
PROOF COPY 0113O3JBY

Padmanabhan Seshaiyer
Departrnenl ol Mathematics and Staltstrcs,

Texas Tech Unrversitv, Lubbock, TX 79409-1042

Jay D.  Humphrey*
Departmenl ol Biomedical Engrnecring,

Texas A&M University,
College Station, TX 77843-3120

Int roduct ion

Whcn qulur t i ly ing thc strcss-stmin bchrv iur  o l '  u ntatcr ia l .  onc
typicr l ly  sccks cxpcr intcnts that  corrcsl )ond to t ractablc boundary
valuc problcrns.  Pr imc cxarnl t lcs in l in i tc  c last ic i ty  inc ludc
tuni i tx ia l  arrd b i i rx ia l  s t lc tc l r ing tcsts wl icrc in onc locuscs on i l  gagc
lcngth or  ccntra l  region in ordcr tn avoid contplcx i t ics duc [o
" cdgc  c l l t c t s . " ' f ha t  t hc  dc l i r r r na t i on  i s  hon ro { cncous ,  o r  nca r l y
so,  in thc ccntr i l l  rcgion is  ldvantagcous l toth thcorct ical lv  and
cxpcr inrcntal ly- i t  rcndcrs thc boundary value problcrr i  t r iv iu l  ancl
i t  cnsurcs that  thc inhcrent  rvcf t rg ing in thc nrc lsurcrncnts (which
arc always ovcr f in i tc ,  rathcr  than in l in i tcs int l l .  lcngths) rcprcscnts
wcl l  t l tc  actul r l  valucs ol  s t rcss and stnt in.  In sontc c i tscs,  no\ \ 'cvcr ,
thc invcst ic l t tor  docs not  havc contro l  ovcf  thc cxl tcr intcntal  con-
di t ions.  Fol  cx lnrplc,  thcrc r r ray bc a rrcccl  to cv l r luatc nolrdcstruc-
t i v c l y  t hc  p ropc l t i c s  o l  l r n  c l as to rne t i c  s t r uc tu l c  i r r  i t s  sc r r . r c c  con -
d i t i on  o r  t o  quan t i l y  t hc  bchnv io r  o l ' n  b i o l og i ca l  so l ' t  t i s suc  r vh i l c
prcscrv ing i ts  n l t ivc gcolnctry.  ln such cascs,  rvhcrc thc associ i r tcd
boundary valuc problcm is complcx,  onc ol tcn crnploys thc in-
vc r sc  l i n i t c  c l c rncn t  n t c t hod  I l - - 3 ] .  B r i c l l y ,  no r r l r nca r  r nvc r sc  l i n i t c
c lcnrcnt  mcthods rcr lu i rc thc solut ion ol 'a lbrwl ld f in i tc  c lcmcnt
problcm (e.g. ,  solvc l i r r  d isplaccntcnts g ivcn thc loads und matc-
r iu l  propcr- t ics)  l i r r  rnany di l lcrcnt  valucs ol  thc rnatcr ia l  purant-
etcrs unt i l  thc solut ion rnatchcs ucl l  thc associatcd cxpcr imcntal
n r casu rcn l c r l t s  ( c . 1 . .  d i s l t l u ccn t cn t s ) . ' f o  l ac i l i t a t c  a  j ud i c i ous
choicc ol  thc nraterra l  l ) t ratnctcrs.  onc coul t lcs the f in i tc  c lcrncnt
solut ion ui th l  nonl incar rcgrcssion l lgor i thrn that  cst in l r tcs thc
"bcst-1 i t "  rnatcr ia l  l )aral l tc tcrs by corrrpar ing cuch l inr tc c lcrr rcnt
solut ion to the expcr intental  data in a (nonl inear)  lcast  squares
sc l )sc.
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A Sub-Domain Inverse Finite
Element Gha racterization
of Hyperelastic Membranes
Including Soft Tissues
QttttrttiJicutiott of tltc trtatltutticttl bcltuvior of htperckrstit ttu:trtbrunes itt their scrt'icc
tott.ftetrnrtiott, ytrticulttrl.r' ltiologicttl tl.l.irrr,.l, r.r oftcn clutllotging lncttu.sc oI thc conpli-
cutt'd gconrtr\', nnt(riel hetcrogcrtcitt, utrtl nonlincur belutt'ior under Jinite strains. l'o-
fttiltct.r cstintetiotr thu.s rcrluire.s.sophisticated techniquc.s Iikc thc inycr.sc f;nila elentenl
netltotl.'lhcsc tccltnitlut'.s turt ulso lx'contc dillitult to upplt', ltr.ntevcr, il thc domuin and
boundury conditions are conple,r (c.g. tt rton-u-rist'ntntctric aneurtsnt). Quonldication con
ul lcr tut t ivc ly bc ocl t icvcd bv appl t i t r l4 the intcr .se f r t t i tc  ( l (mcnt mcthod olcr .sub-donuir t .s
ruth(r lluur lltt' cntirc donnrtt. 

'l 
lrc tulrurttttgc oJ tltis tcchniquc, n'hich is consislcnl lir'i l11

.strtrttlarrl c.rpcrinetrtol pructitt', i.s tlutt onc (utr o.\.tunlc homo!,cncitt,ol the muteriul
ltclut'ktr tt.s ttL,ll us ol tlrt: lotttl .strt.s.s trtul stntitt.ficltls. lrt tlti.s pupct; yt'c dcyclop u
.sub-donnirt itter.sc Jirtitc cletnettt ntctltotl lbr churactcri:.ing thc naterial properties of'
inluttrt lnpcn'ltt.ttit rrtentltnutt'.s, ittcludirtg.soJt ti.s.;ut',t. l\7'illu,stnttt tltt pulormun<'e of
tlti.s rnetlrotl Jor tltrcc diJlcrcttt tltt.t.st'.t oJ mutcriul.y: ttco-lIookcan, Moortct,Rivlin, und
I : t u t g - c . r l x t r t c t t t r r r l .  IDOI :  l 0 . l  I  l 5 / 1 .157 .1333 ]

