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Abstract .  In  th js  papef , . r  rnr- r l t i level  c lonra i r r  r lecourposi t ion a; r ; r r1r .1qh b,rset l  on nru l t i -
gr id  r r rc thods f r ) r 'obt . r i l r ing t . rs t  so lut ions for  couplct i  cr . rg i l ruL ' l ' i l ' rg  f l i ) \ \ ' . rppl icdt ions
ar is ing or . r  conrplex c iomir ins is  pr t ,s i ,n tec l .  I 'he pnrposcr l  technic l r - rc  r . to t  onlv  a l lorvs
solut ions to be computcc l  e i i ic ierr t l r . '  a t  thc e lement  Ic i 'c l  br - r t  . r lso he lps us io  i rch icr . 'e
pr( )pcr . rccr l rac\ ' ,  loat l  balancrng and c()n. lpLl tat i ( ) r ra l  c f f ic ierrc t ' .  Nr- rnrcr ica l  rest r l ts  prc-
sentecl c1e monstri itc thc robr-rstncss of thc L)rof-rosec'l tcchniclue.
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1 Introduction

()r  cr t l ' rc last c lccacic,  thcrc h.rr  c bccn signi f ic.-rrr t  i ic l r ' . r r tccs in clcr e lopir- tg solut iotr  mct lrocl-
ol t lg ics for stuc- iv ing cornprlgl  c1\ 'nirr l ics of couplccl  processes ar is ing in a r ' . r r ictv of . tp-
pr l ic i r t iorrs that i r rvolvt  mult i1. lL ' i r r ter. ict ions bct '"r ' r 'cn f lorn' ,  tert . t l - - 'eratrrrr ' . r rLl  structures

13, 4,9-11,25,33,3'+,37).  Domain decomposit ion techniclucs l r . ' i th non-matchirrg gr ir- is
l ravc bccomc incrr.asinglt '  prop'r t l l1r in stuclving sr-rch cou;r lcd pr()ccsscs 12,5,2(),301. In
part iculat they help achieve fast ancl  accurate solut ions to var ious appl icat ions invol l , -
ing couplecl  processcs n,hcr-r  usecl in conjunct iorr  n ' i th mult igr id techniclucs [19,32].  Thcv
also al lor.v coupl ing of c l i i ferent subdomains ni th nonmatching gr ids and di f f t ' rent dis-
crct izat ion te.chniqr-res and thc solut ion can be eff ic ient lv rmplcmentecl  even ovcr paral lc l
a rch i tectures.

C orrcspcrncl ing .rr.r thor. Lt.ntLt i l  t t i t l rcss: pseshaiy@grnu. edu (P St 'shart ' t ' r)
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The purpose of this paper is to introcluce a flexible domain decomposition approacir

that involr,es multigrid algoritftln thirt rt' i l l bc lrscc] to stttclv tliffcrelt e'nginccrilrg appli-

cations thtrt in'ol'e fl.w irechanics. The first trt,o applications involve ilows through a

channel with squtrre cavi t ies. The thirc l  ancl  thc fourth appl icatrons iu\ 'o lvt '  interact i t t t r

between ilort' ancl large dt'forming strttctltres'

2 Model and governing equations

\ \ /c r lcnOtt,  bV F/ ' (  (  )  ) ,  s. : ' ) f  ,  tht  stancl . t r t l  Sobolt ' r '  space of orcler s n' i th rcs;-rect to thc st . t  o '

n 'hich is ci thcr thc t i t lw' t l t lnr.r in O, t l r  i ts L.r t l r t t r t l ' l r t  l - '  t l r  pr '11'1 oi  i ts bor ' tnc1'rr1" I le lrcc'  r ' r ' t '

assac ia te  l ' i t5  11" '  ( ( , ) ) ,  i t s  t t . l t l t r i t l  t t t l r t - t r  r r r , ( r '  F t l r  l ' -  P ' t  c r '  t f t c  S t lbg lcy  sP i ]cc  Wrr l  l ' i ( ) )

is def inecl  i ts the closr-tre- t l i  C-(Ot in the rrorm

Thc c l .surc of  Ci ( ( ) )  t r r - rc lcr  the nornr  '  1 \ , '  r , i ( ) ,  n ' i l l  be c let totcc l  b) '  W, ' i ' ' '  l ( )  r '  \ ' \ rhcrre 'e r

possib le,  lvc vv i l l  r rcg lcct  thc c iorr r i r i t r  labcl  i r r  thc t rorm'

F.r  'cct . r - r ,a l r - rcc l  i l rnct ions at r t l  spaccs,  \  re use L lo ldfacc t r t l t t r t i t l t - t  Ft r r  cr t l r r tp lc '

Hs ( ( ) )  :  l l 1 . (g ) ] , , c l c .o t cs  t he  sp . - r cc  o i ' ) 1 " - r ' i r l uec l  f t t t - t c t i o r r s  such  th . l t  c i r ch  co t l rP ro t r t | t t t

bc lo l rgs to 11 ' (O) '  AIst l  
" 'e  

t lent ' te  th l  sPrn6p of  s t lnarc in tergrable '  i t t t rc t io l - ts  h ' rv i t rg zero

, . ' - . ' " a , ' ' ' , r r " , ' O t r  L i ' ( ) t . t t t t l  t l t e s l t . t , - - , . ' t r l ' s t l l t ' t r o i d ' t l  f 1 1 1 1 i l i t r l r s

V ( O l  { r r i ' H ' ( O )  V  r r "  0 } '

F9r.  I '1 i  I -  lv i th  l t ( )n-zcr( )  l l r ( , . lSLtrc ,  \ \ 'e  a ls( )  c t ' t t - ts i t ler  thc sr ' rbs l - r ' icc

U f  r f l l = ,  { z r . ' H I ( O ) l z '  ' d  o n  [ ' 1  ] '

A l s o , r ^ u , c c i e n o t c U f ,  f  f l ) .  H i ( ( ) ) .  F o r i l l r \ I ? r ( : H 1 i ( ) ) , r t ' c $ ' t ' i t c  f z '  i o I t h t ' s t ' l l l i - r r r ) r n r '

I -e t  (Hf  ) '  c le .o te , i l ; ; ' . ' " i ;pace o f  H l  .  Note  tSat  (Hf  ,  ) '  i s  ' r  subsp i . tcc  o f  H r t ( )1 '  rvhcrc

t h e l . t t e r i s t r r e t l r - r a l  s p i . l c c u r u l i { ) 1 . : f r r e c l ' a l i t v p r a i r i n g b c t v ' c c . H  
r i o r . r t r l H f , 1 o l i s

t 1 t ' t t t t t t ' t l l l )  - . r  r  r  r r : n _ . _ , . .  . , r -

Let  g  be  an  c leme. t  o f  H1/ l ( f  ) .  I t  i s  we l l  k t r t lw t ]  tS i r t  H t  
' : i f  

