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Abstract

In this paper, we develop a nonconforming finite element methodology using a three-field formulation to analyze a
fluid-structure interaction problem. The methodology is used to couple a Lagrangian model describing the structure
with the arbitrary Lagrangian—Eulerian strategy used to describe the fluid in order to simulate a full unsteady physical
phenomenon. Consistency error estimates are obtained which show that the numerical scheme employed yields a first
order approximation for the solution to the fluid—structure interaction problem. Finally, we present a discrete energy
estimate to demonstrate the stablity of the proposed method.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

An efficient solution to a fluid—structure interaction problems is still a challenging one in computational
mathematics. Direct numerical solution of the highly nonlinear equations governing even the most simpli-
fied two-dimensional models of fluid—structure interaction requires that both the flow field and the domain
shape be determined as part of the solution, since neither is known a priori. Previous algorithms have
decoupled the solid and the fluid mechanics, solving for each separately and converging iteratively to a solu-
tion which satisfies both. However, in order to predict the dynamic response of a rigid or flexible structure
in a fluid flow, ideally the equations of motion of the structure and the fluid should be solved
simultaneously.
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While solving the fluid-structure interaction problem as a coupled problem, it is important to realize sev-
eral key facts:

o The fluid produces tractions that deform the structure. These deformations alter the flow field and hence,
result in modified fluid tractions.

e The structural equations are usually formulated with material (Lagrangian) coordinates, while the fluid
equations are typically written using spatial (Eulerian) coordinates.

e The nodes on the fluid mesh are attached to the surface of the structure and have to move as the struc-
ture deforms.

Hence, the solution of the coupled fluid—structure dynamic equations can become very complicated and
also can lead to severe mesh distortions when the structure undergoes large deformation. A variety of ap-
proaches have been developed to solve fluid-structure interaction problems, including the co-rotational ap-
proach [11,16], dynamic meshes [2], parallel methods [15] and the arbitrary Lagrangian—Eulerian
formulation [9]. A more general overview of numerical methods to study fluid—structure interaction prob-
lems can be found in [17].

To support a flexible meshing procedure for a fluid—structure interaction problem, it is crucial that an
efficient method be employed to join the fluid and structure sub-meshes together, even though the finite ele-
ment nodes of the fluid and structure at the common interface may not, in general, be coincident. To
accomplish this one may employ a Lagrange multiplier to take care of the continuity constraints, i.e.,

us—uF:() on FSF,

where I'sp = 0Qg N 0QF is the interface between the fluid domain Q and structure domain Qg and ug, ug are
the values of the test or trial function u on I'sy from the two sides. Here ug may represent the velocity of the
fluid and ug the time derivative of the displacement of the structure. With such a technique, the above equa-
tion is enforced only weakly, with the jumps ug — ur being made orthogonal to a space of Lagrange mul-
tipliers on I'sk. (An alternative method, not involving Lagrange multipliers, could be based on hanging
nodes, see, e.g., [8,18].) The mortar finite element method (see, e.g., [3-5,10,19,21,22,24] and the references
therein) is one example of a Lagrange multiplier technique. These methods are becoming increasingly pop-
ular as specialized domain decomposition techniques for treating second-order partial differential equations
on any type of domain, with very few restrictions on the grid related to the discretization procedure. One
can also employ much more general three-field methods, where one also has a third field z on the interface.
This variable corresponds to the exact solution on I'sg, and one now introduces two Lagrange multipliers
to deal with the constraints

us—z=0, up—z=0 on Is.

See, e.g., [1,6,20] for variants of this idea.

The purpose of our paper is three-fold. First, we present a nonconforming finite element formulation for
a fluid—structure interaction model problem using a three-field approach. Secondly, we prove a consistency
result satisfied by the finite element solution for the numerical scheme presented. Finally, we present a dis-
crete energy estimate for the proposed method which confirms the stability of our scheme.