Kcvttord.s: Mcnbnrtrc 
'l 'hcory 

Murquartlt llcgrcs.sion, Ne*'ton-Raphson Mcthod

Although thc invcrsc I irrrtc clcmcnt mcthod has trcconrc thc
lncthod ol choicc irr rnany arcus ol cxpcrintcntal rncchanics, i t  is
not * i thout shortconrings. In part icular, in cascs whcrcin thc nra-
tcr ial is hctcrc-{cncous, i t  could bc nclr ly inrpossiblc to f ind si-
multancously a unir luc sct ol rnatcri l l  l )ar lntctct 's l i rr  nruny drl ' l 'cr-
cnt rcgions. Likcwrsc, i t  can bc di l l icult  to rncasurc, and thus
prcscl ibc cxactly. thc rcc;uisi tc boundary condit ions ovcr thc cntirc
phys ic l l  donra in .  In  thc  sp i r i t  o l ' th r t  wh ich  thc  cxpcr i rncn ta l i s t
dcsircs, therclbrc, \ !e suggest th:rt  i t  can bc advrntagcous to apply
thc invcrse f ini tc clcnrcnt mcthod ovcr scl)aratc sub-donrains
fat l)cr than the cntirc domain. That rs. onc can dcl inc a sub-
donrain via a srnal l  nurnbcr ol '  intcrconncctcd f ini tc clcrncrrts
l i ' r thin l  srnnl l  rcgion rvlrcrcin nrci lsurcnrcl l ts alc to l)c rnadc and
thcn prcscribc as boundary condit ions thc appropriatc valucs (e.g.,
displaccrncnts) of thc outcr nodcs that dcf inc thc sub-domain;
hcncc, thc nonl incar rcgrcssion can bc pcrlornrcd by compuling
finitc clcnrcnt dctcrmincd valucs at thc inner nodcs within thc
sub-ckrnuin rvith thcir cxpcrimcntal countcrparts to l ind thc "bcst-
I i t"  rnatcrial paramctcrs. Not only docs this sub-domain approach
avo id  d i l l i cu l t i cs  assoc ia ted  w i th  n rcasur rng  a l l  o l ' thc  boundary
condit ions lbr the entirc domain. i t  also al lows onc to calculatc a
srnal l  (or singlc, assuming local hornogcncity) sct ol 'mltcr ial pa-
nlnrctcfs in cach estrrnation. Onc can map ovcrl l l  matcr- ial hctcro-
gencit1,,  ol course, hy simply repeating the analysis ovcr mult iple
sLrb-dr rnu i r rs ,  thu t  i s ,  rcg ions  o l  in tc rcs t .  F ina l l y ,  th is  sub-dornr in
approach is also consistcnt rvi th thc cxpcrirncntal rcal i ty that i t  is
ci lsicf to nrcusurc ( luanti t ics at a srnal l  nurnbcr of 'krcations on a
structurc l t  rnult iplc cclui l ibr iurn conl igurations rathcr than to
mcasurc quanti t ies at al l  l t rcl t ions on ir  structurc ir t  only a f 'ew
cclui l ibr ium conligurations. Indccd, lbr nonl incar bchavior, onc
must make measurernenls over thc lul l  rangc of strains of interest,
that is, l i rr  rnany cqui l ibr ium configurations. Hence, again, thc
proposcd sub-domain mcthod is not only computational ly m(n'c
ef ' f ic icnt than a I 'ul l  inverse method, i t  is consistent with standard
prac t icc  rn  cxpcr i rncn tu i  { in i t c  c las t i c i t y .  thc  l i r cus  hcrc in .' lb i l lustrate the sub-dornain approach, we prcsent numerical
simulrt ions l i rr  prcssurizcd hypcrelast ic mcmbrlncs, includins
biological sol ' t  t issucs. In part icLrlar, wc dcnrcnstratc thc ut i l i ty ol '
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a singlc (displacernent-bascd) sub-dornain invcrsc f ini te elentent
approi lch rvherein thc sub-domain is dcf ined by four. non-
coplanar. tr iangular clcnrcnts that sharc a common ccntral nodc.
Thc displacements of the fbur outer nodes are treated as boundary
condit ions whcrcas thc displaccrlcnt ol ' thc single inncr nodc is
compared to "experimental" data via a Marquardt-Levenberg re-
grcssion t.hat dctcrmines thc bcst-f i t  values of thc material param-
ctcrs in a nonl incar lcasl.  squarcs scnsc. Numcrical sintulat ions arc
presented lbr three dil'l'erent material models-nco-Hookean,
Mooncy-Rivl in, and Fung-cxponcntial-and two di l- l 'crcnt cxpcl i-
rnent.al si tuations, the inl lat ion ol '  isotropic spherical and aniso-
trr4ric axisynrrnctr ic nrcnrbrancs. As i t  rvi l l  hc shrtrvn, thc sub-
donrairr invcrsc l ini tc clcntcnt ntcthod can cst imttc r. i 'c l l  thc
matcrial paramctcrs providcd thc cxperimcntal noisc is not cxccs-
sivc and that data can bc col lcctcd in rnult iplc cc;ui l ibr iunt con-
l igurations. Both o1' thcsc condit ions lrc consistcnt with irnple-
lDcl l t ing any sirni lar ntct lrod, and thus d0 not introducc ncw
dcnr.rnds on thc cxpcri lncntal ist.

Background

N{enrbrane Consti tut ive ' l 'heory. 
An ideal clast ic mcnrbrane

bchavcs  l i kc  a  th in  p la tc  o r  shc l l  hav i r rg  neg l ig ih lc  bcnd ing  s r i l ' l -
ncss. Cunscqucntly, thc in-planc strcsscs arc assurncd to bc uni-
l i rrm through thc thickncss ol '  a rnembranc and [hc out-ol ' -planc
strcsscs alc assurncd to bc ncgl igiblc. Lalgc clast ic dcl i trmations
ol rncrnbrancs can thus bc describcd by thc govcrning di l- lcrcntial
c( lult ions ol 'ntot ion l i rr  shcl ls by sinrply ncglcct ing al l  tcrms con-
tuinirrg bcnding l l tontcnts or transvcrsc shcurs. Thcsc di l ' l 'ercnti l l
c(Fri l t ions arc oltcn u,r i t tcn rn tcrms ol ' thc in-pl lne physical cont-
lx)r)cl l ts ol thc ( lauchy strcss fcsult i l t r t  tcnsor ' l ' .  Notc. thcfcl i)rc
that a gcncrr l  hypcrcl lst ic consti tut ir ,c rclat ion l i tr  a mcntbranc
can bc writ tcrr in physical cornponcrrts as [.1]

2' t  - -  t - .
.  t l t '  " ' t 1 1 ,

J  ) D

l - , , ,1"  1 ' , - : -  (

r . vhc r c  r r .  b .  i ,  l -  l , 2  and  r cpca t cd  i nd i ccs  imp l y  summat i on  ovc r
I  nn , l  2  l l c r  t hc  usuu l  convcn t i on .  l l c r c , 1 , , i ,  n r c  phys i ca l  co l n l ) o -
ncnts o l  thc Cruchy strcss,  1r , , ,  .  / r , , ,  arc physical  componcnts o l '
t h c  2 -D  c l c l i r r n re t i on  g rud i cn t  F .  . / 11 ; (  -  / . r r 1 . ' : :  / : 12 / . ' , 1 )  i s  t hc
c l c t c r r n i t r an t  o l  l ' ,  ( ' , i  a | c  phys i cu l  co l npo r ) c r ) t s  o l ' t h c  r i gh t
CuL rchy -C rccn  t cnso r  ( ' 1  - t ' / . 1 ' ) .  i i  i s  t hc  r h i ckncss  o l  t hc  dc -
I o r rncc l  r nc rnb ra r re ,  a r r c l  r r , i s  a  2 -D  s t r . a i n  enc rgy  l unc t i on .  No t c
thxt  11' ls  dcl incd l tc l  in i t i l l  sur l 'acc urca and i t  dcpcnds only on thc
i n -p l anc  p l r ys i cu l  con l l x )ncn t s  o l  C .  I i r l ua t i on  ( l )  a l k rws  t hc  phys i -
cal  col l1)oncnts o l '  thc st lcss r-csul tant  to bc calculatcd wi thout
knowing ths th ickncss in c i thcr  thc dcl i r r rncd or  undclbrmcd
conf igunrt ion.

