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Abstract—The motivation of this work is to apply the hAp-version of the mortar finite-element
method to the nearly incompressible elasticity model formulated as a mixed displacement-pressure
problem as well as to Stokes equations in primal velocity-pressure variables. Within each subdomain,
the local approximation is designed using div-stable hp-mixed finite elements. The displacement
is computed in a mortared space, while the pressure is not subjected to any constraints across the
interfaces. By a Boland-Nicolaides argument, we prove that the discrete saddle-point problem satisfies
a Babuska-Brezzi inf-sup condition. The inf-sup constant is optimal in the sense that it depends only
on the local (to the subdomains) characteristics of the mixed finite elements and, in particular, it
does not increase with the total number of the subdomains. The consequences, that we are aware of,
of such an important result are twofold.

e The numerical analysis of the approximability properties of the hp-mortar discretization for
the mixed elasticity problem allows us to derive an asymptotic rate of convergence that is
optimal up to v/Iogp in the displacement; this is addressed in the present contribution.

¢ When the mortar discrete problem is inverted by substructured iterative methods based on
Krylov subspaces with block preconditioners, in view of the results for conforming finite
elements [1], the condition number of the solver should grow logarithmically on (p, k) and
not depend on the total number of the subdomains.

© 2003 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION AND NOTATIONS

It is widely admitted that the hp-version of the finite-element method is well suited for the
numerical simulation of the solutions of elliptic partial differential equations like the Poisson,
Stokes, or elasticity problem set on nonsmooth domains (see [2-4]). A particular design of the
meshes (e.g., geometrical meshes) may achieve a convergence of the computed solution towards
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the exact one exponentially fast with respect to the total number of the degrees of freedom
(see [5-7]).

Using the hp-technique with the mortaring method (see [8]) allows us to handle local conform-
ing/global nonconforming meshes, which highly increases the flexibility of the approximation
and then reduces the complexity of the engineering work. A complex domain may be broken
up into several smaller components, taking into account some objective criteria (e.g., the local
solution’s behavior, the availability of efficient solvers on simply shaped subdomains). Each of
them is meshed independently and the grids are matched together by mortaring projections with-
out reducing the performances of the local discretizations. Another useful advantage, especially
important, of the mortar methods involves the adaptivity. That, for some reason, a refinement is
needed somewhere in the computational domain, the possibility offered by the mortar procedure
to handle nonmatching grids may limit the contamination as it may be stopped against the in-
terfaces of the decomposition making the refining process confined to only a small region (maybe
only one small subdomain). ‘

The original work on the hp-mortar finite-element method was developed by Seshaiyer and Suri
(see [9]) for the Poisson problem where they piece together the discrete solution in the way it was
done for the h-version (see [8,10]). The numerical analysis carried out in [9] led to a suboptimal
(by p**) error estimate far from optimality, while computational evidences did not detect any
significant deterioration of the accuracy compared to the expected optimal rate (see [11]). In [12],
a bootstrapping argument applied to the continuous and discrete linear resolvents of the Poisson
problem improved the convergence estimate as the polluting term is reduced to p*. However, such
a technique could fail in some interesting situations. Indeed, the Hilbertian interpolation argu-
ment involved in the bootstrapping does not work when the resolvent of the problem considered is
not linear (e.g., Navier-Stokes or unilateral contact problem). Besides, it is well known that such
a process should be handled with great care for null-spaces of some partial differential operators,
defined on nonsmooth domains (see [13]). A part of this work {mainly Appendix A) is dedicated
to an alternative and direct proof of the results of [12] that avoids the bootstrapping and reduces
the loss to v/logp. The error estimate of the best approximation by mortared hp-finite element
functions proven here is very useful when applying the hp-mortar method to more complicated
problems such as the Stokes, the mixed elasticity, or the fluid-structure interaction models.

The extension of the mortar element method to the incompressible Stokes equations (which
covers the mixed elasticity problem as well) is realized in [14] for h-finite elements and in [15)
for spectral elements. After setting a variational mixed formulation of the system written in
the velocity-pressure primitive variables, the approximated spaces are constructed using local
div-stable mixed finite or spectral elements. The computed velocity satisfies some “mortar”
matching conditions on the interfaces while the pressure is free of any constraints. In both papers
quoted above, an inf-sup condition is proven with a constant independent of the discretization
parameter: h the mesh size for the h-finite elements and N the degree of the local polynomials for
the spectral elements. This made it possible to exhibit error estimates with the expected behavior
with respect to h or N, which was the main aim of those first pieces of work. Now, when using
some preconditioned iterative algorithms such as the conjugate gradient Uzawa procedure with
the mass matrix preconditioner (see [16]) or the preconditioned conjugate residual method with
a block diagonal preconditioner (see [1,17,18]), an important question comes to mind. Does
the inf-sup constant—or equivalently the condition number of the solver—increase with the total
number of the subdomains? The present contribution provides a negative answer. This has an
important impact on the rate of convergence of those algorithms, especially when a large number
of subdomains are used.

The outline of the paper is as follows. The next section is a discussion of the mixed variational
formulation of the nearly incompressible elasticity problem and of the Stokes problem. After
the description of the domain decomposition features. in Section 2, the mortared space where
the velocity is computed so that the pressure space can be constructed. They are based on
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local div-stable hp-finite elements. In view of the numerical analysis of the method, we provide
some important approximation results. In particular, a “quasioptimal” convergence rate is given
in Proposition 3.1 of the best approximation error of regular velocities by mortared functions.
The proof requires technical estimates which are detailed in Appendix A. The setting of the
discrete saddle-point problem closes this section. Section 3 is devoted to the study of an inf-sup
condition between the mortared velocity space and a reduced pressure space, with a constant that
is independent of the discretization parameters (h, p) and of the total number of the subdomains.
Such a fundamental result allows us, thanks to the Boland-Nicolaides argument, to derive an
optimal inf-sup condition linking the discrete velocity and pressure space which is addressed in
Section 4. The last section shows the existence and uniqueness of the approximated solution and
provides the optimal convergence rate towards the exact solution.

Notations

Let a Lipschitz domain C C R? be given and the generic point of C is denoted . The classical
Lebesgue space of square integrable functions L2(C) is endowed with the inner product

(6. 9) 220 /¢¢dw,

and L2(C) is the subspace of LQ(C) involving the functions of zero average. We use the standard
Sobolev space notations, H™(C), m > 1, provided with the norm

1/2

2
Wlamey = > 10%%l7ae ,

0<|al<m

where a = (a1, a2) is a multi-index in N? and the symbol 8* represents a partial derivative. The
fractional Sobolev space H™(C), 7 € Ry \ N, is defined by its norm (see [19,20])

1/2
6& _aa 2
e = | 161Eme + 3 / / ( “]f)_ypﬁfe(y)) d:cdy) ,

lal=m

where 7 = m+0, m, and 6 € ]0, 1] being the integer part and the fractional part of 7, respectively.
The closure in H™(C) of the set D(C) of indefinitely differentiable functions whose support is
contained in C is denoted H{(C).