2. Model problem
Let x = (x,x,) € R*. We consider an initial configuration of two rectangular domains Q% = [0, 1] x [0, 1]

and Qf = [1,2] x [0, 1] coincident at the initial interface 7, = {x : x; = 1,0 < x, < 1}. Assuming that a vis-
cous incompressible fluid occupies Qg(¢) while an elastic structure occupies Qg(?), the interface between the
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two may move as the system evolves (see Fig. 1). At any instance ¢ > 0, we model the change in fluid veloc-
ity u = (u;,u,) € R? and pressure p using the Navier-Stokes equations,

2 ou;  u op Ou,
e e )| e =l 7t 1) g

i=1

for j=1,2 and Vx € Qg(¢). Here, ug is the dynamic viscosity of the fluid, pg is the fluid density, and
f=(f1, fz) is the applied force. Additionally, due to the incompressible nature of the fluid, V- u = 0. Apply-
ing the incompressibility condition, Eq. (1) becomes for j = 1,2,

a—t"— vAu‘,-—i—u-Vuj—i—aj:fj, (2)

Vx € Qr(?), t = 0, where v = Z—; is the kinematic viscosity and p = %.

Now let d represent the displacement of the structure from its initial position. Then we can model the
change in d using only the initial solid domain Q3. The structure is modelled via the equations

2.0 od;, od, d %d,
; o [ (ax, +§)} +iaj(v'd) _pS<at2 _gj> (3)

J

forj=1,2and Vx € Qg, where 4 and ug are the Lamé coefficients, ps is the solid density, and g = (g1,£>) is
the applied load on the structure. Letting u = ug and ¢ = %A, Eq. (3) becomes for j=1,2,

O g, — o2 (v d) = (4)
o ‘o — &

J

Vx € Qg On the left boundary of Qg(f), we assume a no-slip condition. On the upwind boundary
{x:0< x; <1, x, =0}, we fix the interface y at its original position and assume zero velocity. Assuming
that the velocity on the downwind boundary I'pw is known and in the downwind direction, the boundary
conditions for u are given by

u— {0, X € aQF(I)\{y U FDw},
(O,a), X € I'pw.

We also assume homogeneous Dirichlet boundary conditions on 0Qg(¢)\y. On the interface, we enforce
continuity of the velocities, i.e.,

od
u|y _EXIZI’ (5)
as well as continuity of flux,
Arl, + Asl,, =0, (6)
IﬂDW
0 YO 0 t > !
QF QS QF(t) Qs (®

Fig. 1. Deformation of the fluid and solid sub-domains over time.
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where /l%” = v(Vu; -n) — pn; is evaluated on 7, the interface, and /130’ = u(Vd; -n) 4+ ¢(V - d)n; is evaluated at
the original position of the interface since d represents the displacement from the initial position, n = (7, 15)
being the appropriate outward normal vector.

In order to account for the changing nature of our fluid domain Qg(¢), we wish to define a dynamic mesh
when discretizing in space. However, to avoid extreme mesh distortion near the interface, we also choose to
move the mesh independently of the fluid velocity on the interior of Qg(z). Such a scheme, called an arbi-
trary Lagrangian—Eulerian formulation, is commonly applied when studying fluid-structure interaction
[9,13,14]. In particular, we allow mesh nodes to move only in the x;-direction in order to facilitate compu-
tations with nonconforming discretizations.

Let x, be a fixed value from {x, : 0 < x, < 1}. We want the grid velocity of any node along the horizontal
line segment at x, in Qg(?) to satisfy w = 0 whenever x; = 0 and w = 7 at the interface. If y(z, x,) represents
the x;-coordinate of the interface, then let

w(t,X) = ;)?(t,xz).

V(ta X2
The associated characteristic variable must satisfy

490, &) = wit, 201, &), 32),

(s, &) = ¢
V& € (0,y(s,x,)). Thus,
(s)(t’ £) = éV(faxz)

V(S,)Q) '
Let v(t,&,x;) = u(t,x\"(¢,&),x,). Then
o, SIS s ou 5,
3 (6:6m) = 5, (63776, 8)x) - wleox)? (6, €)0) = (1 (1,.€), ) (7)
so Eq. (2) becomes for j=1,2,
an au, 6u] ap (s) . o (s)
o vAu; + (4 —w) o +u o + ax, (t,x,(t, &), x2) = fi(t, %, (8, &), x2). (8)

3. A nonconforming finite element method

Choose At > 0 and let ' = nAt, ¢"(x) = ¢(¢",x). We subdivide Q) and € into triangulations via regular
[7] families of meshes. It should be noted that these grids are independent with no compatibility enforced
across the interface )y, as in Fig. 2.

