However there is

a different definition of degree for PH∗,¦
T (Y ) making it into a graded algebra. Let g ∈ T , and y ∈ Y g. Then

TyY = ⊕jLj under the g action. The sum of the years of g on each of these lines is called the age of g at y.
Since this number depends only on the connected component Z of y in Y g, we let

age(Z, g) =
∑

j

yrj(g).

Let r : Z → Y g be the inclusion map. Let a be a class a ∈ H∗
T (Y g) such that r∗(a) ∈ Hi

T (Z) and a
restricts to 0 on other connected components of Y g. Then considered as an element of PH∗,¦

T (Y ), we assign
deg(a) = i + 2age(Z, g). Note that this grading is real rather than integral.

2 The case of Hamiltonian T -spaces

Suppose that Y is a Hamiltonian T -space with proper moment map Φ. Let F be a fixed component of Y T .
Then T acts on νF and it breaks up into isotypic components

νF =
⊕

λ

Iλ,

where the sum is over weights λ ∈ T̂ . For each component Iλ, we define the experience of Iλ under the
elements g1, . . . , gn to be

exper(Iλ, g1, . . . , gn) = yr(g1) + · · ·+ yr(gn)− yr(g1g2 · · · gn).

We denote this by exper(Iλ) when the group elements are understood. Note that exper(Iλ) is an integer
between 0 and n− 1.
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Definition 2.1 Let Y be a Hamiltonian T -space. The product ? on PH∗,¦
T (Y ) is given as follows. Let

a1, . . . , an ∈ PH∗,¦
T (Y ) =

⊕
g∈T PH∗,g

T (Y ) be elements such that ai ∈ PH∗,gi

T (Y ) for i = 1, . . . , n. We
define a1 ? · · · ? an by its restriction on each piece of the fixed point set. For F a connected component of
(Y g1g2···gn)T , define

(a1 ? · · · ? an)|F =
∏

i

(ai|F )
∏

Iλ⊂νF

e(Iλ)exper(Iλ), (2.1)

where e(Iλ) ∈ H∗
T (F ) is the equivariant Euler class of Iλ. For any fixed point component F ′ of Y g with

g 6= g1g2 · · · gn, we define (a1 ? · · · ? an)|F ′ = 0.

3 Results

Theorem 3.1 Let Y be an almost complex manifold with a T action preserving the almost complex structure.
Then (PH∗,¦

T (Y ),^) is a graded, associative ring. If Y is a Hamiltonian T space, then the identity map is
a ring isomorphism between the rings (PH∗,¦

T (Y ),^) and (PH∗,¦
T (Y ), ?).

Theorem 3.2 Suppose Y is compact and T acts on Y locally freely. Then

PH∗,¦
T (Y ) = H∗

orb(Y/T ),

where H∗
orb(Y/T ) is the orbifold cohomology as defined by Chen and Ruan.

Using this and the surjectivity results of Kirwan [K], we obtain:

Corollary 3.3 Let Y be a Hamiltonian T -space, with moment map Φ : Y → t∗. Suppose that 0 is a regular
value of Φ. Then

PH∗,¦
T (Φ−1(0)) ∼= H∗

orb(Y//T ),

where the cohomology is taken with coefficients in any ring. Moreover, the natural map

κ : PH∗,¦
T (Y ;Q) −→ H∗

orb(Y//T ;Q)

induced by inclusion of the level set on each piece Y g is a surjection.

4 Computational facility

We now introduce a subring of PH∗,¦
T (Y ) which is more computable, but in many cases contains all infor-

mation necessary to compute PH∗,¦
T (Y ). Let Γ be the group generated by all elements of T occurring as

finite stabilizers. We assume Γ is finite.

Definition 4.1 The Γ-subring PH∗,Γ
T (Y ) is a subring of PH∗,¦

T (Y ) given as a vector space by

PH∗,Γ
T (Y ) : =

⊕

g∈Γ

PH∗,g
T (Y ).

In the case that T acts on Y locally freely, this ring equals PH∗,¦
T (Y ). In the case that Y is a Hamiltonian

T -space with moment map Φ, we note that PH∗,g
T (Y ) → H∗(Y g//T ) is a surjection for each g. If g is not

a finite stabilizer, then Y g ∩ Φ−1(0) = ∅. In other words, all elements in PH∗,g
T (Y ) are in the kernel when

g 6∈ Γ. Thus the orbifold cohomology of the reduced space may computed with the Γ-subring alone.
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