For any portion of the boundary v C 9C, the space H 1/2(~) is the set of the traces over +y of all
the functions of H'(C) and H~'/?(y) is its topological dual space. The duality pairing between
H~1/2(~) and HY2(7) is {.,.)»~. The special space Hoj () is the subspace of H/3(7) of the
traces of all functions belonging to H3(C,~¢) = {¢ € HY(C), ¥}y = 0}, where 7* = 9C \ 7. It is
endowed with the quotient norm

18y = g, Wl

For any functional space X (C) the bold symbol X (C) stands for the product X(C) x X(C) so

that, for instance, H™(C) = H™(C) x H™(C) or H l/2( )= 1/"’('y) x H, 1/2('7) The natural norm
of X(C) is denoted by ||.|| x(cy and in the case where X(C) is a Hilbert space, the inner product

is (., -)X(C)-
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2. ALMOST INCOMPRESSIBLE
MIXED ELASTICITY PROBLEM

The problem of linear elasticity we shall consider consists of determining the displacement u,
supposed to be small, of a given isotropic and homogeneous elastic material occupying the initial
configuration ! whose boundary is denoted I'. The solid © is subjected to an external force
f € L%) and is assumed to be fixed along the whole boundary, which may be viewed as the
“worst” case with respect to the analysis we carry out. Indeed, regarding the inf-sup condition we
are going to deal with, on both continuous and discrete levels, it is well known that Dirichlet type
conditions give rise to more technicalities than any other type of classical boundary conditions
(Neumann, Robin, ..., etc.). The mathematical setting of the plain strain model is as follows
(see [21,22)): find u € HL(R) such that

2u(€(u),5(v))L2(Q)4 + A(div u, div‘v)Lz(Q) = (f,’v)Lz(Q), Vv e H&(Q), (2.1)

where e(v) = (1/2) (Vv + (Vv)T) is the linearized strain tensor and (A, u) are the Lamé coeffi-
cients. It is known for practitioners that near the incompressibility limit A — +oco (or equivalently,
when the Poisson modulus v = A/2(A + p) approaches 1/2), the finite-element discretization of
the variational problem (2.1) suffers from the “numerical locking” phenomenon (see [23]). This
is particularly observed as lower degree finite elements are used which is the case not only for the
h-version but also for the hp-version, in particular near the corners. Indeed, the hp-finite elements
are efficiently used (to achieve exponential convergence of the method) when at the immediate
vicinity of the corner a fine “geometrical” mesh is combined with low degree finite elements—
h and p are small—(see [5-7,24]) which may generate a numerical locking. The reason why such
a phenomenon occurs is the inability of the discrete space to accurately approximate u while
satisfying the incompressibility (divu = 0). Several strategies have been designed to overcome
locking (see [21]), among which the most popular is the mixed formulation of problem (2.2),(2.3).
This allows us to reduce the severity of the constraint (divu = 0) by enforcing it only weakly.
Setting (p = —(Adivu) € LZ(Q)) called the “pressure” and considering it as an independent
unknown, we obtain the Hermann variational system: find u € HY(Q) and p € LE(R) such that

2u(e(u),e(v)) 120 + b(v,p) = (F,v)120), Vv € Hy(), (2.2)
blas,0) - 5 @ @)z =0, Vg e L(@). (23)

The bilinear form b(.,.) defined over H(Q) x L3(Q) is given by
b(v,q) = ~(divw, q)r3(q). (24)

By means of Korn’s inequality, the bilinear form (£(.),(.)) L2 is H}(Q)-elliptic; in addition,
b(.,.) satisfies an inf-sup condition with a positive constant o (see [25])

inf su 5(v,9)
p >a
1€L3 (@ veni) IVlIE1 @) llgllz2 o)

(2.5)

Using the Brezzi’s saddle-point theory (see (21,25]), problem (2.2),(2.3) is well posed and has a
unique solution (u,p) € H () x L(S). Moreover, the following stability condition holds:

1
Il + (a+3) Ipllzz < 1 lus

REMARK 2.1. INCOMPRESSIBLE STOKES PROBLEM. In the limit situation ) = +00, the term
(1/A) (P, 9)12(q) is canceled and problem (2.2),(2.3) boils down to the Stokes equations modeling
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an incompressible fluid flow, where p is the viscosity, u the velocity, and p the pressure of the
fluid: find u € H}(R) and p € LE(Q) such that

2u(e(u),e(v))L2gys + b(v,p) = (£,v)12(), Vv € Hy(Q), (2.6)
b(u,q) =0, Yqe Li(Q). 2.1

The mortar finite-element discretization proposed and analyzed here is still valid for this case
and automatically provides similar convergence rates. So the results proven hereafter still hold
for the Stokes problem. In addition, problem (2.2),(2.3) with large value of A may be viewed
as a stabilization process of some unstable approximation of (2.6),(2.7) and may ensure fast
convergence of some iterative method (see [26]).

3. THE MORTAR hp-FINITE-ELEMENT METHOD

This section is a description of the approximation of problem (2.2),(2.3) by Ap-mixed finite
elements of degree 7 € N (taken instead of p to avoid confusion with the pressure). To omit
heavy technicalities which are not necessary for our purpose so as to focus on the div-stability
in the nonconforming domain decomposition context (which is the core of the paper), we shall
consider only hp-finite elements that have proved to be uniformly stable in the conforming case.

The framework of the mortar element method (see (8]) proceeds by breaking up the domain
into k* nonoverlapping subdomains that are assumed polygonally shaped for simplicity. We
examine only conforming decompositions, that is, when they are considered as macromeshes and
the subdomains as macroelements such that the intersection of two closed subdomains Q. N Q,
is either empty, reduced to a common vertex, or to a common edge. If Qi and Q, are adjacent
along a common edge, it is denoted I'y, its extreme points are {c}ce, czz}, and nyge is the unit
normal vector oriented from ) towards {2y so that ng = —npge. Clearly, I'ys is meaningless
when €4 and €, do not share any common edge, and for convenience k is the set of indices £ # k
so that ', exists. Additionally, it is current to assume that the portion of 9 contained in 9 Q
is supposed to be a union of complete edges. When needed, n,. specifies the outward normal on
the whole boundary 8. We will denote both I'ye and 'y, by I'ye where k < £.