Assuming a piecewise linear approximation I'” for the interface y at ¢ = ¢”, we wish to find finite element
approximations for u”, p”, and d”, namely U”, P", and D", using a weak formulation for the fluid—structure
interaction problem. Define Q. to be the approximation of Qr(7") using I". An approximation for the char-
acteristic curve xﬁ"')(t, &) is, for any fixed xp, X7(f) = X| + W"(X],x2)(t — "), VX| € (0,I"(x2)), t € [N,
where

n

X n
W'(X1, %) = W;Z)U?(r (x2),x2)
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1 1 Y (1)

\

0 1 2 0 1 2

Fig. 2. Evolution of a nonconforming mesh.

and I (xy) = I'"(x3) + AtU" (I (x3),x2). Thus, X" = X" + W" (X", x,)At = X"("*'), which we will use to
move the mesh nodes. We then discretize the acceleration by

au 1 n n n n

at/ (t,x\(1, ), x,) ~ At(Uj“(Xﬁl,xz) — U(XY,x2)).
Let U;ﬁ (X’l’,xz) = U (X 4+ W (XY, %) AL, xy) = U (X1 xy). Then a discretization of (8) is given by

1 S -5 —n —n —=n —n

At(U~ — U AU (U -, U Ui, U o P = 9)
for j=1,2, where P and fj are defined in the same way as U;. Similarly, a discretization of (4) is

1

a7 (D = 2D + D)) — pAD; T — 60, (V- D) = gttt (10)

forj=1,2.

For any connected bounded polygonal domain Q € R? let the boundary 0Q = 0Qp U 0Qy (where 0Qp, is
the Dirichlet boundary and 0Qyn = 0Q\0Qp is the Neumann boundary). Using standard Sobolev space
notation, let HL(Q) = {u € H'(Q) | u = 0 on 3Qp}, where we are using H*(®) to denote the space of func-
tions with k generalized derivatives on Q. We set L,(Q) = H’(Q). For any portion of the boundary y C 9,
the space H*(y) is the set of traces over 7 of all the functions of H'(Q) and H~"?(y) is its topological dual
space. For any functional space X(Q), the bold symbol X(Q) stands for the product X(2) x X(Q) so that, for
instance, Hy,(Q) = H},(Q) x H(Q).

We tlllen choose finite dimensional subspaces Vi C Hp(Qp), Wi C Lj(2p), Vg C Hp (),
M CcH(I"), Mg C H™ (F %) and Y" C H2( ), where I' is an interface space corresponding to the traces
of the true solutlon Let us now define the global finite element space to be

A" =VE X WE X Vg x ME x Mg x Y.
We can then rewrite the Egs. (9) and (10) along w1th the contmulty constraints (5) and (6) in the follow-
ing fully-coupled three-field variational form. Find (U LA prt AR AT 2 € 27 such that

n+1 n+1

at (U we) + BL(P T o we) + (U we) + BL(AL we) = Fi(we), (11)
b'ii-(wDﬁ H=o, (12)
as(D"™ ws) + ca(D" ws) + Bs (AL ws) = F(ws), (13)

U 7)) ¥ ds =0 (14)

/.
-
/(D"“—Afz"“)-\rzds:/ D" - ¥,ds (15)
F()

o



E.W. Swim, P. Seshaiyer | Comput. Methods Appl. Mech. Engrg. 195 (2006) 2088-2099 2093

—(/ A;+1-<1>ds+/ Ag“-cbds) =0 (16)
m ro

V(wg, wp, ws, ¥, ¥, ®) € 2", where

and

(Vu,; - Vwd)d4,

MN

llW]: =V

Q 1

%
~.
I

bt (p,wg) = p(V - wg)
QY
- 2%
B” ZF,WF / lF WF
sn+1 1
Frove) = [ (f +§U">'WF‘1A°
8

as(d, ws) = /Q“ ['“Z Vd; - Vwl) + e(V - d)(V - ws)

j=1

CS dn+1 / ( dn+l> 'WsdA,
lls,Ws / }vs Ws

1
F(wg) = a 2D" — D" Y | - wgdA.
s(Ws) /92 (g (At)z( )) S

The next step in the finite element procedure is to define ba51s functions [23] for each of the finite dimen-
sional spaces introduced and express the unknowns (Un+ D”+1 AR AL ZM as linear combina-
tions of the respective basis functions. Choosing the test functlons to be basis functions themselves
then converts the above system of integral equations into a linear system that we solve for the appropriate
coefficients in the linear combinations.