)  rs  a  i  l i l l r c r t  sp ' ]cc  * ' t t l r

l lorlll

I  1 , ,  : , ,  
, , , I t i , i , , , ,  . l i ' 1  ' '

r v h e r e  7 1  c i e r r . t e s  t h e  t r a c e  r l i r p p i n g  ? r  : H l ( O ) - ' " t r : 1 f  ) '  W t ' l c t  ( H t ' : ( f  ) ) '  d c n o t e  t l - r e

; ; ; i r p ; . "  u i  1 1 ' r . 1 i - )  a n c l  . i . , . ) t  c l e n o t e  t i r e  c l u a l i t l ' p a i r i . g  b e t v ' e c u  l g t r : i t - 1 1 '  a . c l

* t V z ( t ) .

i ,  5 -  l ( "  ) ' r ,  i . r  , / \
. , r \ , , .  r -  l ,  \ r ) i /

' \  / l l



L , \u l isa et  a l .  /  Cor . t t r .uurr .  Conrput .  I 'hvs. ,6 (2009),  pp.319-3+l

2.1 Model problem and variat ional formulat ion

l ,e t  us consicjcr tht  t imc-dtL'rr .nc- lcnt Navier-stokcs problenr clcscr ibing the f low of a f l r -r id

iu .r  rcgiorr O e Jir  given br ' :

321

,.. irt,r'c t) .tnL1 l/ .rrc thc clcrrsitt' ;rnc1 thc viscositv / is thc'boclv force ;rnd g is tl-rc prcscribecl

: : | ( ) \ ( ' r1 r 'e loci tv ovcr I-1 s.r t isfy ing thc ct tmpatibi l i t ,v cclncl i t i t l l r .

Lc t . /e  H l (O)  iu rd  g€  H ' , ' ( f  , ) .  Then thc  ve loc i t l , ,  the  pr ressure  and the  s t ressvec-

t o r  t i c l c l s  ( r t , p , r  )  c  H l ( ( ) ) ;  / - r ( O ) x H  t r : ( l ' )  s a t i s f v  t l r c  u ' c . r k  r , t r r i i ' t t i o t r a l  f o r m  o f  t h e

r.r  nstcac' l  v i  ncorl  pressible Na vicr ' -Stokes equa t ions given b1'

r)t t
t , U  y L u l  ( r r . f ) u - l 1 t : f  i r r  O x ( 0 , 7 ) ,

f  r r - 0  i n  O x ( 0 , I ) ,

t t  g  o t r  I ' 1 -  D O x  ( 0 , 7 ) ,

l u
'  I  i , 'U , t )  

'  '  L t \ , r t , t t )  :  c l t t ; t t , u ' )  1  L t l i t , p )  '  ' -  T , t t  ' ' r  : : " :  . f  , t ' . ' ' ,

l t \ r t , r )  '  0 ,

, / , . s  I  8 , - s  
- t

(2 .1 )

(2.2)
(2.3)

r '? J)

(2 s)
(2.6)

f e r a l l  ( u , r , s ) t H r ( O ) > t l - 2 1 O )  r H  ' t t ( f ' ) .  H e r e t h e c o r r t i r - r r - r o l r s b i l i r - r e a r f o r m s a r e d c ' -
firrcc-l as

D ( t r )  .  D l u ) d x V  l l , Z r  c  H l  ( O  ) ,
)

r f . t ' i l r

r rnc- l  the tr i l i t rc, i r  fortn

(2.7)

(2 8)

( ' \ 7 u ; u , T  )  -
- l

f  ) r r  i , i l . r  )  r ,  /
" , ' . J  c t

1 , 1  I  - -

\ i t o , t t , u  a  H l  ( O ) . (2 e)

For clet i r i ls conce.rning the funct ion spaces, thc bi l inear and thc tr i l i t rcar forms and their

propert ics, or le m.rv consult  [18,35].  lu svstem \2.4)-(2.6),

T  l r f l r ' n  l ) r 7 ' - H  
1  l ' l '

is the stress vector. In clomain decomposition methods, its computation across differ-

ent subclomains is an i r lportant issue. Thc intercstcd reader can consult  [18] and ci ta-

tions therein. Existence and uniqueness results for solutions of the above svstem are well

known;  see,  c .g . ,  [15-17 ] .

t t l t t , t t )  . -Zt ,  
l ,

l r ( t , , r1-  l ,

,,,' (#i),',,r,p f  t tu
. t  ( )
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2.2  Non-conformingdomaindecompos i t ion

L,et thc f l r -r ic1 cir tnrain O Lre part i t iontd into l r  notr-ovcr lappirrg sub-domains {O'} l l '  r  st ,ch

that the closure of the union of O; is equivalent to the closure of O. Note that the pre-

sent;r t i t tn i rr  the papcr is iu t lvo cl imcnsions atrcl  onc can extctrcl  this t t l  threc cl imensions

r,r , l r ich wi l l  be consiclerecl  in a forthcoming paper.  Hence. n,e cotts ider r)A'a aO/ ( i  f  i  to

bc ci ther emprty,  t t  vertex, or.r  col lect iorr  of  e 'dges of O' ancl  f ) / .  l r r  thc lat ter case, we.

clcnote this i rr terf i rcc Lry f  "  iy|rch crrrrsists of incl iv idual common eclges from C)'  . lnt1 O/.

T l r e v e l o c i t r , , t h e p r e s s u r e . a n c l t h e s t r c s s f i e l c l  ( t t ' , | t i , 7 i i ) ; : H l ( ( ) r J r L 2 ( f ) ' ) x H  l / r ( l - ' / ) )

s ir  t isf  V

r ) t t l
a - p ; , u ' >  l t t \ . u '  , 7 , ' ) * c l u '  ; t t t , t t '  ) * L t l t t r  ,  t '  ) - i ' : - . T t 1 , 7 t )  . ) 1 r , : ' - - . f  , T ' > ,

I t l t / , r ' 1 : 1 1 ,

. .  l l l  , S t  l ; .  l t  
, - . : -  g , S '  > 1 . ,  ,

- . 1 -  l l t  t t l , s ' /  >  1 . , ,  
-  ' t )

(2 10)

( 2 . 1 1 )

(2. t2)

(2 .13 )

f o r a l l z r ' € H ' ( o ' ) ,  r ' t L ) ( c ) , ) , s ' € H  l ' r ( f i ) t r n c 1 s ' r e  H  L ' l ( l - / / ) , f o r i " ' r , 2 , " ' , l t '  H c r c I ' l

is f  lO, ancl  the strcss on thc main bourrdarv f  is sct to bt 'cclual  t t t  zero w'here Dir ichlet

bgunclary cctndit ions are not i rnposed. Note that i r r  the cot ' l t inuous casc, on t l - re boundary