The mortar approximation of the mixed elasticity and/or Stokes problem is based on a local use
of, e.g., the finite-element P,./P,_; which is uniformly div-stable (see [27]). Possible alternatives
consist of taking the uniformly div-stable Bernardi-Maday mixed element P,/P(,, with 7 < 1,
or again the (nonuniformly) div-stable Taylor-Hood mixed element P, /P, (see [28]) or for the
h-version, Bercovier-Pironneau P;isoP2/P; element, Crouzeix-Raviart or Arnold-Brezzi-Fortin
bubble finite elements (see {21,25]). The discretization used in the subdomain £ is specified by
the parameter 8; = (hg, Tx) where hy, is supposed to decrease to zero and 74, to increase to infinity
and we set § = (81,...,0¢+). For any k (1 < k < k*), we define a quadrangular partition 70
of Q. The maximum size of this triangulation is hx. This mesh is assumed to be regular in
the classical sense [22] and let us denote, for any s € T}, F,; the invertible affine transformation
mapping the reference square % = [0,1]? into x. Notice that (J%)x are generated independently
and there is no reason why two meshes of neighbor subdomains should coincide at the interface.
For any « € ‘.T,‘z and any r € N, P,.(k) stands for the set of polynomials of degree < r in each space
direction while P,(x) is the set of polynomials of total degree < r. The local velocity spaces are
then chosen to be

X%() = {vﬁ €t (Qk)zv Vi €T}, vh 0 (Fo)' € Py, (R)*, vijoaunan = 0}-
The local discrete pressure space is defined as follows:

Q) = {af €€ (@), V€ T, alio € Prica(m)]}-
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Given these tools, the approximation (v?,¢%) is taken locally in X%(Qk) x Q%(S%) so that v® =
(v8)1<k<k~ are glued together across the interfaces by some suitable matching conditions. Making
these conditions explicit requires the use of a finite-element space built on the interfaces. Each
Ty inherits a one-dimensional partition ¢, from either T¢ or T¢, let us say from T} for k < £
(the trace of ¢ on Iy, is denoted tJ;). It is assumed to be an (M)-mesh in the sense of Crouzeix-
Thomée (see [29])

Lettd = J;_ti be a gwen 1D-mesh, where t; and t;41 are neighbors for any i (0 < i <i*—1).
Setting h = supg<;<;~ Itil, t is said to be an (M)-mesh if

1]
[

where 1 < B < (r +1)? and C does not depend on h.
Then, for the enforcement of the nonconforming matching conditions, we need to introduce
the space of Lagrange multipliers on each I'x¢

<copiil, Vi j(0<i4,5 <), (3.1)

M®(Tre) = {¢6 € €(The), Yt € tfy, Yf, € Pry(2), ¥f; € Pre-1(t) if che €t or ckp € t},

and we set M%(T'yy) = M®(Txe) x M%(Txe). By a duality argument, it can be proven that
the following estimate holds: for any v > 1/2, there exists a constant C such that: V¥ €

Hu—1/2(r\k£)7 .
Tk
N | B o A} L PR (3.2)

with 77 = min(v, ). The global nonconforming velocity approxunatlon space is then given by

X%Q) = {v“ = (vf), € L*(Q), such that v} € X°() and : Vk,¢

Wi, € M*(Tie), /F (v —vf) . ¥, dl = o} .
ke
The discrete space for the pressure is defined to be

Q@) = {¢’ = (4f), € L), ¢f € Q°()}.

The space Q%(Q) is provided with the L2(£2)-norm while the space X°(Q), not being embedded
in H}(R), is then endowed with the Hilbertian broken norm

9], = (}: ol |

REMARK 3.1. Let us stress the fact that only the velocity space is mortared while the pressure is
not subjected to, any particular constraints across the interfaces. The family (I'ke)x<¢ equipped
with the meshes (tJ,)x<¢ are the mortars; they are nonmortars when endowed with (t5%)k<e, and
the functions ®% = (”2|I‘ )k<e are the mortar functions.

1/2

The space Q°(R) satisfies the following approximation result [2]: V¢ € L(Q) with g = g0,
HY (),

£
hfik
i —g° —k_ .
pof o lla =2l g < C:L:,l ro M9kl @u), (3.3)
with 7% = min(vk,7x). So far, when the meshes (t{,)x<, satisfy the (M)-mesh criteria (3.1), the
only known approximation rate by the functions of X%(f) is given in [9] and it is suboptimal
(actually polluted by a 1'2/ 4-fac’cor). At the expense of a technical work, it is possible to recover

the “quasioptimality” where the pollution term can be reduced to a |logrx|'/2.



hp-Mortar Finite-Element Method 41

PROPOSITION 3.1. Assume that v € H}(Q) with v, = v, € H» (), vy > 1/2,

k‘
h'lk
. R} k 1/2
vﬂegltg(n)“v' v ||* SC’kE=1 o | log ry| llvk||Huk+1(Qk), (3.4)

with mp = min(vg, 7).

PROOF. As noticed in [9] for the hp-version of the mortar finite-element method, and earlier

in [8] for the h-version, this estimate is primarily dependent on the approximation quality of the

mortar projection 73, ranging H!(T'x,) on the space

Wo(Tie) = {Xie € € (Tke), Yt € thy, Xigs € Pry (t)} = X*(%)r,,
and defined as follows: Vx € H(T'x),
mhex(e) = x(c), Ve e {che Che}
/FM (x ~ ex) e dT = 0, Vs € M2 (Tre).

We need in particular to evaluate the error |x — ”ieX”Hg({’(rk,) for y € HY*/2(T';,) because,

following [8] (see also [12, Proof of Lemma 4.3]), the convergence rate of infysc xs(q) [[v — v%|. is
exactly of the same order. As the proof of such a result requires a lot of technical manipulations,
it is postponed to Appendix A, Theorem A.2.1. 1

REMARK 3.2. Recall that the local spaces Q°(Qx) N L(R) and X¢(Q%) N HE () satisfy an inf-
sup condition with a constant ay that is independent of 0x = (hi,r«) (see [27]). This means that
for any ¢} € Q°%(Q), there exists v{ € X°(Q) N H(Q%) such that

(3.5)

. 2
- (d“’”g,qz)m(nk) = “qz”LZ(Qk) ’
Ok “v’l:“H‘(Qk) < “q;:”m(n,,) :

We are now in position to investigate the discrete version of the mixed problem (2.2),(2.3)
which is written as: find (u®,p%) € X4(Q) x Q%(Q) satisfying