Hence, for each time step the three-field formulation developed allows us to simultaneously solve for the
fluid velocity and structure displacement. The new interface position is then extrapolated and used to build
the new mesh on the deformed fluid domain.

—n+
n+1

(U= W, T U;@xZU;H] wi) d4,

da,

4. Consistency error

Let "' (x) = ¢! (x; + w"(x)At, x5) for any function ¢ defined on Qu(¢"). If necessary, we extend ¢" "
analytically to Qf, shown in Fig. 3. Next, let

X = (x +W'(X)At,x;) VX € Qf.
Then ¢ (x) = ¢""!(x).
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QI\Q (1)

Fig. 3. Extension to Qf.

Theorem 1. Let

2 2
Vl 71 n Py n 1 n n = 7 +1
+1 Z (At +1 j) _ vAuj+1 + (”1 — W )ax1 j+1 + u2617uj+1 + ax/p +1) Z::f

j=1

If u, p, and y are sufficiently smooth, then AC such that
e ()l ) < CAL
Before proving this theorem, a few lemmas are needed.

Lemma 2. Let

el (x) = Z [ n+l W) (x) - atu”“(x) —w'(x)0,, u}'“(i) .

J=1

If u is sufficiently smooth, then 3 C, such that

let ™ (x X) || (@ry < CiAt.

Proof. Using u]"'(X) = vj*!(x),u}(x) = v}(x) and (7) we have,

J * 7

40 =Y [1 w0 =) (x) — a,v;“(x)} =3 & (™ = o)) (%) — 30 (x)

At

~.

N\l>

2
Z 3V (X) + O(AP).
Employing the triangle inequality, the result is obtained. O

Lemma 3. Let

2
n+1 = Z |: n+1 Aun+1 (X)} )
j=1

If u and vy are sufficiently smooth, then AC, such that

lles ™ (x )”Lx(gz;) < GAz
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Proof. Note that

J

A (x) = A (x) + W' (X)ALx) = V - (axl w1 (X) <1 + Htx) At>,6xZ14_;’“(i)>

- Au;m(x) aﬁl 7+1(x) “/Et ngAH_ O(AP),

SO

~—

n l 2 . n 1 2) 2
+ (2\)26)(1 j+ 7_X2>At+(9(At )

Under the assumption that the fluid—structure interface does not coincide with the left boundary of
Qx(1), the triangle inequality completes the proof. [

Lemma 4. Let

e (x) = 3 (W00 (%) + (0 — W) (000 (%) + (x)07 " (x) — (0 V) (%)),

If u and vy are sufficiently smooth, then 3C5 such that

3 () ) < CrA.

Proof. Note that

It is easily seen that

0 7 (x) = Oy "™ (%) (1 L) At)

X1 % x4 'y(t, XQ)
and
—n+1 _ n n+1 n+l /g )')(t,xz)
(- i) = o) - Vi (0] ()20 09 S
Hence,
n+l Z ( ; iz At + u’f(x)axlu?“( )y i iz ) + Z ( _ n+1()_()] . VM;H—I(X))_

J=1

Now, noting that u”(x) — u"*!(X) = ()(At) and applying the L™ norm gives the desired result. [J
Proof of Theorem 1. Note that

];+1(x) fJnH( ) _ a,qu(X) — vAY! (f() + (un+1 . Vu;ﬁl)(f() + ax,p"*l (f()

J
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Hence,
2
e (x) = e (%) + & (x) + e (x) + D[0P (x) = 0" (X))
=1
Using Lemmas 2-4 and observing that
n+1 n+1 — M
0,p"" (x) = 0, p"" (X) = O(A),
the proof is easily completed. [

For the structure, a similar theorem can be proved for the consistency error associated with the numer-
ical scheme in (10). We state in the following theorem the main result.

Theorem 5. Let

[S]

2
e 1 2 n+1 n n—1 n+1 n 1 § n 1
v {A;Z (d}" = 2dj +dj") — pAdj™ — 60, (V - 4" ] i

j=1

If d is sufficiently smooth, then 3 C such that
e (%) ] 0) < CA.