1'r l ,  t f te ycl1lc i tv vcctr l rs,  l r '  ancl  rrr , . rrr t l  thc strcss vcctors r"  t r t t r ]  T/ '  t t rc i t r  tJrc si lmc spi lc( 's,
g t / z i 1 - i l ;  i r n d  H  l '  2 (  l ' ' /  )  r e s p e c t i v c h , ,  n a m c l v

l r '  u t  e rnc l  T ' l  ' T t ' ,

w,herc the ct l r - r iv i r le l tces i t rc  in  the st rong form. r \ ls t t  n 'c  rcmark that  thc ct l tnp l t i . r t io l r  t r f

T l t  GH 1 i2 ( f t r )  canno t  bc  i n  ge rnc ra l  accu ra te ,  c . spec ia l l v  a t  co rnc rs  o r  s i ng t t l a r  po in t s ,

r . lue t r l  i ts  poor  regul . r r i t t , .  I lo lYcver  i t  ts  prossib le to c()n lPLl tc  T ' l  i ronr  l r ,  by r - rs ing the ct tn-

cept  of  exterrc ler i  iunct i t tn  and er tcnclcc l  c lomai t r .  Thc reaclcr  in tcrcstec l  i r r  the numer ical

computat ion of  the st ress vector  c . rn re ier  to  [1-{ ] .  ln  orc ler  to  f i tc t l i ta tc  the computat ion

oi  thc st ress i r t  the Lrr runc ' l . r rV or  r t rcs] r  i t r tcr faccs rve in t r t tc l r - rcc tht 'cxtcnclcc l  donrain C) 'of

C ) i as  O-Ot .  The  so lu t i on  l r r ove r  t hc  c l oma in  O ' can  be  ex tended  by  us ing  the  s tanda rd

t l r t ' o r y  I t 7 ] .  I r r  t h t , r t , s t  o f  t ] r r ' p . r p e r  r v c  w ' r i t c  l t '  t o  d c t t t r t t ' t l t t ' l ' t t t t c l i ( ) l l  ( ) \ ' L ' r  O ' a r t t l  t i ' i t s

extension to O.  The st ress r r l  can thcn be cc lmputcd v ia,

<  T i i , i '  / t , , -  - . l j l , a '  : . .  0 ( t i i , f , i  1  c lu i ; t i i , i i )  b ( { , ' ,P ' ) ,  .  f , [ "  - - ( 2 . 1 1 )

for al l  0 ie Hf (O O') n 'hich also vields an expression for computing the Iagrange mul-

t ip l iers r ' i .
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3 Finite element discretization

3.1 The mult i level domain decomposit ion

Let us introduce .r  f in i te element cl iscret izat ion in each subclont,r in O' thror.rgh thc meslr
parameter f t  n 'hich tends to zero. \ {e consider our discret ized domain 01, to bt part i -
t ioned into l r  non-overlapping polvgclrral  srrbt lorn.r i rrs Of, .  Now, bY start ing i r t  the mr-r l t i -
gr id coarse lcvel /p,  r , r ,e sr-rbr l iv ide Oj,  i rnd colrsc-quent lv OT, i rr to tr iangk's or rectatrgles bV

unstructurecl  famil ies oi  meshes Ti,  .  At this coarse level /0,  as at the gcneric mult igr ic l
level 1,  thc tr iangLrlat ion over al l  ( ) j ,  are'c lc.pr.nr- lent i rncl  sat isfr ,  f i r -r i te clenrer-r t  conrpat ibi l -

i ty constraints;r long thc intcrfaccs I- , , ' .  Basccl  on the simple elcrntnt miclpoint ref incmctrt ,

diffcrcnt muitrgricl levels c;rn be built to reach a complete unstnrcturtrl mesh T,i'r of finitc
t ' l t ' t r t t ' t r t s o v t ' r ' t l t t ' t ' r t t i r t ' ( l ( ) n r , l i n O , , r t t l r t ' t r r P i i r r t ' s t r r r r r l t i g r i t l l t ' r r ' l r r , .  I t ' t t l r t ' r r r , r r . i r t t t r r t t
s ize  o f  the  t r iangu la t i ru r  o f  th t 'mt r l t ig r id  leve l  1be / i1 .  For  r le t . r i l s  ( )n  mLr l t ig r id  l cve ls
and t l rc ir  corrstr l rct ion one miry consult16,27,36].  Non'\r , r 'h,rvc ct lmplctc r-rnstructurcc]
meshes at cach mtr l t igr id lcvcl  in a st .rndard f in i te element fashion l , r , i th compatibi l i tv
etr forcecl  acr()ss.r l l  thc elcnrcrrt  i r r tcrfaccs bui l t  ovcr rnic lpoir-r ts rcf inenrcnts. C)r 'cr ( ' \ 'crv
mircro clonrain Of,  tht 'Navir .r-Stokes eqlr i -r t iorr  c-an bt.  solvccl  () \ 'cr  a di f fcre.nt levcl  / ,  ger-r-
crartiug a solutior-r mesh over C)7, consisting of different meshcs over cerch subdomain. Le t
tus clenote Oj, .  to L-rc the sr-rbclor lain i  whcrr:  the solut ion rvi l l  be cornputecl  i r t  the i in i 'st

rnul t igr ic l  level / , ,  n, i th /rr  t ler-rot ing the nraximum size of the tr iangulat ion of subcic)nr. ' r in.
I t  shoulcl  bc notccl  t l - rat  the rnrr l t igr ic l  lcvcls at r t , l - r ich the solut ion is conrputct l  ovel i r r-

div ic lual  subclomains Oj,  . rrr .1 Of rnavbe di f fcrc 'nt  f ronr c,rch ot l -rcr,  r , r , i th no compatibi l i tv

enftrrced crcross tht '  int t ' r i . ree I  j ,  .

The recursivc gcncr.r t ion of i incr gr ic i  lcvcls nrav be usccl  t r '  1;cner ' . r t r ' . rn. tpproprr i . t tc
mesh cl iscret iz ir t ion in t l - re bounclarY lavers subclomains, u,hcre gcncrar l lv a f incr nrt 'sh
is rreecjecl .  fhis ci ' rn bc.rchievccl  r , r ' r th.r  corrcct/snr.rr t  ch() ice of thc c() i rrse le 'r ,c l  t rr . r t t -
gulat ion ancl cvcnt l l . r l l l ,  1f  i11' '  miclproint ref inenrerrt  nraclc orr l r , ,  11' '  prrcfcrent ial  c i i rcct ion:
pcrpcndicular to the botrnrlirr\,.