(3.6)

a (u®,0°) +5(v°,p°) = (F,0%) 1o VO' € XP(Q), (3.7)
1
b(w',6°) = 3 (1°,4°) 1oy = 0. Ve’ € Q). (3.8)
In (3.7),(3.8), we have set: Yu®,v® € X%(Q), V¢® € Q%(Q),
k* k*
a (u®,v®) =2MZ(€ (uf) ,e('v,‘:))m(m)4 and  b(v%,¢’) = —Z(divv,‘i,q,‘z)m(nk).
k=1 k=1

Actually b(.,.) is an extension of the bilinear form (2.4) and is still denoted b(.,.). The existence
and uniqueness result for this problem depends on the bilinear forms a(.,.) and b(.,.). They are
both trivially continuous. Adapting the proof of [8] of the Poincaré-Friedrichs inequality and
using the Korn’s inequality, it is not hard to show that a(.,.) is elliptic on X ®(Q) with a constant
uniformly bounded from below (see (8]). The principal remaining point is the verification of a
uniform inf-sup condition on b{.,.). We resort to Boland and Nicolaides’ argument [30] which
reduces the problem to an evaluation of local inf-sup conditions which are readily checked in (3.6)
and to the proof of a global inf-sup condition on a smaller discrete pressure space. This issue is
addressed in the following section.

REMARK 3.3. In practice, the bilinear forms, a(.,.), b(.,.), and (.,.) 2(q), involved in the discrete
equations are evaluated using some suitable numerical integration methods such as, e.g., the
Gauss-Lobatto-Legendre quadrature rule. Trivially, doing so introduces a new error source. This
contribution to the error may be taken into account using classical techniques (see [31]) which
is not that hard (that is why we prefer to avoid such a concern). However, the most important
point to be retained is that the final asymptotic convergence rate is preserved.
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4, OPTIMAL inf-sup CONDITION ON
A REDUCED PRESSURE SPACE

It is stated in [14, Theorem 4.2] that an inf-sup condition links the space X 5(Q) and the
finite-dimensional space of piecewise constant pressures

"
QQ) = {fi = (d) €RY", (¢, )12y = delﬂkl = 0} ,

k=1

with a constant that does not depend on the parameter 6. The only question that remains
regards the behavior of that constant versus the total number of the subdomains. Such a result
is very useful in the analysis of some iterative preconditioned algorithms when applied to solve the
discrete problem (3.7),(3.8) (see {1,17,18]). The subject of the sequel is to discuss an alternative
and shorter proof which allows us to show that the inf-sup constant could be chosen so that it
does not increase with the total number k* of the subdomains.

PROPOSITION. There exists a constant ¢& independent of the discretization parameter § as well
as the total number k* of subdomains so that the following inf-sup condition holds:

& 50
inf sup b ('v o )

— ) >, (41)
GEQ() vie X5 () v, “45"1,2(9)

PROOF. Since the inf-sup condition (2.5) holds in the continuous case, an equivalent statement
of the proposition is that for any v € H}(S), there exists v° € X () such that

bw—v' @) =0, V& ed®), (42)
7[v°ll, < lvlm@), (4.3)

where v > 0 depends neither on § nor on k*. Then the constant & could be taken equal to the
product ay. Statements (4.2),(4.3) are established in three steps.

(i) For any interface Ixe, let us choose ®2, € P3(Tke)? (the set of second degree polynomials
that vanish at the end points of I'ys) satisfying

Qzl'tkl =0 and @2€.nkgdr‘ =1,
Tke

where || ®2,|| HY? (T is only dependent on the length of the edge I'xe.
(ii) Let v be given in H}(Q), and define ®° € €(S)? such that: V k¢,

<I>isl"kz = (/ v.n dF) q)ib 'so that / ('v - er“) MNgedD =0.
Tie Cre

It is clear that % € H?(8Q) and

ckZ/ v.ndF‘SCk“vﬂﬂx(nk).
ek Cke

¢ <
” 0% || 112000,y =

The constants ¢, and Cy depend only on the size of €. Then, using a stable extension
of the trace function &%, we construct v§ € X?(€;) of the minimal degree (= 2) whose

trace on 9, coincides with ®5, and satisfies the estimate (see {32, Theorem 5.1])

< U
HU200.) ~ Cillvll a2 au)- (4.4)

9% )l s < < “‘I’fam
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(iii) Setting v® = (v{)1<k<k-, it is straightforward that v? is continuous on the whole domain Q
and then belongs to X°(f2). Because of (4.4), it is seen directly that (4.2) is valid with
v = (maxx CL)~! which is dependent only on the shape of the subdomains and not their
total number. Besides, by Green’s formula, we have: V§® € Q(),

b(v-2°,¢%) = Z [¢°] / (v —v°) .ndl.
k<t Tee
The symbol [.] stands for the jump function. Since vy, = ®fp,,, it becomes clear that:

Vke,
/ (v—-v%) .ndT =0,
Tre

which completes the proof of (4.3). 1

REMARK 4.1. The result of the proposition is readily extended to arbitrary domain decomposi-
tion using the same technical tools combined with those already developed in [15]. Since such a
proof is very technical but does not require any new tools, we have chosen to consider only the
simple case.

5. BOLAND-NICOLAIDES ARGUMENT
AND ERROR ESTIMATE

Back to the global pressure space Q%(f2), we intend to prove by the Boland-Nicolaides method
an optimal mortar inf-sup condition between X®(Q) and Q%(Q).

PROPOSITION 5.1. There exists a constant o' that depends only on the shape of the subdo-
mains (Q)1<k<k+ S0 that the following inf-sup condition holds:

b(v%,¢°%)

inf sup et > o, (5.1)
2°€Q4(Q) wicxs(Q) lvell. ||(16||L2(n)

PROOF. It is made following the idea of [30]. Letting ¢° = (¢f)1<k<k+ be in Q%(£), it may be
decomposed as: Vk(1 < k < k*),

q,f = 62 + d,‘z, with q,i = qﬁ(m) de.