5. Stability

From Egs. (11)-(13),

n+1 n+1

(U we) + (P we) + (U we) + BL(AL we) + b (wp, U + as(D" w)
+ c{(D" ws) + Bs(AL, ws) = FiL(wr) + F§(ws) (17)

V(Wg, wp, Ws) € Vi X Wi x V§. We define

HUHLZ(Q"F) = (/Q (U'U)sz> :

—n+1 —n+1 . . . .
Let wg = AU , Wp = AP ,and wg = D""! — D". Using these choices for our test functions, we arrive
at the following energy estimate.

Theorem 6. Let "' = D' — D". Then 3C > 0, independent of At, such that

1 n 2
o

2
—k+l 41112 n+1112 n+1/2
VAtZ Z ||V ||L2(9§) + ||U . ||L2(g;+l) +MZ ‘|VD/'+1|‘LZ(£23) +8/QO W'D +1| d4 + (At)
S

k=0 j= J=1

<C

2
1
2 2 2
O s+ D IV D gy [ 19D P+
j=1 ’ Qs ( t)

- o 2
+ ; (At”fk 20t + g™ ||L2(Qg)>] :

As in the previous section, we will utilize a few lemmas in the proof of this result.

012
10°112: et
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Lemma 7
bi(P Yo AtUnJrl) +B§(A’;“,Atﬁn+l) er;(AtFm,UnH) + Bs(ALF, 51 = 0.
Proof. Note that
200 (P U + MBLAET U™ + Bo(AL 6
—2nen U - [ AP a0 as— [ AT as

But 7' e W, so bL(P",U") = 0. And letting W, = A%, W, = AZ*!, and ® = Z"*! in Eqs. (14)-
(16), we have that

—/ (Atz"“)-A;“ds—/ (Atz"“).Ag“ds:—At(/ AR -(Dds+/ Ag“-cbds> =0. O
n rO n FO

Lemma 8

R 1, —nt1

nyr l n
A (U, U ):—HU ||L2(g;>+§||U +1||22(Q;';1>-
Proof
—n+1

2
571 wn+l2 n n —n+1 n sn+1,5=n+1
Aci (U U ) =|U HL2(Q;) +At§ : /Qn (U = »)a,, Uj + U26x2Uj ]Uf dd,
— 4

but using the fact that U” = W” on the left and right boundaries of Qf, where W" = (W",0), this last term
can be written as

n n+12 n —n+1.2
/U v )dA—/”Waxl(Uj )dA]

= /KV U@y + @ 22: / o "“)ZdA]

and (T, + (@) e wn, so

—n+1 —=n+ wn+1 At
A (U7, U H=|U HLZ(Q;)+? o

=1

6“ W”( n+1)2dA

1 —n+1 l 2 Nyl
:_||U ||iz(9;>+52/“(1+Atale (U, )2d4
Jj=1 F
—n+1 1 n 2
=5 ||U ||L2(Q;.) ) o ||L2(Q;+1)~ O

Proof of Theorem 6. Using our chosen test functions and applying Lemma 7, Eq. (17) becomes
—n+1 —=n+1

Adh (T U 4 A (T T 4 ag (D, 871) + ci (DM 67
n n n 1
—At/ U4+ U"-U“dA+/g"+1.5"“dA+ 2/5”“~5"dA
4 ey (Ar)” Jap

o

iy
(At)” Joy
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Applying Young’s inequality,

ST p— 1 o it VAt T
w U < eni ||LanZ||v sy < CAE™ s+ va gy

F

where C is independent of Atf, application of Lemma 8 and the Schwarz inequality gives

n+1 n 7 n 1 1 2
vAtZHVU 172 o + U iz ) +uZ||VD iz @ +s/ V-D"P dA+(At) 2 16" 220y
J=1 =
nn2 5112 n 7
< U2 +MZHVD,-||L2<Qg) +8/ IV -D'[Pdd +— (A a2 16" 172 a0
Jj=1

ot
+ CA||f" ||22(Q';) + g

5)

Applying the discrete Gronwall inequality [12], the desired result is obtained. [

6. Conclusion

Given bounded initial and boundary conditions, the method proposed has been shown to be both con-
sistent and stable. We also expect to demonstrate exponential convergence for the technique in the presence
of nonquasiuniform meshes. The latter aspect will be considered in a following paper which will include
numerical results which confirm the theory presented herein.
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