Al though ident i l icat ion of  a spccr l ic  lbrm ol 'u. , (  ( i , ,1, )  lor  a g i l ,en
nratcr ia l  is  o l ' rcn vcry chal lcnging (scc [ .1]) ,  hcrc in wc assul l tc  t l ia t
such a lornt  is  known. Hcncc,  as noted abovc,  our l i tcus is  on
ci l lcul l t ing v l lucs ol  thc nratcr ia l  l )afutnctcrs thr t  arc crnbodicd in
a prcscr ibcd l i r r rn o l  r r ' .

l 'arantctcr  l js t imat ion.  Bcst- l i t  vr lucs ol  n.utcr ia l  par i rnt-
etcrs cun bc t lc tc lnt incd by nt in i rn iz ing thc crror  Lrctwccn cxpcr i -
rncntal  and calculatcd quant i t ics,  rvhich l iu. rncnrbrancs could bc
crthcl  d isplaccntc l l ts  or  rn-planc strcss rcsul tants.  In c i thcr  casc,
* 'c  rnrnint izc a ncln l inear sunt-o l - thc-squarcs lunct ion t  g iven by
thc usul l  vcctor  inncr product  as,

, : )  t r  i , t r ' l - i , t . t v , t r , l - i , 0 ,  e )
l l

whcrc 1, .  is  a vcctor  o l  atpt ' r i tnantul  ( rncasurablc)  qulnt i t ics,
f , . (b)  contains Ll tc  tu l tu l t t r t 'd  (analyt ical ly  o l  v ia thc l in i te c le-
nrcnt  ntethod) quant i t ies,  1]  is  the vcctor  o l '  unknorvn mater ia l
paralnctcrs.  and l i  is  thc nunrtrcr  o l 'cqui l ibr iurn conl igurat ions.
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Although sevcral ef l ic ient strategies are avai lable to minimize the
crror in (2), wc adopt thc Marquardt-Lcvcnberg algori thm. It  can
bc writtcn as [.1],

1 ; 7 . . ; +  7 1 1 ( ' ) . . l  t t -  - l , l '  . t i , . ( t t ) - i  
" ) t i ' l  

( 3 )

whcrc ,  . \d - / i ( i+  r ) - i ( i ) ,  thc  J rco l r ian  ,1 -1 ; , i ,1 i1 t ; t i1 t i )  to r  thc
corrcspondin-e i tcrat ion countcr r,  and 7 is thc Marquardt param-
eter. Notc that this mcthod rcquircs an init ial  gucss for D, and the
solut ion stratcgy dcpcnds on thc sizc ol '  7 in comparison to thc
nornr of Jr.,I. As the Marquardt parameter becomes largc, the
rninimization tcnds towards a mcthod ol- stccpcst dcsccntl  rs i t
bccor.r.rcs snral l ,  thc rninimization tcnds towards Ncwton's method.
This method has bccn shown to bc robust in f ini tc strain appl ica-
t ions [-5-6] and is rcadi ly avai lablc as the dclault  unconstrained
optimization Lool, leastsqrnr. in the MATLAB plat lbrm.

Tltcrc arc, ol coursc, othcr issucs (bcsidcs thc rninirnizution
process) that onc must account lbr whilc est imating parameter
valucs. Thcsc includc. rcspce t ing lct lui lcmcnts imposcd by l 'unda-
rncntal lclat ions ol 'rncchanics; rcstr ict ing thc pararnctcr scarch
spacc uscd by the regression algori thm; avoiding ovcr-
pammctcrizutionl pcrl i rrming scnsit ivi ty analyscs; dctcrrninirrg up-
propriatc conl idcnce intcrvals lbr thc paramctcrs; ctc. A combina-
t ion  o1 'a l l  t l i csc  lac to rs  i s  impcra t ivc  lo r  idcn t i l y ing  I  mbust
consti tut ivc dcscriptor ' [6],  but our l i rcus hcrctn is thc cst imarion
i tsc I l'.

Ncxt, wc discuss sornc analyt ical approachcs to obtain thc cal-
culurcd quantitics ol' intcrcst. Although thcsc arc lirnrtcd lbr most
solt  t issucs, thcy rnotivatc our subdomain npproach which dc-
pcnd-s on l ini tc clcnrcnt mcthods to obtain an appnrxir.r .ntc solut iolr
lirr )',

Analyt ical Approaches. Thc gcncral cquations gtrvclning
r.r.rcr.r.rbunc nrcchanics arc dcrivcd casi ly, but thcir solut ion is oltcn
not as str i l igl) t l i rru,erd. In cxpcrintcntnl rnvcstigations. thcrcl i)rc,
thc fbcus is ol ' tcn on simple geomctrics and loading condit ions
thr t  adrn i t  hor ru rgcncous (c .g . .  an  in -p lanc  b iax ia l  t cs t )  r r r  rx isy rn-
mctr ic (c.g.,  inl lat ion or indcntation) dclbrmations [7].

For cxanrplc, considcr a homogcncous biaxial dcformation ol 'a
p l r n a r  r n c m b r a n c .  L c t  . r 1  - t r 1 X 1 *  x 1 X r , , \ 2 -  K r X l  t - \ r X ,  a n d
.t3=tr jXi,  rvl icrc,r, ,  and X., are locations ol 'material part icles in
thc dcl ir lnred and thc undcl irrntcd conl igurations, rcspcctivcly.' fhc 

lraranrctcrs }. ;  and x i( i :  1,2) can bc "rncasured" casi ly by
tnrckins thc rnotions ol 'rnult iplc nrarkcrs that arc al ' f ixcd to thc
sul lucc in thc ccntral rcgionl in a scnsc, thcn, t l rcsc rnalkcrs dcfinc
a "sub-donrain" of intcrcst. tn" urt-nl ' -planc strctch rat io, trr,  is
oltctt  calculatcd l l -orn thc incontprcssibi l i ty constmint (. /-dct l '
:  I  ) .  Bccausc ol ' thc hontogcncous and planar strcss l icld, equi-
l ibr iurn is satisf icd idcntical ly and thc mcmbranc strcsscs (T,.) can
bc crlculrtcd dircct ly l iom (l)  providcd thc l i rrrn ol thc strain-
cncrgy lunction is known. Moreover, one can experimcntal ly mea-
surc thc principl l  strcss resultants (T,.) in tcrms ol '  uni l i rrmly
applicd norrrr lr l  fbrccs acting over the rcspcctrvc dclbrrncd
lcngths . ' fhcsc  rcsu l ts  lb r ' f ,  and ' I ' , .  can  thcn  bc  input  in to  r r
strcss-rcsultant bascd rcgrcssion algori t l int t( .)  cst ir tratc thc valucs
ol thc material parameters via (3). An examplc is in [8].

A similar approrch cln hc l i r l lowcd { irr an axisyrnmctric rnl la-
tlon ol i.l mcnrbrane. The governing dil't'erential cquations can be
solvcd cxrct ly l i rr  the principal stress resultants f ,  in terms o1'the
cxpcr-intcntal ly mcasurablc uni l i rr-rn distcnsion prcssurc / '  and lo-
cal principal curvatures l ;  (measured using edgc dctection), with
i -  l ,  2 dcnoting thc rcspcctivc mcridional and circurnl 'crcntial
drrcct ions. This yrelds l ' , ,  .  