1
1% Ja,

Since the function ¢ € Q°(%) N L3(), there exists a function 4§ € X5(Qu) N HE(Qk) ver-
ifying (3.6). Then, we define the function #® = (9)1<k<k~. Furthermore, by the previous
proposition, we construct W’ € X%(Q) so that

5 . 5112 < s .
b(w’,¢) = ||q6||L2(Q) and a||w5“m(n) < “‘16”1,2(:2)'

Next, we choose ¥° = (ﬁi)lsksk‘ with ﬁ,‘z = ti:,‘f,+dkﬁ,‘§. The coefficients (di)1<x<k~ are computed
so that the mixed terms {(div¥%,§%)12(q,), 1 < k < k*} vanish, and then

(div g, @) 12 q,)

dp = - —
||<1:‘§||L=mk)
Taking v® = ©° + ©°, it is readily checked that
5112 12
b(vqf) = "q;:”m(nk) + ”qgnmmk)’
and o||v%| g2 () € ll¢°||L2(y where o’ may be chosen so that

i1 .
o =<

3 D B8 Tay

which depends only on the size of the subdomains. 1
The immediate consequence is the well-posedness of the discrete problem. Indeed, by the

saddle-point theory, we have the following result.
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PROPOSITION 5.2. The discrete problem (3.7),(3.8) has only one solution (u’,p®) € X% x Q%(Q)
which is uniformly stable with respect to the data f,

1
ol + (o 5) 1l e < Ol 52

In order to perform the analysis and to derive the convergence rate towards the exact solution,
we adapt as is done in [33] (see also [14]) the approximation theory of the saddle-point problems
to our nonconforming discretization. The consistency error, caused by the nonconformity of the
mortar approach, is handled in a standard way using estimate (3.2) (cf. [8,12]). Besides, because
the inf-sup condition of Proposition 5.1 is independent of §, techniques used for standard h-
finite-element approximation work as well. Indeed, the error of the best approximation of the
velocity u by vector-valued function of

Ve(Q) = {v° € X3(Q), b(v®,¢°) = 0, Vb € Q°(®))

is equivalent to that provided by the best fit of u by the functions of X%(2). This rate is
quasioptimal as given in Proposition 3.1. Moreover, the approximation error is optimal for the
pressure (3.3). The final result is given by the following theorem.

THEOREM 5.3. Assume that the exact solution (u,p) € H}(Q) x LE(N) satisfies the regularity
assumptions

ur = Y, € Hu"+1(Qk), Pr =P, € H" (), Vk (1 <k<k").

Then the discrete solution satisfles

s 5 —
[ —w’fl, +a(N) [lp - p 2@y < C’; oy (53)

x (1o il il pres1(qy + W) ol rve )

with n = min(vk, ) and where a()) is bounded away from 0 and blows up like 1/X for A — 0.

REMARK 5.1. For several mixed hp-finite elements (see [34]), the local inf-sup constant oy may
depend on the parameter r, and the constant o’ of Proposition 5.1 will have the same behavior
with respect to (ry)x. Moreover, we emphasize the fact that it remains independent of the total
number of subdomains because Proposition 4.1 is still valid. In such situations, we can prove
that the error of the velocity remains optimal; the approximation error infyscys(q) [[u— v9||, has
to be evaluated directly like in [15]. On the contrary, the accuracy on the pressure deteriorates
by a factor (minj<x<k- ax)™! and is subject to some numerical locking.

6. NUMERICAL EXPERIMENTS

In this section, we investigate the computational performance of the mortar element method
for the Stokes boundary value problem for viscous incompressible fluid flow whose variational

form is given by (2.6),(2.7). Actually, for the motion equation (2.6), we have considered the
following form:

u/Vu.Vvd:c—/p(divv)dmz/f.vda:, Yve H}(Q,Tp),
0 Q o

where v > 0 is the kinematic viscosity which is related to the Reynolds number of the flow. The
right-hand side f is a given body force per unit mass. I'p is the Dirichlet part of the boundary.
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(a) L-shaped domains. (b) Tensor product mesh for m =n = 2.

Figure 1.

We are involved with the case where the viscosity v = 1. The problem is set on the L-
shaped domain Q (shown in Figure la) that is subdivided in two subdomains €; and Q,, by
the interface OA). We impose the Dirichlet boundary condition on both velocity components
along the edge OC and Neumann boundary condition on the remainder of the boundary. The
nonconforming method is implemented as a mixed method. In our experiments, we restrict our
meshes to be tensor product and uniform with Q; divided into 2m? rectangles (with the mesh
always being symmetric about y = 0) and Qs divided into n? rectangles, as in Figure 1b. We
consider the following exact solution:

T (2, ) = (—e*(ycos(y) + sin(y)) , e®ysin(y)),  p(z,y) = 2% sin(y).

It can be easily checked that the corresponding f = 0.

REMARK 6.1. It is well known that the domain in Figure 1 will result in a strong singularity
which occurs at the reentrant corner Q. The exact solution that we test in this paper is analytical
in the closure of Q and one cannot expect solutions to behave so nicely at such reentrant corners.
Nevertheless, smooth solutions arise, for example, in smooth domains and it is hence reasonable
to investigate the numerical performance of our method for such exact solutions, which is the
main focus herein.

We choose the velocity-pressure space combination to be P, /P,_;. For both our experiments,
we plot the percentage relative energy norm error for the velocity and the L? norm error for the
pressure, with respect to the total number of degrees of freedom.

Results for h-version

We take m grid points along both the z- and y-axis for £; (top half) and n for Q2, and
use the mortar finite-element method with the combinations (m,n) € {(2,3),(4,6),...,(10,15)}.
Note that for each of these combinations, the meshes are incompatible, and hence, are ideal for
testing the performance of our method. The approximation order for the velocity is chosen to be
quadratic (p = 2) and this implies a linear approximation of the pressure. In Figure 2, we clearly
observe an optimal O(hP) rate in both the velocity and the pressure variables.

Results for p-version

Here, we fix the mesh to be (m,n) = (2,3) and observed the convergence rates for increasing
polynomial degree from p = 2,...,8. Figure 3 clearly illustrates the expected p-version conver-
gence and it also indicates that the p-version easily surpasses the h-version in accuracy, due to
higher convergence rates.

Comments

The numerical results presented in this paper clearly suggest that the mortar finite-element
method is a robust and viable domain decomposition technique for the Stokes problem. Our



46 F. BEN BELGACEM et al.

10 . . e . e ———
—1~ Pressure |}
&
0’ ¢ Tl E
b ~ \
- e 2 -
§ 107 Teo 9
£ N
=
[]
? p
g 104:‘ 3
LS ]
4
10°F 3
L
10-4 N " v 4 i . s N o
10° 10° 10°*
Degrees of Freedom
Figure 2. h-version convergence rates for mortar FEM (p = 2).
10° . . —— . —
-~ Velocity
-0~ Pressure
10° t+ .
107 g
g
(]
é
4 -
8;10 r
g
&
10° i
10-. r ~
107" ' : -
10° 10° 10

Degrees of Freedom

Figure 3. p-version convergence rates for mortar FEM ((m,n) = (2, 3)).

results are in correspondence with optimal theoretical results. We expect an exponential conver-
gence for the hp-version in the presence of nonquasiuniform meshes. Also, one can obtain similar
results for the mixed elasticity problem. The latter two aspects will be considered in a following
paper.
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7. CONCLUSION

The results of this study are substantial improvements of those already proven in [14,15]. The
statement that the Babuska-Brezzi inf-sup condition for the k-, p-, and hp-mixed mortar finite-
element method does not depend on the total number of the subdomains is rigorously established
(Propositions 4.1 and 5.1). This additional information is an important concern in view of using,
in the mortar context, some iterative substructuring solvers (see [1,17,18]) that have proved to
be efficient in the conforming case.