I r in i te clcnrcnt. ' r1-rprroximation sp,r t-cs can Lre gcrrcr i r tecl  r" trgrr lar l l ' ,  r rs i r-rnct iorr  of  t ] r t '
character ist ics le.ngth /17 over each mult igr id level /  result ing in di f ferent approximation
spaces ovcr thc solurtior-r r-rrcsl"r Oj,. Notc that orr thc solr.rtiorr mcsh, \{'c c()nlpute t}-rc
reloci ty f ie ld u/,  at  the l t ' r 'c l  1 trvt ' r  Of,  but,  the t 'xtendecl fur-rct iorr  r i l  is t lcf inc. l  ovt ' r  al l
()1,. There maybe pr;rrts of the clom.rir-r where the solution is not computecl at thc top level
bLrt  a project ion operator from the. coarser level can always be nsecl to apprurxirnate tht '
'olution over the extended domain ()1, and therefore an approximation to the extcnclecl
r,rnction il1, is all,r'ay,s availirblc. This cxtcndccl function has thc sanre valuc irt thc)sL- rroclcs
in the coarser mesh that are included in the f inest mesh. 

' Ih is 
is always the case i i  the

.1rf ferent levcls arc gcncratccl  by successive midpoint ref inements.
l -c t t rs  choose the  fanr i l ies  o f  f in i te -d imens iona l  spaces  X1, ,  IHr1Ol  anc t  57 , .  c  I - i (O l .

\ \e nrt tke the fol lowir ' rL '  r \qtrrnrr f i r rnq,rrr  X1,,  and 51,,  for the extenc-lecl  funct ions clef iner ' l

323
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ovcr f)1,  (see, e.g.,  [16]) :
(a) Approrhutti0tl hqptttheses: For each multigrid level / there exists an inteS;er /1 and a

constant C, inclepe.ncle.nt of  /11, i? .rnc' i  P, such thir t

i n f  j ] r r  - -  i r , , l  t . ; C h f  l L , , l l r ,  r  V r r  €  H r - r 1 o ; : t H , \ ( O ) ,  i  . _  k . _  l t .
r i1, ,  , .  ) . , , .

i n f  |  -  i t , ,  . .  C / i f  r  1 1 1 , 1  r l , c  F J r ( O  j f  t . ; ( e ) ,  I . ; . k 1 . 1 , ,
l ) r r '  i  - \ " '

(b) I rr f -sup or LIIB corrt l i t iotr :  There exists a constant C' ,  inclepepcle.nt of  / rr ,  such that

L , , r . r i , , , / . r '
, , , , f1'r . . , , , . . ; l l l - ,- ' i t ; ' , i  Li  L, - 'c '  .  0

for al l  mult igr id l t -r 'c ls l ' . . '  t r1.  This condit ic ' rn assures the stabi l i t r , 'of  the Ntrvier-
Stokes cl  iscrr . tc sol  u t i  orrs.

(c) L 'ct  Pt, , -  Xt, ,  , tn,  i .e. ,  P//  col ls ists of al l  thc restr ict ions of fur-rct ions be longing to X7,,
to thc bolt t rd; trv I- .  i - -r t r  t l ' re sLr lrsp-r; icg5 Pt, ,  :  Xt, , i  r ,  * ,c . tssLlnlc t l te ap;rntxirnat ion
prop-rerty:  For each mr-r l t igr ic l  lcvel  /  thcre. cxists an intcger /1 i l l i l  a corrstant C,
inclepcnclcrr t  of  s such thir t

, , _ ] l . i o  i r  s / i  l y  t C / r f  l s ] ] r  I  
V s r  I / ^  : ( l - ) ,  1 r k : / r .

See [14, l6]  for c letai ls cctrrcertr i t rg ther approximation on the Lrer-rnr lar\ , .  With tScse 6y-
pot lrest 's w(r c i l l r  br-r i lc ' l  rcgr-r lar cor. t i r l rmir-rg i rpprcximations olcr. t ' , r r .h sr i r i  u l r i lc thc ap-
proximate solut ion Lre' longs to X/r corrc.sproncl ing to the. strbclornain Oj,- .

Tl-re mlr l t i l t ' r 'c]  t lct t t r i t i t t  c leconrposit iun prolr lenr clvcr thc r lonr.r ins ()1, ( i  t ) ,  . . , t t t )
s t l lVcc l  on  the  lcve l  1 ,  sL t r ro l rn r lc r l  bv  the  c lo r l i r i r rs  O j ,  n ' i th  7  i  1 ,  ( / ,  b t , ins  th t ,se t  9 f  t5e
ne ighbor ing  reg ions  o f  t )  c . rn  L . , r 'ob ta ined bv  d isc re . t i z ing  (2 .10) - (2 .13) .  ( , i r t ,p  /c  l -2 (Ct )
anc l  g1111/2( l ' ) ,  cnrpr le f  i t tg . r t  in rp l i c i t  Er . r l c r  t in rc  c l i sc rc t i za t ion  u , i th  t i rne  s tcp- r  A i ,  9ur
problem thcn becorlcs thc fol lort ' ing:

I r i r r r - l  ( t , i t , , , , , , ,1 ,1 , , , , , , , t ' , , '  )  { :  X1 , .  ( ( ) f , ) rS7, ,  ( ( )1 , )  p l , ,1 f l ' r  sa t i s fy ing  thc  i r .eak  fg rm 9 f  t l - re
Navier-Stokcs ecl  ua trorrs

| -  
' ' , , 1 ,  

, , , , r i , 1  - '  i , t l t t i , , , , , , , u l , , , )  I  c ( u l , , , , , ; u ' 1 , , , , , , , u ' t ,  )  r  l t t , r , ' , .  , 1 t

1 ' ' '  ' i , , i , , , , ' '1, ' ,  ) r i , '  -  
] , ' t ' i ,  , , , ,  t , l ) ' t , ' ,  2 + ' : -  f  , r t i ,  " ,

It(ul, ,,,,r1, ) -0,

.  t t l ,  , , , s 1 ,  I  g . ,  , s ; ,  .  I  t

l j 1  1 t t t ] ,  t  P 1  l r t t 1 1 ,  ) , 5 1 1 ,  
. ,  

( ) ,

(3  1 )

(3.2)

(3 3)