' l 'hc 
componcnts ol the two-

dirncnsional dcl i l rmation gradient tensor l '  arc also mcasured lo-
cal ly, oltcn by tracking tr iplcts ol 'closcly placcd markcrs that arc
aff ixcd to thc surlace. Again, therefore, one actual ly interrogates
thc bchavior in a sub-donlr in. That is, providcd thc strr in-cncrgy
l 'unction x' is known, the mcmbrane stresses ( ' l ' , )  can be calcu-
latcd l iom (l)  and thrs admits a strcss-bascd estimation of thc
nratcrial l )ararnctcrs as discussed in [9].
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From thc prcccding discussion wc see that lor both rn-plane
homogeneous and axisymmctric defbrmations, onc can obtain so-
lut ions cxactly by cxploit ing thc simpli f icd gcomctry and loads.
Moreover, experimental ists natural ly seek to interrogatc behavior
in srnal l  rcgions, or sub-donrains. In ordcr to tcst ntany sol ' t- l . issucs
in thcir native geometry, however, the experimental boundary
valuc problem is much morc complicatcd rnd i t  is often too dif ' -
f icult  to obtain an analyt ical solut ion. Onc has to thcn cmploy
morc sophist icated rncthods l ike the f ini tc clcment method to sup-
ply I ,  to thc rcglcssion algori t l rrn l i rr  cst irrr lr t ing thc valucs ol ' thc
paramctcrs. We subrnit  that such f ini te elemcnt solut ions should
also bc rcstr ictcd to e sub-dornarn.

The Inverse Finite Elenrent Method
' l ' l ic 

rnvcrsc f ini tc clcrncnt nrcthod !vas introduccd carly on I l  ]
as an application o1' l ini tc elcrncnts to charactcrizc thc mcchanical
propcrt ics ol '  nonl incarly clast. ic soltds. Sincc thcn, this mcthod
has provcd to be usel 'ul  in providing relsonablc estimates of thc
lrcst- l i l  vlr lucs ol r l l r lcr lr l  l ) i l r ' tnlcters in nttrry clrsc:.

( ieneral Approach. For a given undclbrmcd configuration
and bounclury condit ions, as wcl l  as an init ial  gucss l i rr  thc valucs
ol thc nratcri i r l  l )alal lrctcrs, u displaccrncnt (or strcss) bascd l ini tc
clcrncnt rnoclcl calculatcs (as a l i rrward problern) a candidatc so-
lu t ion  and hcncc  thc  rcqu is r rc  l , .  l t .  to r  thc  surnc  undc l i r r rncc l
conl iguration and boundary condit ions, onc can mcasurc thc dis-
pl l tccnrcnts (or strcsscs) at c0rrcsltor 'rding nodal l()cl tr t ,rrs ( i ,  ) .
thcn  thc  va lucs  o l '1 ,  and l ,  l r c  e ( )n rp i l f cd  v ie  u  l cas t -squarcs
rcgrcssion mcthod to asscss thc goodncss ol '  thc f ini tc clcrncnt
solut ion. l l  thc crror in thc lcgrcssion is within thc prescribcd
tolcrancc, thcn thc gucsscd paramctcr valucs are acceptcd as the
br' .vf l  valucs; i l  not, this ploccdurc continucs i tcrat ivcly unti l
good cst inratcs arc l i tund l i rr-thc rnatcrial paramctcrs. Hcncc thc
irrvcrsc l ini tc clcntcnt ntcthod, in nonl inciu l troblcrns, sirnply rc-
r luir-cs r lul t iplc l i rrrvard solutrons buscd on updatcd "gucsscs" Ibr
thc l)aranrctcrs l l 'um thc rcgrcssion r lgori thnr. Lct us norv considcr
thc di lcct mctl lod cl l t l ) loycd hcrcin.

Finite l , l lement Franrclyork. Thcrc is an cnofl i tous l i tcraturc
avui lublc on l ini tc clcnrcnt rncthods thlt t  arc uppl icublc to solt
t issuc rncchlnics [c.g. [10-11]].  Among othcrs, thcse papcrs dcnr-
onstratc thc abi l i ty ol '  f ini tc clcntcrrt  lncthods to solvc vl lrrrus
nrcr.r.rbr-anc inl lat ion problcnrs: l t l lnar, axisyrnrnctrrc, and non-
lxisyrnmctric. I  Icrcin, lvc l i r l lorv thc dcvcloprncnts in I l3, l . l ] ,
which solvc rncnrbrrnc inl lat ion problcms using thc print ipla ol
virtuul rtork. This lbrntulat ion rcquircs that thc nct virtual work
by intcrrrr l  and cxtcn)l t l  l i r lces in rnovinr through virtual displacc-
nrcnts is zcro. Mathel l tat ical lv. wc havc

5.i d u (-1)

whcrc O,,  und O arc thc undcl i r r rncd lnd currcnt  domarns rcspcc-
t ively,  x ' is  thc str l in-cncrgy I 'unct ion def ined per uni t  in i t ia l  sur-
l lcc arcu 21,  / '  is  thc d istcnding l ) rcssurc thet  tc ts on thc currcnt
conl igurat ion in thc di rcct ion r i ,  and d, t '  is  thc v i r tual  changc rn thc
n<tdal  posi t ions.  Equat ion ( .1)  can bc rcwr i t tcn rv i th rcs l . rcct  to thc
undcl i r rntccl  conl igurat ion ( i .c .  I  tota l  Lagrangian lorntulatron)
and discrctrzcd using standard isopararnctr ic  shapc/ interpolat ion
l lnct ions rv i th thc associatcd quudratulc ru lcs.  Thc rc lat ionships
hcncc dcr ivcd rcsul t  in a systcm o1'nonl inelr  a lgcbraic equat ions
that  can hc solvcd v iu an i tcrat ivc Newton-Raphson mcthod. Notc
that  thc nonl incanty ar iscs duc to thc f in i te st ra ins (gcornetr . ic)  as
wel l  as thc const i tut ive rc lat ions (mater ia l ) .  Scc the aforemen-
troncd papcls l i t r  dcta i ls .

Sub-Don.rain Character izat ion

Al though standard inversc f in i tc  c lement ntcthods can bc vcry
uscful  in chalactcr iz ing sof t  t issucs,  they bccomc very chal lcnging
whcn thc donrain is  h ighly cornplcx (c.g.  a nonaxisyrr . r rnctr ic  an-
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Expcriment Invcrec FEM

Fig. 1 Schema of a general membrane inf lat ion. Panel A
shows f ive markers that can be tracked experimental ly using a
video system whereas Panel B shows the associated four-
elemenl compulational "sub-domain" OscO. The sub-domain
can be made as small  as al lowed experimental ly, and can be
repeated at mulliple locations on the specimen to explore pos-
sible material heterogeneit ies.