Applying the mortar finite-element method to three dimensions gives rise to severe technical
difficulties especially for tetrahedral meshes; we refer to [35] (see also [10]). Recent work based on
bubble-stabilization techniques allows a flexible and attractive extension of the h-mortar finite
elements to three-dimensional second-order elliptic problems (see [36]). Approximating mixed
elasticity and Stokes equations in three dimensions is proposed in [37] and the inf-sup condition
is also proven to be optimal in that it does not depend on the parameters discretization nor in the
total number of the subdomains. Generalizing these results to the (three-dimensional) hp-mortar
finite elements is still an open problem.

The second interesting contribution of this work is specific to hAp-mortar approximations. In-
deed, the convergence rate of regular functions by hp-mortared finite-element functions is proven
to suffer only from +/Iog p pollution (Proposition 3.1) instead of p%/* proved in [9]. We are confi-
dent that such an improvement will be useful in the future and facilitate attempts to widen the
list of the applications of the hp-mortar methods.

The combination of both results allows us to derive an error estimate (Theorem 5.3) that
is y/Iog p away from the optimal bound. We note that this estimate is dependent only upon the
local features of the exact solution.

APPENDIX A

The aim of this appendix is to prove the “quasioptimal” estimation on the projections (ﬂgt)kg
necessary for the evaluation of the best approximation error by the functions of X°(Q) given in
Proposition 3.1. The proof requires some preliminary results for some polynomial projections.
Throughout this appendix and the next one, the symbol ’Pg(—l, 1) stands for the subset of
polynomials which vanish at +1 and the subspace ’P}f(—l, 1) (respectively, ’P,f’ (=1,1)) contains all
the polynomials of Pp(—1,1) that vanish at —1 (respectively, 1) so that PF(~1,1)NPE(-1,1) =
PI(-1,1).

A.1. Analysis of Two L?-Polynomial Projections on P%(-1,1)

Denote by 7, the orthogonal projection on P%(—1,1) with respect to the L2(—1, 1)-inner prod-
uct, Vx € L*(-1,1), mx € PP(-1,1),

1
/ (=X dg =0, ¥y € PA-L1),

and let 7% stand for the orthogonal projection P?(~1,1) in H}(-1,1); it may be specified as
follows:

1
[ =mwmdg =0, Vur e Poa-LY)
-1

Recall the optimal approximation results of [31], Va € [0,1], Vv > 0, Vx € H'™*¥(-1,1) n
Hi(-1,1),

C
lIx = mrxllLa(-1,1) < pr Il 4w (< 1,2) (A.1.1)

1 . c
Ix = 72Xl gz oy + ramiz X~ Texlpan < e Nl aree (= 1,1)- (A1.2)
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So far, the operator m, is known to have suboptimal approximation behavior with respect
to Hééz(—l, 1)-seminorm; i.e., for any v > 0 we have, Vx € H'*¥(-1,1)n H}(-1,1),

/4
Ix = Xl gas2 10y < Crazage IXlanee-1)- (A1.3)

This estimate is 7!/4 away from optimality; we refer to [38] for the details. The main new
point here is that actually the loss is not worse than /log7 and the approximation rate becomes
quasioptimal. The proof relies on the bound of ||Ly||g1/2¢-1,5) < C+/TogT, recently provided
in [39].

LEMMA A.1.1. For any v > 0, the following holds: ¥x € H**(-1,1) n Hj(~1,1),

Viogr

P
X = meXlgg2c1n) < Coimae Nl zr2+v (= 1,1)- (A.1.4)
Proor. It is immediate that
1
/ (mex — Tix) ¥y (1 — €2) dE =0, Vi, € Proa(~1,1).
-1

Because of the orthogonality of (L.), with respect to the measure (1 — £2) d§, it turns out that
(mx — 72x) must belong to the span of {L!,,,L;,L;_y,L;_,}. Using the fact that (mrx —
mrx)(£1) = 0 yields

TeX = TpX = CrXr + Qr-1Xr-1, (A.1.5)

hy
where 9 ,

-2 g2
Xr= r+1)(r+2) ™ r-r
Multiplying (A.1.5) by (1 — £2)(L._;, L}..;) and integrating gives

(ar) =5 [ (G5 oo

Green’s formula, together with Cauchy-Schwartz inequality and (A.1.2), shows that

L._; € P(-1,1).

c
max(|a,|, jar-1]) < —1/2+v ||X“Hl+"(—1,1)-
The triangular inequality applied to (A.1.5) yields

llx — ”TX”H;gz(—l,l) <llx - W:X“H;g?(-x‘l)

C
t e Il 1w (1,1 (||Xr||3352(_1,1) + ”Xr—l”H;éﬁ(_l,l)) :

Using the bound (B.1) of Appendix B completes the proof. (B

Let t be a bounded nonempty interval of length h;, and denote 7t the L2-orthogonal projection
on P(t). Then we have the following corollary.
COROLLARY A.1.2. For any v > 0, the following holds: ¥ x € H'*¥(t) n H}(t),

h1+a
lIx = 7Exl] 2y < C T XA oy,

pl/2+a (A.1.6)
IX - ”:X|H;({2(t) <C ‘7%/2—4.,7 \' IOgr "X"H”"(t):

with o = inf(v,r). The constant C depends neither on r nor on h;.

The second operator we are interested in is denoted by #,; it is the projection on P2(—1,1)
defined as follows, Vx € L?(-1,1):

1
/_l(x—~7"rrx)1/1rd€=0, Yy € PR (-1,1). (A.1.7)

Similar to ,, although it looks like an L2-projection, the operator 7, has a nice approximation
estimate with respect to H%z-norm.
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LEMMA A.1.3. For any v > 0, the following holds: Vx € H*¥(~1,1) n H}(-1,1),

B C
lIx = Frxllpagc1,1) < it IDlares -1,

Viogr

X = Frxl a1y S € Y Il zrev (~1,1y-
PROOF. Proceeding as in the beginning of the previous proof, we have

frX — W:X = BrXr + Br-1Xr-1. (A18)
On one hand, the computation of the real 8._; yields
1

b= =3 (-3 [ (-m L, (- ) de

-1

On the other hand, multiplying (A.1.8) by (1 + &) gives
(r+2)(2r-1)
(r—2)(2r +1)
Then, we complete the proof as in Lemma A.1.1. ]

REMARK A.1.1. The projection operator defined by taking PL,(-1,1) in (A.1.7) instead of
PE (~1,1) also satisfies the estimates of Lemma A.1.3.