( 3 1 )
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, , v l rc rc  j t -  !1 ,1 - ' r , ,  I -17 , t t i )O j ,  a r r r l  11  :  n - I i rx { / ' ,1 , }ovcr  thc  In r - r l t ig r i c l  l cvc ls  ava i l . ib lc  a t  the

btrrrnclarv f j f  .  t  tcrc P1 ,1,(rr)  art  cranclr-r ic i r l  pnr long.rt ion opcrir tors i r t rc l  i t r  order to ensure

lraxir trLrn . lccr l racv t f tcy prt l ject the vel t tc i t ,v f rour the lcvel 1,  to thc'  levcl  /1 i , l 'h ich is thc

i incst cr i t l  prcscr.r t  r tn thc Lrouncl. t rv I ' j , ' .  [ ] t , r  detai ls.urd pr()p( ' l ' t ics t l f  thcsc' t lpcr i l t t l rs,  ot tc

rr i tn cor.rsul t  [6,21] arrcl  c i t . t t ions thr.rc irr .  With this hr ' 'pothcscs, thc lagrangc mult ipl iets r j , '

c i rn also be cl iscrct izecl  anci  prro;ectcd otr  the f inest gr ic l  i rvai lable orr f , i .  Si trce thc mesh

rtn the rnLrl t igr id.rr t 'unstructurt ' r l  ancl  qr,ute operr lv cotrstr t tctccl  thc' tncsh bctvt 'cetr  thc

subclomain O/, arrcl the. ncigliborirrg subciornair-r O/, can be quite cliffcrcnt, as mentionec'l

cirrlicr. Mttrccl,u'cr, r,t rV firrc nrcshcs irr tl-rc rcgiotr clf itrtercst ttttcl t-tlarsc nrcshes clst'whcrtl

can bc harrr ' l lcc]  u ' i th l i t t lc cf fort .
l : , t luat ion s.r ,stcm (3. I )-(3.1) is rron- l inc,rr  c l l te to the t t ' r l l l  a( t t ' ) ,  , , , ) t r ' t , , , , , , ,7, ' t , t , ) .  I r t l r  i ts

trctr tr t rctr t ,  w'c l t . . t t 'c aclofr t t 'd thc Ir l - lM t- l l tx-ct l rr t 'ctecl  t rat lsp-rot ' t  a lgt l r i thnr propt lscd in IztOl,

r , r ,herc thc non-l incar optr ' . r tor is re-r ,r ' r i t tetr  in ternr oi  i l r -rxes.rncl  l inearizccl .  I lv using

th is  tcc l tn i r lL lc , . rs  s ( ) ( )n . rs  a  l r t : \ \ ' r ' a luc  o f  ve loc i t t ' i s  a r ' . r i l a l r l c ,  i t  i s  p t l ss iL - r l t ' t c l  r - rpc l i r t c

t l rc  I in t t t r i zcc l  cor rvcc t ivc  te r rn  t ' (a ;u ' , , . , , , ,7 , '1 ,  I  r t ' i th  r ro  ld , . l i t i ona l  assemblV t ime.  ln  a l l

r ruprer ic.r l  cr i rnr;r l rs. trr . t lyzccl  in this n,t l rk thc l lcr . 'nt t lc ls t tut l lbcr is i i l r t ' r ' tys l i rmitrar atrcl

r . ro- i l l t r  corrt 'ct ions . t  r t '  t tst 'c l .

3 .2  So lu t ionmethodo logy

Wg selr ,c thc systcnr (3. l ) , (3.1) bv compr-rt i r rg simtr l t i t t rcouslv thc sol l t t iotr  f t l r  btr th 1-r1'L '5-
sure i rpcl  ycft tc i tv.  11 clrc ler te opt imal ly sct lve this svstem involving the unknown variable

r j / ,  * ,"  choose tr  V.rnktr  smoother [22-21,26,27,36,38] r , r 'h ic l-r  iuvt l l l 'cs the st l lut ic l rr  of  the

rr.r ' i r r im.r l  rrur lLrcr of  c legrces of i r tcclorn fr t r  statrclart l  ct l t t f t t r t l ing Tavlor- l lood f ini te clc-

mcr-rts bnt nree'ts cr.rough rccluiremelrts of robustness. This smtltlther cau bc considcrecl

as bleck ( ,ar- tss-Sr. i t lc l  r t r t . tht tc l ,  x,hcre onc block ct tnsists t l f  . r  snr ir l l  t t l tnr l rcr t l f  t legre'c 's of

frct 'dor.r-r .  A t1 'pical  sr-noothing step consists of a loop over al l  the blocks, st l lv i t rg only the

et lu. t t i r tns i l r r ,olv ing tht :  r . rnkrrou'r- ts i t rs idc thc elenreuts th.r t . l re. tr t lLt t tc l  thc ct lnsiderecl

prr\ssLlre vert iccs. Thc vcloci t \ ,  ancl  prcssure var iables ctre Llpcl i l ted manV 1i*e5 in one

smsothing stcp. l - l ic Varrrk.r  sur()othcr,  cmplovecl hcreirr  i r rvolvcs thc st t lurt i t l l r  of  a srrral l

lunrbcr oi  c lcgrecs oi  f rr .cclor-n giverr by'  thc confornr irrg Ta1'1., t -1 ,nt ' ,d f in i tc elcment dis-

cretization uscci. For this kincl of elernent the pressurc is computed in the vertices while

t6c ycloci tv i ic lc l  is c1lr trprr-r tccl  in bot l -r  the ver i ices rr trc l  thc t-r t ic lpt l ints.  C)r 'er the intertral

part of the' generic subregion Oj,, rvhere there are no boundar)' L'iements, our Vanka-block

corrsists ef t rn element ctncl  al l  i ts neighboring clcmcnts. We solve for al l  the degrees of

freeciom inside thc block, with botrndarv condit ion taken on the external boundaries.

For examplc, in Fig. 1,  our block consists of four vertex poirr ts ancl  12 rnidpoints to be

57, lOj , ) ,  \ , ,s j , ,  , -  P7,

. r t - i c l  i - 1 ,2 ,  , t t t ,
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F i g u r e  1 :  U n k n o w n s  ( b l a c k  c i r c l e s )
(b )  p ressure  y1 ,  fo r  our  Vanka b lock

l r

a n d  b o u n d a r y  c o n d i t i o n s  ( w h i t e  c i r c l e s )  s h o w n  f o r  ( a )  t h e  v e l o c i t y  t i e l d  t t 7 ,

smoo t  h  e  r .

solved, frr ; r  total  of  36 r-rrrkno\\ ,ns. Wc havc also usec' l  c l i f iererrt  Lr locks vvi t l r  t ' l i f fcrcnt

petrformances bLlt we have icruncl tl-ris ptrrticular block tct bc vcrY robLlst .llrcl reliirblt' evelr

at high Reynolc-ls numbers. Extrmples oi computations r,r'itl-r this kincl of solvers carl bt'

io r rn t i  in  127,3a1.
It shoulci be r-roticecl that ii no boundaries fjl cllt the con"IPlltatiotral block, no [-t.1-

grange mult ipLier terr ls .  , ' t , '  , r , ' , ,  >, , , , ,  s l -rould be corrsiderecl .  l l r  the othcr case the btr l t rr t l -

ary f- j /  r .v i l l  beconre the Lror,rnclr . t rv oi  the complt t . r t iotr .r l  b lock. ls \ ' \ 'c l l .  
- ln 'o cl i f fcrctr t  st t l ' -