curysnr). In such cascs i t  is di l f icult  to est imatc thc matcl ial  prop-
ert ies ovcr the cntire domain (O) bccausc the matcrial is typical ly
hctclogcncous, and irnposing thc boundary condit iorrs lct luircs
rrrcasurins cach, rvhich is ol ' tcn r daunting task. Motivrtcd by thc
standard approach in cxpcrirncntal nrcchanics, a naturl l  al tcrnatc
approach would bc to solvc suclr problcms ovcr a sub-domain
(O.CO) .  ra thcr  than ovcr  thc  cn t i fe  domain ,  o f  the  t i ssuc .  Th is
sintplr{ icat ion al lou,s us to assunrc, in many cascs, that both thc
matcrial and thc local strcss and strain f iclds arc homogcncous
within the solut ion donrain. This not only hclps us in cst imating
thc valucs ol thc rnatcrial pararnctcrs, i t  also assists us in cxplor-
ing possible regional variatrons in the material propert ies over the
wholc dornarn by sirnply considcring mult iplc sub-dornains indi-
vidul l ly. Figurc I shcxvs onc such sub-doniain O. (crnbeddcd in
thc rvholc domain 1)), consist ing ol l ivc non-coplanlr nodcs that
dcmarcatc l i rur non-coplanar tr iangular clcmcnts. Sincc thc nodcs
ol thc sub-domain I),  arc choscn sul ' f ic icnt ly closc, thc curved
boundarics thrt conncct thc rcspcctivc nodcs can bc wcl l  approxi-
matcd by straight l incs. I t  rs cmphasizcd, howcvcr, that thc f ivc
nodcs dcmarcating O. nrust bc non-coplanal '  to capturc the cur-va-
tufc ol an inl latcd mcnrbranc: l i rr  planar problcnts thc nodcs can
bc coplanar. Morcover, f ive nodcs appcar to bc a minimally ad-
visrblc sct, lbr thrcc nodes arc rccluircd in crch o1'thc two in-
planc dircct ions to approximate thc corrcsponding curvaturcs. T'hc
discrct izcd system rcsult ing lrcm thc principlc ol '  vir tual work
(i .c.,  thc lbrrvard problcm) is solved via I  Nervton-Raphson i l .cru-
t ivc proccdurc. Hcncc, onc can obtain c'alculatcd ( l ' , . )  solut ion
scts l i rr  a varicty ol cqui l ibr ium conligurations.

Just as in the case of axisyn-rmetric inl lat ions, one can pcrlbrm
non-axisyrnmctric rncmbrane inf lat ion cxpcrimcnts by placing
rnar-kcrs on thc surlacc o1'the spccimcn and tracking thcir posi-
t ions at various prcssurc lcvcls. Dctai ls of a video-bascd system
lirr pcrlbrrning such l ini tc strain inf lat ion tcsts on bionrcmbrancs
can be lound in I t-51. The posit ional data thus obtained yields the
cxpcrirncntal ly ncasurct l  displaccmcnts fr-, ,) .

Agl in, thcrclbrc, calculatcd valucs ( y,.(r)=,r ' , . ;  can thcn bc
cornprrcd rvith thc cxpcrimcntal data 1f,.=,1,.1 in thc Marcluardt-
Lcvcnbcrg rcgrcssion algori thm to cst imatc valucs ol 'cach mltc-
r i l l  parameter. Because the goal cl l ' this paper is to evaluatc thc
potcntial 01' such estimations, wc must know thc truc solut ion.
Hence, we generate "experimental data" by adding random noisc
to a lbrward f ini tc elcment solut ion as,. i , .=i.anoise. The robust-
rtcss ol '  t l ic invcrsc mcthod can thcn bc chcckcd casi ly, as thc
estimated parameter values must be close to the parameter values
thut wcrc uscd to calculatc thc lbrward solut ion,i ,  .  Ol-coursc. the
finitc clcmcnt solutron must exclude r igid body motion. This is
accorrpl ished by prescribing displaccmcnt boundary condit ions.
Notc, thcrcl ir lc, that thc cxpcrinrcntal ly nreasured marker loca-

Iu,,,,,,,,n- |,,,,,,

Tracking 2
Markers /

.  z ? :
\ \ J t \

Non-Coplanar
Element

i"'g

JUNE 2003,  Vol .125 |  3



PROOF COPY 0113O3JBY

tions (. f"),  at cach pressure configuration, serve two functions: in
the cusc o1' f ivc markers, the outcr l 'our servc as displacement
boundaly condit ions in the invcrsc f ini tc clcrncnt solut ion rvhcrcas
the inner one scrves as an cxpcrimcntal measuremcnt to which thc
invcrsc I ini tc clcmcnt solut ion can bc colrDarcd in a nonl incar
least scluarcs scnse. Bccause ceeh marker is located by three co-
rurdinatc valucs, cach supplics rnult iplc picccs ol '  inlbrmation for
cornparing the theoretical ly cornputcd and cxpcrimcntal ly mea-
surcd location. Morcover, markcr posit ions at mult iple cqui l ib-
r iunr configurations ( i .c. prcssurcs) providcs thc r lvcr-dctcrnt incd
cquations needed in least squarcs cst imations.

In ordcr lbr thc sub-dornain problcrn. as prcscntcd, to bc wcl l-
poscd, onc nrust prcscribc carcl 'ul ly thc boundary condit ions. In
othcr words, spcci lying more than thc rcquircd boundary condi-
t ions on sonrc l)art ol ' thc boundary, prcscribing no boundary corr-
dit ions, or prcscribing l 'ewcr than lhose rcquircd might rcndcr thc
sub-donrain problcrn i l l -poscd. O1'coursc cxpcrimcntr l ists lrc in-
tercstcd in thc minimunr number ol nodcs ( i .c.,  cxpcrimcntal rnca-
surcmcnts) at which boundary condit ions nccd to bc spccif icd to
kccp thc problcnr rvcl l-poscd.

Considcr a sub-domatn O, consist ing ol '  rr  nodes. This sub-
dorrtarn is l lart i t ioncd into a sct of non-ovcrlapping, notr-colt larrar
t r iang lcs  Z ;  (as  in  F- ig .  l ) ,

\ 1 , - 1 . 1 U 1 . 1 . . . U 7 , , ,

such that no vcf lcx ol onc tr iangle lrcs on the cdgc ol '  anothcr
tr ianglc. Lct us assunrc. t(x), that thc clcrnental st i l ' lhcss nt:rtr iecs
can bc cornputcd crsi ly as in I l3, l . l ] .  Thcsc local clcntcntal rna-
tr iccs arc thcn asscrnblcd to l lui ld thc tt lobrl  systcm consistrng ol '
3rr ccluations and Jri  unknorvns (rvith 3 displaccrncnts per nodc),
Lct N bc thc nurnbcr ol ' fzc nodcs on which the minirnization wil l
l r c  pcr l i r l rncd  in  r l l  th rcc  d i rcc t ions .  Hcncc ,  wc  t rca t  r r -N(= / . )
ttodcs to l'tc.li.rctl, that is, whcrc thc displaccmcnt boundar)' con-
dit ions arc prcscribcd. -fhc globul systcnr crn thus bc rr l i t tcn rs,

whc rc  t hc  b l ock  ma t r i c cs  K ,  o l  s i z c  3NX3? r / ,  K ,  o l ' s i z c  3N
X-31 . ,  K . r  o l  s i z c -3LX3N and  Ka  o l ' s i z c  - l / ,X - l / ,  a r c  co l l poncn t s
ol ' thc tangcnt  st i l lhcss mlt r ix :  qI  and qr f  arc thc posl t ions cor-
rcsponding to thc nodcs that  arc. / i t r r l  and not  . l i . \ (d rcspcct ivc ly;

Q1 and Q2 l rc thc coml)oncl l ts  01' thc load vcctor .  By prcscr ib ing
thc boundary condi t ions.  the abovc systcm cl l t  bc (p l r t i t ioncd)
lcduccd to.