For any t, a bounded nonempty interval of length h;, 7% is the projection operator on P?(t)
obtained from 7, by a convenient translation and homotetic transformations. Then we have the
following corollary.

COROLLARY A.1.4. For any v > 0, it holds: ¥x € H'*¥(t) n HL(t),

ﬁr = - ,Br—l-

h1+a
I = #xl 12y < € ~1 Xl oy,
h1/2+a
X = Xl age) < € —iaps VioeT Il

with a = inf(v,r). The constant C depends neither on r nor on h;.

A.2. The hp-Mortar Finite-Element Projection

In order to simplify the presentation, we choose to work on the reference edge A = (-1,1).
The extension to an arbitrary edge 'y, is made in an obvious way using a convenient translation
and scaling. Henceforth, the mesh t® of A is associated with the subdivision (&)o<ici+ with
& = —1 and &, =1 and (#; =]&,&i+1[)o<ici=—1 its elements. It is assumed to satisfy the (M)
condition (3.1). The mortar projection, simply denoted 7% (§ = (h,r) are the discretization
parameters), is defined by (3.5) using spaces W%(A4) and M®(A) constructed in the same way
as W8(T'x¢) and M®(Tke). A first estimate on 7’ is given by Seshaiyer and Suri in [9], which is
“suboptimal” (the bound is polluted by the factor r3/4), Vv > 0, Vx € H*¥(A),

s hi/2re o
||X -m X||H542(A) < CWH—VT / ”X”H“’V(A)’ (A21)

with a = min(y,r). The reason why they observed such a degradation of the accuracy of 70 is
that they first proved the following stability: Vyx € Hééz(A),

17 g2y < Cr¥ XN grzgaay: (A2.2)

and then they used it to derive (A.2.1). The continuity constant cannot be improved as ob-
served in [9]; nevertheless, the estimate (A.2.1) is not optimal, and the approach that consists
of evaluating (A.2.2) via (A.2.1) is not the correct one. The aim of this section is to reduce the
extra-factor r3/4 to /logr and then to prove the “quasioptimal” result, by producing a direct
proof of the approximation error.
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THEOREM A.2.1. For any v > 0, the following estimate holds: Yy € H/?+V(A),

Ix—mn x||H1/z(A) < C \/logr|]x||H1/z+.,(A) (A.2.3)

with = min(v, r).
For the proof, we adopt the methodology introduced in [29] for the h-finite elements and used

in [9] for the hp-version. We need to split the operator 7° into a sum of two operators. Their
definitions require the following spaces (see [9]):

Wi(A) = {x* e Wo(4), x%(&) =0, Vi(0 < i <i*)},
M} (A) = {¢° € M°(4), ¥*(&) =0, Vi(L <i<i* - 1)},

Wi(A) = {x“ € Wi(4), / ¥oylde =0, vyl e Mf(A)},
A

M(A) = {w“ e (), [ xtude=0, v e W;‘(A)}-
A

We note that the functions ° € MJ(A) do not necessarily vanish at {€,&-} = {-1,1}. The
operators 7] and 7J are defined as in (3.5) using, respectively, the couples of spaces (W{(4),
M?(A)) and (WE(A), M3(A)) instead of (Wé(A), M®(A)). Due to the orthogonality of (W{(A),
MZ(A)) and (W3 (A), M{(A)) with respect to the L-inner product, we have 7° = nf + x§. The
next sections are dedicated to the analysis of 7] and 73.

A.2.1. H)/*-approximation result for ¢

The operator n? has a good localization property; the restriction of (7$¢) to each element t;
(0 <4 < i* — 1) depends only on (p};,). They are of two types: those acting within internal
elements ¢; (1 <14 < §* — 2) are actually 7%, and those defined on the extremal elements are 7%,
i =0 or (i* ~1). Putting together the local error approximation of the Corollaries A.1.2 and A.1.4
provides a global estimate for .

LEMMA A.2.2. For any v > 0, the following holds: ¥ x € H**¥(A) such that xy, € H}(t:), Vi
1<i<i"-1),

s h1/2+a )
1% = 73X1 g2 ay < C iz V9T lixllaeiay,

with a = inf(v,r). The constant C' depends neither on r nor on h.
PROOF. Letting x € H'*¥(A) such that x(&) =0, Vi (1 <i<i* —1), we have

1/2

-1

=0

=1 () 1/24a 2 172
<c (> (;tl—/ﬂ—,,vlogf> XN 1 ae)

=0
pl/2+a it—1 1/2 hl/2+a
<O iy Viesr (Z ”XI'%{H"(t;)) < C e Viogr x| miv(a)- 1
=0

A.2.2. H}’-approximation results for n

The space W{(A) is spanned by (:* — 1) nodal functions (Xi)1<i<(@i=—1) (see [9,29]). Define the
polynomial ¢, € P.(—1,1) such that p,(—1) =0, (1) =1, and

1
[ ewmde=0, vy ePA-1D).
-1
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Then ¢, = 7, where

- _ Lr+1(§) Lr(g)
= Fr D) e +1)
and @, € Pr(—1,1) such that $.(—1) =0, ¢-(1) =1, and

1
[ rsede=0, Vi ePE-10),
-1
Then
Q4oL
" rir+1)
The basis of W$(A) is set as follows: (2 5 i 5 it - 2),

(gz +€z+1 ), on ti,
otherwise,
(25 eo—el)’ onts,
0 (8265). e
otherwise,
(51‘—1 +€z —2§>
) on t«_1,
z -1
e = 2 o1 — Eie_
xi--1(§) = <‘pr<€ §h1 £ ), on tie s,
i*~2
\ 0, otherwise.