. r1.r"r"or" p6ssible.:  (a) the bleck belongs to the sr- tbclomaitr  n ' i th the f incst nresh; (b) tht '

b lgck belgrrgs to thc sub{om.t i r-r  iv i th the coi trscst mesh. l rr  c. tsc (a) the vcloci ty ' r rr t l  tht '

pressLlrc,- , , - ' - i l - . , r . 'bourrt l . r r \ ,  . r r( .  colrsic lc iccl  as givtn boutrci . rr t 'ct l l rc l i t iot- ts i r t l t 'n the c()cl l 'Sl ' - t

mesh, aftcr project ion, ancl  no stress tensor zj , /  sholr l t ' l  be cotrsidercd. ln casc (b) tht  r  t '

loci ty alc l  t l - re p-rressurc i t rc contputeci  orr  thc bounclarv, whi lc circh [-argrange nrtr l t iPi i t ' r

term < r ' , i , , t , ' , ,  - -r ' , ; , ,  i ,  g ivcn cxprl ic i t lV as r- i  l inear conrbinat i t r t t  (restr ict i t r r t )  t r i  the c(r l ' l . t ' -

sponding Lagrange mult ipl ier terms on the f ine gr id.  l t  shonlt l  be not icccl  that otr  tht ' l r rr t '

g i i . t  t l - r"  Lng*ng. '  r 'nr-r l t ip l icr  terms ;rre evalnatcc- l  t rs i t -rg (2. 1a);  i t r  othe r worcls tht '  cottr l 'Lr

tat iorral  block c;rn be considered as an extended compr-rtat ional block, part  in tht ]  t t "rr . t '

subclomai l  alc l  part  i r r  the f ine subc-lomain with trct  bt tunclarv f i , ' .  
' [ ' l - r is Ct)rrespt) l r t l \  t ( ]  ' r r '

o\/erlaPp ing cltlma iu decom pros i tion stra tegv'

To increasc the conyergence rate, the Vanka-st-ntlclthcr is cclr-rplccl rt' ith tl st.llr(1'll.tl \

cyc lc  mt r l t ig r i c l  a lgor i thnr .  The nr r , r l t ig r i c l  c loe-s  I r t t t  changt ' thc  l ra t l t rc  o f  the  s t r l r t ' r .  r ' i . l

o i lo*.  the information to travel faster betn'een di f ferent parts of the c- lomair1. . \  : lLtr : ' ' r i

roughso lu t ion iscv i r lu i ' r t cc ' l  i r r thecoa lses tme 'sh , t l rc1  pr t l l ' r i l g . l tec l immcc ' l i . r t c l \ ' . l l l  t ' tL t ' r '

doiain. Solving the c.quat ir t l t  s\ /ster l  rn f iner and f iner mt 'shes irnproves the solr-r f  r t rr '  ' l t ' -

ta i l s ,  bu t  a t  the  same t ime reduces  the  propagat iou  o f  thc  in fo rmat ion  ins ic lc  lh t " l ' r l l l ' l l l l

Howeyc'r  this docs not ; i i fect the global c()nvergencc rate, s ince the i l l f l l tctrct '  ' r t  >r l r ' t l1

Iocal changes is more ancl nrt t re i rreler ' ; rnt  as soolt  . ts the cl istance i t rcrci ]st 's lht '  ' t l " l l l  -

s is of the con\,crgence oi  Vtrnka-tvpc mult igr id solvcrs ior Navit ' r -Stokt 's t ' , l r r  i r t '  i t r r ' t t r t l

in [26].  ln order to prove the conr,ergence of the proposecl rnr-r l t r level donr.r iu t le compo-
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sitiorr algoritirm, \'\,e l-rlan t(r c()mbinL. the approach usecl i1 [26] togcther with Schwerrz
alternat ing tvpe approache's.  We are. currenth, rvorking on this proof and i t  rv i l l  be. thc.
focus of a forthconring p.rPsy. ;\t tl i is moment, \\ 'e have Lrrovccl geontetrical corrvergence
onl\ ,  for el l ipt ic problenrs.

Numerical experiments

ln this sect ion, w'e apprl l ,  the f lexible domain decomposit ior- i  approach irr t rocluced in this
paper to stuclv cl i f fcrct t t  ctrginccr ing aprpr l icat ions t l - rat  involvr '  f lon'  r lech.rnics. l -he f i rst
two appl icat ion involvc t lor ' r 's through a channel n ' i th a st- lLlcrre cavi t ies. Thc thir t l  . r1- ' -
pl ictr t ion i rrvolves a 1' lotr ' -str t rcturc i rr tcract ion that descr ibes .r  biological  appl lcat iorr  that
involves blood f lon'  intertrct ing r ' t , i th a defclrming anelrrysm. In thc for,rr th appl icat ion t t
i lu ic l-strr-rcture Lrcnchm.rrk prroblcm reccpt ly prgposed [3],  that inygl ' , ,es lnrge cleforma-
t ion cl f  ; r  thin nrcmbrane structure is considertcl .

4. \  Flow through a channel with one square cavi ty

Thc f i rst  t rumcrical  cxpcr i tncnt is to invcst igatc t t rc cf icct i rcness of tht 'c lor l rr in cicconr-
posit ion approach clescr ibccl  to stuclv f lo lv thror-rgh a chtrnncl n, i t l ' r  a sqLrare cavi t l , .  The.
l levnolcis t t t t r t rL-rct ' for thc cxpcrinrent is set to be 250. Wr' ,rssurnc t l - rat  the f l l r ic l  f lows in
a symtrrctr ic chi ' t t rncl  bctrvt-ctr  tu,o paral lel  pl i r tes. In thc channcl inter ir l r  thcre arc tr , r ,o
synrmetr ic sql taro cavi t ics. t t tc l  c lne' to the svrnmetry ctrr lv hal f  of  t l ' re clor l t r i r r  is uset l  . tncl
t l r c  s i r lu la t ion  is  moc lc lcc l  . rs  in  l r ig .2  comPut ing  or r l y , t l ' r c  f lovv  c losc  to  thc  c i tv i t v .

o t r l l ' l ou

FigLr re  2 :  Conf igura t ion  
" r t , *  

0 "n l . r .