K Ot r - - t
whcrc,

Sphcrical
Membrane
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K=Kr-K-rKi rKr

and

f :Qz KrKr tQr.  (8)

Hence a stfficient condition fbr choosing the number ofy'ee nodes
rvould bc to guarantee that the matriccs K1 and K are non-
singular. l t  can bc shown that this condit ion is cqurvalent to sc-
lcct ing wcl l  the strain-energy lunction u, (e.g. convex). Since the
lirrm ol' x' dictatcs the numbcr ol' thc rnatcrial paramctcrs, thc
singulari ty condit ion also resricts the parametcr scarch spacc.

I l lustrat ive Results

Lct us now considcr rcsults lbr thrcc spccif ic classcs ol '  matc-
r ials: nco-Hookean, Mooney-Rivl in and Fung-cxponential.  These
nratcrial modcls arc not ncccssari ly thc hcst dcscriptors ol- mcm-
branc bchavior undcr f ini te strain, thcy arc simply commonly
u  scd .

l'ornrs of Strain-llnergy l'unctions. Thc 3-D Moone y-Rivlirt
rnoclcl is givcn by,

l V : c r [ ( / r - - 3 ) + l ' ( 1 2 - 3 ) ]  ( 9 )

rvhcrc c 1 (having units ol 'strcss) and l '  (dinrcnsionlcss) arc nratc-
r ia l  pararnc tc rs  and 1 , ,  / ,  a re  p r i r rc ipa l  invar ian ts  o1 ' the  r igh t
Cauchy-Grccn tcnsor  C.  Notc  tha t  v -Wl l  whcrc  / /  i s  the  th ick -
ncss ol thc undcl irrrncd nrcnrbranci i t  is also convcnicnt thcn to lct
c=ctl l .  Whcn I '=0, (9) becomes a nco-I lookcan mo<lcl.

For rncmbranous sol-t tissucs, howcvcr, thc /jrlrg cy)oncntiol
rnodcl is ol ' tcn uscd. l t  is.

r t ' : t l c v  I  ) (  l 0 )

w h c r c  Q - c ' 1 : j , + c ' 1 i j , + 2 c ' | i 1 1 E 2 1  a n d  1 : 1 1 ,  r ! 2 r  r r c  p r i n c i p a l

con lponcn t s  o l ' t h c  2D  C rccn  s t r a i n  t cnso r  U -0 . -5  (C . - l ) .  11c r c ,  c
is a nratcr ia l  paramctcr  having uni ts o l ' l i r rce/ lcngth and c1 ,  r '2  and
(r  r rc d inrcnsionlcss.  Thc Fung-cxponcnt in l  rnodcl  can also bc
wri t tcn lor  the casc ol  isotropy (c r  :  c : )  in tcrnrs o l ' lhc invanants
o l  t hc  2 -D  Grccn  s t r r i n ,  J1  and , / 2 ,  us

'  
, r ' : ( ' ( c t J i + ) l | J ' -  l ) ( i l )

whcrc t,  rr and B nrc thc matcrial paramctcrs.

Results for Inflated Spheres. Lct a sub-domain O, on thc
surlrcc ol :r  thin-wallcd sphclc (dornl in O) bc dcrnarcatcd by l ivc
non-coplanar nodes (Fi8. 2A), cach defined by undclbrmcd coor-
dinutcs (/ t ,G),<b). ' i 'his dcf lncs l i rur l incar [rut non-cuplanal tr ian-
gular clcmcnts, cach sharing onc comlnon nodc. Lct thc sphcrc bc

SuMomain
Mcsh A.

axisymmetric
mesh

Axisymmetric
Membrarrc

(1)

f  x '  K , l  q '  I  le , ( 5 )
lK . .  K . l i q ' "1  l o : l

( 6 )

Fig- 2 Schema showing a possible lour element sub-domain on an inf lated
sphere (panel A) and an axisymmetrical ly inf lated membrane (panel B). The
latter also shows a three noded element used in the forward problem in an
axisymmetric f ini te element solut ion.
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lsotroplc rn i ts responsc and inf lated by an unrform dislension
pressurc  P l  cach node thus  d isp laccs  to  i t s  new pos i t ion  ( r ,0 ,61 .

Duc to axisynrmetry, thc currcnt. coordinates and thc undc-
fb rmed coord ina tes  w i l l  be  re la ted  as ,  r - r (R) ,  d :O,  6=<p.  po t
this pcrl 'cct ly sphcrical gcomctry, rve also know that the principal

strctch rat ios and the curvatures respcctlvely satisfy, tr l : tr ,
-r/R md ky=l;,= l i r .  The out-of-planc stretch rat io is calcu-
latcd lrom material incompressibi l i tY trr-/r /H: l / trr ,  with L
:r/R. Once the specif ic fbrm of the strain-encrgy function ru is
known, the principal stress resultants I1 and 7'2 can bc dcrived as
a function of tr from ( I ). Note that the distension pressure P can
a lso  bc  c l l cu la tcd  as ,  P( I ' )=2 ' l ' (1 , ) l r ,  where  f ( t r )=7 ' r ( t r )
-  7 ' : ( \ ) .

Figurc 3 (top; middlc) i l lustratcs the rcsponse of a spherical
nco-l lookcan menrbrane (R:2.5 mnr) under inf lat ion as a lunc-
t ion 01' the unitbrm stretch rat io \  e [  1.1,1.2]. Thc exact solut ion
lb r  thc  s t r .css  rcsu l tan t  l k rm ( l ) rnd  (9 ) ,  w i th  [ - :0 ,  i s

' t .6

1 . 4

|  1 . 2

'l ( t2)

Wc non-dimcnsional izc thc prcssurc as / '*:  / 'Rlc and thc strcss
resultant as 7'* = 7' lc. Experimental data were simulated by add-
ing Gaussian noisc, with a meln ol '0.0 and standard dcvration of
0.01 mnr (with lcspcct to thc sizc ol ' thc sphcrc), to thc dcl irrrncd
posit ions. ' fhc sub-dorrain method was then used to estimatc thc
singlc nratcrral pararlrctcr. Wc show , '* -6lct,  whcrc r ' ,  is thc truc
valuc (r.c.,  r , l luc uscd in lhe l i rrrvard problcm to gencratc thc
dirtn). Wc wil l  dcnotc thc truc valuc ol ' thc matcrial paramctcr by
a sol id l inc in al l  thc graphs l iom hcrcon. Figurc 3 (bottom) shows
that thc sub-domain invcrsc f ini tc clemcnt est imated paramctcr
altproachcd thc truc valuc with incrcasing prcssurization ( i .c.,
strctch ).