Moreover, the space M{(A) coincides with SP{41,...,%;-~1}. The basis involves ¥; = x; (2 <
i<i*—2) and

ho his—1 |
w1(£)={ gg eh oo w,-,_l(e)={ g —g vt onteon
x1(£), otherwise, xio1(8), otherwise,

Let x € H}(A) and n§x = Z:;'il o4X;; introducing the vector _)g‘ = (o,...,-~1) and x =
(06 ¥i)Laay, - - - » (X Yie—1)13(4)), We can write

(I+K)x* =Dy,
where D = Diag(Dy,...,D;:_1) so that

hi + h;- o
D; = (xi, ¥i)r2(-1,1) = —T‘(;‘_{—_‘lz—)l, 2<1<t* -2,
Dy = (x1,¥1) -1,y = Tt D) + e
hi=_1 hi=_2

Die-1= (xir-n ¥ir-t)r2-rn = r(r+1)  r(r+2)’

and K is a tridiagonal matrix with zero diagonal elements, the entries of which are computed by
Seshaiyer and Suri in [9). It is proven, therein, that

73Xl 2ay < € “D_MX“
¢,
where ||.|| g is the Euclidian norm of R#* =1, The L-stability is valid for any kind of meshes while,

so far, the H'-stability is available only for (M)-meshes satisfying (3.1). From these inequalities,
we deduce the following results.

§
“ (MX) L'-‘(A)
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LEMMA A.2.3. Let x € H}(A) be such that x(&) =0, Vi (0 < i <1i*). We have

h
“WgX“Lz(A) < C;.ﬁ x| 23 A)s (A.2.4)
|7rgX|Hl(A) < Crl/zl)dH‘(A)- (A.2.5)

PROOF. The point is to estimate in a judicious way the terms || D~'/2x||g and ||D~3/2x||g. For
any i (1 <1 <1i* — 1), we have

X, = 06 %) L1y = / x(€)¥:(€) d€.

ti-1Nt;

First, we compute the integral on t; (1 < i <1* — 2), using an integration by parts formula

, _ o &+ &iv1 — 28 _h p (€i+£i+1"2€)
[ xemieris= [ xtom (SEE=E) g =% [ xiom, (=) ae

Cauchy-Schwartz inequality yields

3/2

h;
< C 2 W g -
L2(t:)

- (ﬁi + Et',:;l - 25)

[ XOw %] < 5 XN

Similarly, we have
3/2

(-/t. X(f)¢z(5)d§ C 5/2 "X ”L’(t.,_,l)

There remains to look at the special cases of the extremal elements to and ¢;«_1. First, observe

that
2 (26 -6+&
’¢1(§) = T(?" ¥ l) Lp ( hO

), V&€ ty.

Following the same lines as above, we show that

3/2

[ ermierae [ O 2 Xl

This gives

(o) | <0

3/2
T h;
(hi + hi—1)*/? (r5/2 Ix’ ”L?(t,-l)*' 5/2 ”X ”L’(t.)

3/2 1N zaes -0ty -

Taking the sum of squares over i yields (A.2.4). On the other side, we have

|(p~22),

r3 h3/2 ) h3/2
<C (hi + hi—1)3/2 r5/2 ”X “L’(t‘_x) + =7 r5/2 ”X ”L’(t $)

< CrY2 X N pages o) -

A sum of the squares over i provides (A.2.5) and completes the proof. ’ ]
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LEMMA A.2.4. Let x € H}(A) be such that x(&) =0, Vi (0 < i < i*). Then we have

h1/2
8
”7('2)(”1-15({2(,4) < Cr_1/'2'|X|H1(A)- (A.2.6)

PROOF. First of all, recall the compactness result of [20, Theorem 1.2.12]: for any real number
e > 0, the following inequality holds: V x € H}(-1,1),

C .
I 32 1,1y S elxlan = + 2 Ixliza-10)-
The constant C > 0 is independent of ¢.

Let x € H}(A) be given such that x(¢&) = 0, Vi (0 < i < i*). Choosing € = h/?/r in the
previous inequality gives

5 h1/2 P r P
||”2X“H;g’(A) <C (T |7’2X‘H1(A) + hi/z I'"ZXHLZ(A)) :
By (A.2.4) and (A.2.5), we obtain (A.2.6). 1

A.2.3. Proof of Theorem A.2.1

First, let us consider the projection operator studied in {12] and defined as follows: Vx € H!(4),
#%x € W5(A) is such that

#ox(&) = x(&), Vi (0<i<i®),
/ (x - #°x) ¢* d¢ =0, V® € P,_a(t).

ti
We have the following estimate: for v > 0: Vx € Ht(A),
5 h®
“X - X||H1(A) < C_,’:,_,' “X"H“‘"(A)y

where o = min(r, v).
Then let x € H¥¥(A) be given. We write

lIx = Xl g ay = 10 = #0%) = 7 (x = #°%) | oz
< (= #°x) =2 (x —‘%5X)HH352(A) + I3 (x - 7ul'(sX)HH;({z(A) :

Noticing that (x — #%x)(&) = 0, Vi (0 < ¢ < i*), we can apply Lemmas A.2.2 and A.2.3, and we
find

s <o p1/2 \/i—_ .5 h1/2 s
llx - XHH&{‘(A) =Y\ og(r) [|x — * X”Hl(A) t e [lx - # X”Hl(A)

hl/2+a
< C ey Viog(r) Il v a)- ]

APPENDIX B

The purpose of this appendix is to bound the Hééz(—l, 1)-norm of the function ¥, introduced
in the proof of Lemma A.1.1.
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LEMMA B.1. We have

< ¢ Yen) (B.1)

”X7‘|!Hé({2(—1,1) = r

PrOOF. Using the identity
Lig,=L,_+(2r+1)L,,

o 2Q2r+1) _ 2 ,
X = T+ )+ 1) (L’ rr—1) Lf—l)’

we deduce that

and therefore,
Ixrllgsa(-1,1y < Crt ("Lr”Hl/ﬂ(—m) +r72 ||L'r-1"H1/z(_.1,1)) .

The inverse inequality (see [31]), combined with the fact that ||L,|jgi/2(_11y < Cy/log(r)
(see [39]), yields the partial result

V/log(r)

xrll -1,y < C——;—-

To bound the remainder term of ||x,||,;1/2 , We write
HY*(-1.1)

1 2 1 2 1 2
_Xp__ -2 a-L) (_2_ / _) _%
[ Zeesor {/_1 it [ (Gt 1—52}‘

The first term is bounded in by Clog(r) in [39]. In order to work out the second, we resort to a
Gauss-Lobatto numerical integration with » points and obtain

1 ( 2 2 d€ r—2 1 )
R I S
a\(r=1r 1-6 =, _ (sj(_r—l))
where (Ej(-r_l))ostT_l are the roots of (1 — ¢2)L._, and (p§r—1))05jsr~1 the associated weights.
Following the same line of argument as [39), this integral is bounded by Clog(r). ]
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