The conrptt t t r t iotrar l  c. lonr ir i r r  Oi,  is i ' r  rcctangular region divic lecl  i r r  t r , r 'c l  subregions: the
cavity O,l arrcl the channel Ou2. The flow cnters from thc bottom of the subregion Oi
. tnc1 rci tches the or-r t lct . r t  t l ic toprr.r1 61;.  Thereforc we irrrpose ir  symmetr ic parabol ic
f low prof i le at thc rnlct  vvi th t tui t  maximum \/eloci t \ .  on thc sy'r-nmetr ic- l ine ancl outf- lon'
bounclary concl i t ion;r t  the top of the subregion Ofr.  On thc r ight s ic le of Of n,e impr 'rsc
s1'mmetr ic bclunclary concl i t ions. On the car, , i tV O,l  homogeneoLls Dir ichlet bounrl . rry '
conditions are enforcecl over the three sides of the sr-rbregion O,|. l 'he fluicl enters into the
ci- l \ / i ty f rom the r ight s idt 'of  Ql t lomairr  and ge-nerates a r ,ortcx in the cavi ty.  Since the
flow is laminar inside the channel Oi r,r'e keep the finest grid on the domain O,l and tr1,

o rl )  r
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, L : r  I  r . , $

F i g u r e  3 :  C o m p u t a t i o n a i  d o m a i n  s h o w i n g  c o u p l e d  m u l t i g r i d  l e v e l s  / 1  i j  ( o n  t h e  r i g h t )  a n d  l e v e l  1 . 1  / 2  ( o n  t h e

lef t  ) .

to  use r t  co. r rse gr ic l  on thc channel  rcg iorr  Or.  Wc c()ns ic lcr  c t r t  L l l ts t r l lc t l t rcc l  co i l rse n lesh

9f  isoparantetr ic  rectangl l l< t r  f i r " r i te  r . lcments for  1)2/  P1 r 'c loc i tv /pressl r re rePrescl r tat lon.

Af ter  the col ls t r l rc t iou of  t f te  mesh.r t  the level  /11 thc othcr  l l lcsh levc ls  / ,  ( i  - '1 ,2,3, - l  ) . l rc

gcncr l t tcc ' l  by i rn l r r - rs t rL lc tLrr t 'd  gr iL l  gcncrator  Lrv nr ic lpoint  rc f i t - t t ' t l re t r ts

Fig.  3 (on the r ight)  shol t ,s  the gr ic l  c t tn f igurat i ( )n f ( ) r  thc c lot -nain c lcconrposi t ion w'he n

thc l rcsh lcyc l  /a  ip  Ol ,  is  cgr- rpr le .1 iv i th  the Lcvel  / :  ar rc- l  (ot r  thc l t ' f ' t )  wi th lcvc l  /2  i r r  Oi .  I r r

t6 is  test  r , r 'c  t rv  to conrpr , r tc  th t  so lut ion in  c lorn i r i r l  r - i1 's l r tnposi t io t - ts  r t , i th  thr t ' t ' t l i f ic r t ' l r t

mesh cgnf ig l r r i t t i r tns:  A)  thc st i t r rc l i r rc l  coni igr- t r i t t io l t  n 'he re the sol r . t t i0r r  is  c t l l ' t l ; r l r t t ' t l  oVt ' r

f ) 1 ,  r t t  l ey t ' l  l l ;R )  t he  n tesh  cou f i gu r r . r t i on  n ,hc r t ' t l - r c  so l l r t i r - r l r  i s  co t l r p r t t ed , l t  t ' t r csh  l c t t ' l  / 1

lovcr  Ol)  . tn11 lc t ,e l  / -1 (over  Oi)  ;C)  thc nrcsh cot- t l - ig l r r . r t io t r  n 'ht ' r t :  thc st l l l t t io t l  i \  ( ' ( ) l l1-

p t r t cc l  a t  / 1  (ov t ' r  O f  )and  l cvc l  / 2  l ovc r  O i ) .  l n  t hc  r ' o t ' t i i g t r r . r t i o t r  . 4  o i  t h i s  c rp t ' r i n r t ' t r t  t l ' t t '

so l l t ion is  gbta incc l  i r t  thc lc ' r ,c l  /1  bf  ;  s tandarc l  nrr , r l t igncl  techni t l r . re rer l t i r i t rg ,  pt 'o1t 'c t t t rg

i l l rc l  i t r tcrpr t l l i l t i r rg  ovcr  ' r l l  thc ar" r i l i rb lc  lcvc ls  ( f ror-n /11 to /1)  i r r - rc- l  i t  is  s t t l ; - rpret l  r !h t ' r r  the

resic lual  t t f  the l inear  s) ,s tem is  10 + f i t r  the veloc i tv  n i th  referee veloc i ty  of  l t r t i 's  ln  thc

case i l  ar rc- l  C the mul t igr ic l  V cyc le is  rcgr , r l i r r lv  appl iec l  ovr : r  thc ( - ( ) i l rse gr i t l  a t  t l rc  l t ' r  c l  / ' r

ancl /2 rr.sprective lY.

' > - -

F i g t r r e  4  T h e  i ,  a n d  l  v e l o c  t y  c o m p o n e n t s  a t  t h e  c e t t t e r l i n e  a s  a  f L r n c t  o t r  , f

I n  F igs .4 -5  t he  ex tenc lec l  vc loc i t y  1 t1 , , , : ( u , r , ' 1 i s  p r l o t t ec l  f t l r  t hc  c l i f f e  r t ' r r t  1111 '5 |1  6 t ' r r r l - i g -

urat ion A,  B and C The.  extended solut ion for  case'  A is  the regular  so lut iou l r1, , ,  def ined
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F i g r r r e  5  T h e  r . c o m p o n e n t  o f  t h e  v e l o c i t y  f i e l d  a l o n g  t h e  n r e s h  i n t e r f a c e  l - l l

( ) \ 'c r  thc r lomir i r r  O1, .  ln  thc c i ' tscs l i . r r rc l  C t l ' re  veloc i tv  i ie ld is  t :o t l rputec l  i r t  uresh lc l 'e l  / r

t rnc l  /1  rcspr .c t ive lv . tnr l  pro j t 'c tcr1 bur t  not  so lved over  the lnesh ot t  thc level  /a .  Thc resul ts

in I l ig .  - l  arc s . r t is i i tc tor \ ' , rnc1 the r ' l i f ferenct  Lretvveetr  th t 'so l r t t i t l r l  i r r  ,4  . r r rc l  th t :  s t l lu t io t r  in

thc coni igr- r  r . t t i ( ) l t  C is  not  c iue to tht r  r - rs t 'o f  t l i i ierent  nrcs l lcs Lr t r t  to  t l re  iact  that  the gr id

. r t  the level  /2  c i l tnot  h. rnc l le  t l - re sharpr  veloc i t l 'gr . rc l ients.  , \evcr theless,  the rcsul ts  sh() \ '

that  one can e i i i r ' i t 'n t lv  r rs t ' r lo tn. r i r r  r iccornposi t ior t  lv i th  r l i f t t ' rc t r t  t l res l tcs to c i rp l t l t rc  t t l t -

por ta l r t  fcatures of  thc i lor . r ' .  I lv  re i in ing onlv in  the rcgions of  i r r terest ,  one can st i l l  obta i r r

i r  goor l  so l r r t i r l r - r  . r t  thc cost  t l f  lor , r 'cr  nLl l t rbcr  of  c lcgrecs o i  l . re t ' t l t t t t t .