Givcn that thc incrcasing strctch in Fig.3 also corrcsponds to
incrcasing thc numbcr ol '  cqui l ibr iunr conl igurations-which is
casicr l i rr  thc cxpcrimcntal ist to achicvc than incrcasing thc data
col lcctcd at cach conl igurirt ion-thc utr lr ty ol '  this wls cvaluatcd
lirr cach ol l.he thrcc rnodcls. 'fhc 

norrnalrzcd matcrial paramctcrs
l irr  clch rnodcl lrc plottcd in Fig.4, -5 and 6, rcspcctivcly, lbr 20
cqu i l ib r iunr  con l igura t ions  up  t ( r  u  rn rx imum prcssurc  o l '160
mmHg. 

' l 'he 
truc ,ualucs ol '  the dimensionless parameters were

f '=0 .E9 l iu  thc  Mooncy-R iv l in  modc l  and u=0.2 ,  F-  1 .0  l i r r
thc Fung-cxponcntial model. These f igures show that the esti-
nratcd nratcrial pararnctcrs ( l i rr  thc respcctivc rnodcls) approachcd
thc truc valucs as thc numbcr ol 'cqui l ibr ium conligurations in-
crcascd, thcrcby rcducing thc crror associatcd with thc paramctcr
cst inrat ion.

Pcrhaps thc grcatcst inrpcdimcnt to robust paramctcr cst lmatlon
is  thc  l l r cscncc  o l ' cxpcr in rcn ta l  no isc  I l l .  l l cncc ,  wc  tcs tcd  thc
pcrl ir lnuncc ol our nrcthod l irr  al l  thrcc rnodcls using di l lcrcnt
leval.s ol c.rperincntul rtoi.st' (standard devirtion lhrn 3
x l0 I  tntt i  to lx I0 a rt .un. which rvas addcd to thc l i rrward
solut ion to gencrate data l i l r  thc invcrse problcm). Thc rcsults arc

/ ' r r r=2 / rc  ( r  J )
0.9  L

1 . 1 ' t . 12  1 .14  1 . ' t 6  1 .18  1 .2

o . 2

1 . 5't .'l 1 . 1 2  1 . 1 4  1  . 1 6 1 . 1 8 1.2

1.04
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STRETCH RATIO 0,)

Fig. 3 Results for the inf lat ion of a neo-Hookean spherical
membrane as a function of the in-plane stretch ), .  The top and
middle panels show the malerial response for moderate
stretches, less than that associated with a l imit point instabi l i ty
(). :7116). The bottom panel shows the estimated value of the
neo-Hookean parameter for increasing values of )r,  which in-
cludes increasing numbers of equi l ibr ium configurations.
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Fig. 4 Estimated parameter values versus number of equi l ibr ium configurations for a neo-
Hookean sphere inf lated to a stretch of 1.33; noise is 0.0'1,
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Fig. 5 Similar to Figure 4 except for a Mooney-Rivt in sphere
inf lated to a strelch ol 1.33 ( l ' :0.89): noise is 0.01,

shown  i n  l ; i g . 7 ,8 l r r d  9 ,  r c spcc t i v c l y ,  l i r r  cuch  n todc l .  A l t hough
al l  thc rcsul ts sccl l t  to bchavc as cxpcctcd ( i .c .  thc rc lat ive cnor in
thc cst imutcd rnatcr iu l  paralnctcrs incrcascd ntarkcdly wi th an in-
crc lsc in cx l tcr imcntal  noisc) ,  r rotc that  thc crror  in l )aralneter
cst imtt ion is  the lcast  l i r r  thc neo-Hookcln nrodcl  and grel tcst  l i t r
thc l rung-cxl toncnt i i l l  n todcl .  Onc tcason lbr  th is is  thc nunrbcr o l '
ma tc r i a l  pa ran t c t c r s  i n  cach  n rodc l :  I  l b r  nco -Hookcan  ( c ) , 2 l b r
M t x r n c y - R r v l i n  ( r ' , 1 ' )  a n d  3 l i r r  F u n g - c x 1 ) o n c n r i a l  ( c , r r , B ) .  A s
cxpcctcd,  tcst ing thc robustncss ol '  a rnul t ipalantctcr  const l tut ivc
rc latron is  a morc scvcrc tcst  l i t r  thc paramctcr  cst imat ion and
cxyrcr inrcnt l l  crrors wi l l  p lay a rnorc in l lucnt ia l  ro lc in such cascs.
Thc bchavior  o l  thc crror  in thc pararnetcr  cst tmat ion l i ) r  thc
[ 'ung-cxponcnt ia l  ntodcl  is  n lso duc to thc cxponcnt ia l  tcrnt .
wh i c l t  i s  v c r y  s r . ns i t i \ e  t ( '  c \Pc r i n t cn t i r l  r r o i sc ,  and  co - l i n c l r i t y
bctwccn c and thc cxl )oncnt ia l  p i r famctcrs.

Ol  coursc,  i t  is  dcsirublc to prcscr ibc an acccptablc bound lor
thc s izc o l  thc sub-dolnair r  O, in compar ison to the s izc o l  the
cnt i rc dorni l in  O. [ ;or  th is,  wc inscr ibcd thc sub-dortra in O. ins idc
a c i rc lc o l ' r ld ius 1-r ,  which was dcl incd by thc ntaxintum distancc
bctwccn thc ccntcr  and thc othcr  nodcs.  Wc pcr lbrmed paramctcr
cst i lnut ions l i r r  cach ntodcl  t ry vary ing thc r l t io  p/R. I t  was ob-
scrvcd that  thc tangent-st i l l 'ncss matr ix  in (6)  becomes s ingular  i l '
thc r -at io bccontcs grcatcf  than 0.1,  thus conl i rnt ing that  cxpcr i -
nrcntal  rcgtons ol  lntcrcst  rnust  bc "snt l l l "  to cr lsurc gOOdncss ol '
thc approxintat ion al ' l i r rdcd by l incar t r iangular  c lcmcnts.  I t  must
bc notcd,  howcl 'cr ,  that  th is bound rvould dcncnd on thc sncci l ic
Ibrm of-  the stra in-cncrgy lunct lon.

()eneral  Axisyrnnretr ic  In l lat ions.  So lar ,  wc havc consid-
crcd s imulated cxpcr imcntal  data lbr  the case of  the uni form in-
l lat ion ol 'an isotr-opic sphcncal  ntc l l rbranc.  This s implc boundary
valuc problcnt  can bc considcrcd as a convenicnt  patch test  tor
our mcthod. A morc str ingcnt  tcst ,  howcvcr,  is  provtdcd by thc
in l lat ion ol -an axisymmctr ic  mcmbranc having rcgronal  var iat ions
rn mater ia l  propcrt ies.  Such a problem conesponds to that  of  a
sub-cluss ol '  idcal izcd saccular  lutcurysnts-wi th a mntcr ia l  sym-
nrct ly  that  v i r r ies l incar ly l ) 'o ln isotropic at  thc polc to ntaxinta l ly
or thotropic at  the bxsc-as studicd in [16] .  Herc,  * ,c rv i l l  s imply
add randonr noisc to thc cornputed nodal  d isplaccmcnts and usc
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Fig. 6 Similar to Figure 4 except for a Fung-exponential
sphere inf lated to a slretch of 1.1 (u:0.2,11:1.0); noise is 0.01.

thcse "data" as input to our sub-domain invcrsc l lni tc elcmcnt
codc. Bricf ly, in [16], both thc undcl irrnrcd and thc dcl in-mcd con-
f igulat ions wcrc dcscribcd by gcncrator curves that wcrc rotatcd
about a conrnron axis. Cyl indricl l  coordinates wefe uscd to map a
rt l t tcr iel part iclc nt (11,7,) in thc undcl irrmcd conl igurutrtrn t tr
(r, :)  in thc defbrmed configuration ( d: (:)  lbr axisymmetry). The
undcl irrrncd (R,Z) and thc dcl irrmcd (r, :)  posrt ions wcrc ap-
proxinratcd via isopararnctr ic intcrpolatron I I  7].  Thc rntcrpolat ion
l 'unctions wcrc takcn to bc quadratic in ( with thc ccntcr nodc at
(- 0 (Figurc 21J).

To generate expcrimcntal data liom a lbrward problem, we
chosc u singlc clcmcnt along the arc lcngth and rotatcd thc nodcs
in 1/ to obtain a f ivc noded sub-domain (similar to thc one on the
surl 'acc ol ' the sphere) in both the undefor-mcd and thc delbrmcd
conligurations (Fig. 28). Noisc was thcn addcd randurnly to thc
displaccmcnts o1' cach ol '  thc f ive nodes del ining thc sub-domain
and thc rcsult ing locations scrvcd as cxpcrinrcntal data (, \- , ,) .  Wc
also con-rputed thc f ini tc clement solut ion ( l iorn our codc) lbr thc
samc set ol undelirrmcd coordinates and the pressure configura-
t ion wrth displaccnrcnt boundary condit ions spccif icd at thc outer
fbur nodes of the fir,e noded sub-domain, again keeping the com-
mon centcr node as ay'z,c node. Thc init ial  gucss ol ' the values ol '
rnaterial parameters wcrc choscn in such a way that convergence
is guaranteed in the solut ion. The solut ion hence computcd scrvcd
as thc culculatrrl (-r-,.) data that wcrc comparcd with the cxpcri-
mcntal data (-r-, ,)  rn a least-square scnse.

For purposcs ol '  i l lustrat ion, lct thc total numbcr ol '  clcmcnts
uscd in [16] be 24 and the rnaterial model be Fung-exponential.
Thc simulat ion was pcrf ormed fbr 20 incrcasing cqui l ibr ium con-
l igurations up to a rnaximum prcssurc of '  160 mmHg. Morcovcr,
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Fig.7 Estimated parameler values as a function of increasing experimental noise for a neo-
Hookean sphere inf lated to a stretch of 1.33 via 10 equil ibr ium configurations.

considcr a tncmbranc cxhibit ing orthotropy. The frung-cxponcntial Fronr [3].  thc truc valucs ol thc matcrial paramctcrs wcrc c
strr in-cnclgy l 'unctron can bc cxprcsscd, using (10), with :0.8769 N/m, c1=4.50 and cr: 1.18. Wc l irst cst imarcd thc val-

Q:,:.t.,r2(,, t2)Jllai(c'+c2-2c1)r. {r11 }[1r:]r'::.lifT:,:il:il.$:,i:' i l jJ::,ilJ;::..,llt:i:il:ll
whcrc J, and -/.  arc invariants of ' thc Cfccn strain. In 6rdcr te l0 in thc l i l rward problcm. From (14), thc valuc ol 'c2 is calcu-
al low rcgional vari l t ions in anisotrolty, t l rc rat io c r /c ,  wrs al-
lowcd to vary l ' rom clcmcnt to clcmcnt as.

whcrc / r ,  is  thc local  c lcnicnt ,  r ic  is  thc tota l  nurnbcr o l 'c lcments,

7 - ,  i s  t hc  o rdc r  and  M-c ) l ( ' t i , , , , , . .  t hc  r a t i o  a t  t hc  basc  o l  t hc
i n l l a t cd  rnc rnb la r r c .  
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Fig. 9 Similar to Figure 7 except for a Fung-exponential

Fig.8 Similar to Figure 7 except for a Mooney-Rivl in sphere sphere inf lated to a stretch of 1.05 via 1O equil ibr ium configu-
inf lated to a stretch of 1.33 via 10 equil ibr ium configurations. rat ions.
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l a t cd  ovc r  t hc  k r ca l  c l cn t cn t  l 0  ( u , i t h  7 r : 3  und  M- .1 .25 )  t o  bc
5 .37 . ' l ' h c  l c l i  panc l s  i n  F i g .  l 0  ( l c l t  panc l s )  sho$ , s  how  wc l l  cach
ol  t l lc  matcf ia l  paratnctcrs ( ,  (  l .  (  r  and . .1 arc cst i lnatcd l )y our
schcnrc as thc nurnl tcr  o l  c t lu i l i l t r iurn conl igurat lons incrcuscs.

In ordcr to dcmonstr i t tc  thc pcr l i t rntancc ol 'our mcthod wi th
rcgionxl  vat ' ia t ions in ntatcr ia l  par i t lnctcrs ovcr thc cnt i rc dontain.
wc l 'c l )catcd our s imulat ions on l t  . l  e lcntcnt  sub-dorrain lbrnrcd
by c lcnrcnt  l7 in thc l i r rwurd problcm. Thc t ruc vulucs ol  c ,  c l
and (  r  urc thc san.rc as bclbrc \ \ ,h i lc  thc vt luc o l ' . ,  can bc ct lcu-
lutccl  l l .orn (1.1)  ro bc 9.42.  Figure l0 ( r ight  pancls)  oncc again
i l lust lutcs how closcly thc valucs ol  thc ntatcr ia l  paramctcfs r rc
cst intatcd to thc t ruc valucs wi th increasing numbcr of  cqui l ibr ium
conl igul ' i l t ions.  For cornplctcncss,  wc also considcrcd a rnatcr ia l
c xh ib i t i ng  i so t r opy  ( r ' r - r ' : )  wh i ch  can  bc  i r np l cn t cn t cd  by  choos -
t n g  M :  I  r n  ( l : 1 ) ,  W c  u s c d  c - 0 . E 7 6 9 N / r n ,  c 1 - r ' : : 1 1 . 8 2  a n d
( r -  I . l 8  i r s  t hc  t r uc  va lucs  t o  s i n tu l x t c  t h i s  i so t l op i c  bc l r l r , i o r .
Oncc again,  thclc was al i  cxccl lcnt  recovcry o l - thc mater ia l  pa-
ral ) rctcrs (not  shown).

Conclusion

Thc numcrical l 'esults prcscntcd in this papcr suggcst that one
can cmploy invcrse f ini tc clelncnt mcthods ovcr sub-domains
rathcr than thc cntirc domain to dctcrnt inc mcntbnlnc propcrt ics
whcn the associatcd boundary valuc problem is complcx. With
this tcchniquc onc can now (luanti ly thc ntcchanical bchrvior ol '
complcx solt-t tssucs l ikc intracranial saccular aneurysms and also
dcsign the rc(luisi tc cxpcrintents. ' l -his tcchniquc al lows chafrctcr-
izatron ol ' thc rcgional variat lons in thcsc l)r() l)crt ics.
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Fig. 10 Estimated parameter values for an orthotropic Fung-exponential material over ele-
ment 10 ( left  panels) and over element 17 (r ight panels). See text for detai ls.
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