4.2  F low th rough a  channe l  w i th  e igh t  square  cav i t ies

In thc seconcl l tu l t rcr ic i t l  crpcr iment r ' r 'e.  i l l t tstrat t 'an examPle in r ' t 'h ich the mr-r l t i lcvel

nrethocl can bLr cf i ic icnt l r  aPPl igl ' {  to;rrolr lcnrs in i l l r ic l  c ' lvtr . r t l ics.  Wc cttrrs ic ler chal lcng-

ing clonr i t ins rvhcrc snral l  rcgiorrs oi  f l r , t ic ls arc cottplcc- l  w, i th l i r rge ()nes, f ()r  cxanlpl t ' th i '

gcomt:tr \ /  in Frg.6 n'here . t  L-shapc clor.r-rairr  O11 is showtr n ' i th eight Lr l r i t i t ry sr lal l  st luare

cay i t i t ' s  O,  i  .  1 , . . . ,S .  I l c r r -  thc  use  o f  a  s ing l t 'g r i r i  l cvc l  l cac ' l s  to  a  vc rv  c t lmbcrs to l lO

implemcnti t t ion since thc c.rr  i t r  f lox'  must be solved w' i th di f ferent rest l l l t t iot l .  As i l r  t l te

prt ' r , ior-rs tcst the f i rst  ntul t igncl  levcl  /1 is the c()ctrSC t lesh t lcsigtrct l  t t l  ( lo l l t i l i l r  a l l  the

rclcvirnt iniorr.r-ri 'rtion sLlclt as Lrouncl,-rrV conclitions atrcl gcttnretric c'let.rils. The btlltndar\'

corrt l i t iorrs ior t l - r is proLrl t 'nr arr ' in i lo 'uv bount l . rrY cotrr l i t iot . ts t t r t  thc bcrt tonr t l f  t l - re i i rst

br i rnclr  r , t , i th ptrrabol ic pnrf i le (nrax vcl  .  l r rr  /s )  atrcl  ol t t f lon'  bott t rc l i t rv ct l t rc l i t i t l t rs on [-3

Dir ichlet bonndarv conc. l i t ions . t re . tp-rpr l icd i rr  the rcst of  thc Lrottut lurrv.  The cot lputat iotrs

.rrc pcr i()n-ncd ir-r  larnir .r . rr  r( .gi l 'nt '  for Rct 'nolcls nLrmtrer of 2()  arrci  rcct i t l rgLl l i l l " f i l r i te ele-

ments Qz /  Qt veloci ty /  pressure arc usec1. 
- l -he 

othcr levels l i  ( i -  |  ,2,3,1) are getre'r . l tcd Lrr

nr ic lptr i rr t  rc i incrrent.  
' l 'ht 'con'r1-,ut .r t iorts in the'c, tv i tv regiotrs O, ( i  -  1,?-,3,  " ,8) shor.r l t l

be accurate anc-l  thercft)re solve.d otr  the frnest gr id /a.  Tl-re l t ' r 'e ls lq, l3, l2 or / l  arL'consicl-

erecl  for conlpLlt . i t io l l  ovcr ()11. In I ; igs.6-7 we can st 'e thc nrtr l t i level ct l l r f igurat iol- ls olr

nonmatching gr ir ls consit lerer ' l  in this test lvhen the mcsh level /q clver thc cavi t ies Oi is

couplccl  with t i re mesh icvcls /3,  /2 and /1 o\ '€r 'Op (casc B, C anc-t  L) rcspect ively).  
' fhe 

so-
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F igu re  6 :  Geon re t r y  f o r  t he  numer i ca l  expe r  men t
/ a  / . 1  ( case  I i )  on  t he  r i gh t

C ( ) m n r L l n .  C L , n t p u t .  I ' l r r  ' , .  6  { 2 r ) U v t .  O t ,  I  l ! , - . l l  I

2  on  t he  l e f t  and  do rna  n  deco r l oos i t i on  w i t h  couo led  l eve l s
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F i g u r e  7 ;  M u l t i l e v e  d e c o m p o s i t i o n  w i t h  c o u p i e d  l e v e i s  / a  / 2  ( c a s e  (  )  o n  t h e  l e f t  a n d  w i t h  c c . . : :  . .
( c a s e  1 ) )  o n  t h e  r i g h t

Iu t i t tn ,  ( ) \ ' c r  the  L l l r i fonr  levc l  ia  (c . rse  A) ,  i s  taken as  re fe renc t '  so l l r t ion  , rn t r  -  , ,1 ' r . rLncc l  by
s tanc la rc l  \Lc t ,c l r '  n rL l l t ig r i r l  u , i th  r t ' s i c lu i r l  l r ( ) rm in  ve . loc i t l '  c l r l c l  p r '1 'ss11r r '  , t ' l ' r , r \ in ra t ( ' l ) '
10  l r .  Thc . " f " . " , l . "  i ' e loc i tv  i s  l l l / . ,  l . r ,h ich  is  the  max inrL ln r  \ ' ( ' l ( r r l l , .  r i i  i r r 'P . r raLro l i c

i r - r f low,pro f i l c  a t  thc  in lc t .  Thc  proccd l l rc  computes  thc  l - . ig r ' . rns ( , i r . ,  ' , ;  r i r  r , , r  on  thc
bounclarv, lmpl ic i t lv.  I rr  this case the solLl t ion u1, is projectc( i  br t1. , . , -r ,n. ' l . r rd fur i te cle-

nlent project ion operir t () f  ( the s<1nle r) f  the strrncl . i rc l  mult igr ic l)  rrr  t , r .  : r t '  : i r r t ' . ' . t  g l i r l  at  le vcl
/a obtainrng thc extcncled solut ion ior f i1,  over f) i ; .  Thc crtcnr l . ' .1 -qr iLrt ion gcncratcs tht
bounc-larv concl i t ions fc lr  the computat ion of the solLl t io lr  r)n t i rc i rnt , : r  gncl ,  which is the
un ion  o f  a l1  C) ,  ( i  ' 1 ,2 ,  ,8 ) .

The solut ion along the channel center l ines is reproducL'd crc(Lrrcr ieiv in both branche's
fo r  a l l  c t rses  A,  B ,  C t rnc- l  D .  The so lu t ion  o \ .e r  a l l  the  reg ions  ( ) ,  fo r  i -  1 ,2 , . . . ,8  c i rn r ro t  bc
captured with a low resolut ion mesh (for exampie level / : )  ancl  the.refore the n-rul t i level
technique become.s a pon,crful  tool  in such cont igurJt ions. Evcr-r  rv i th \ /er\ /  coarsc mesh ir l
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the ch;rnne' l  ther f inc gl- i t l  t l r  thr 'c.rv i tv al ior ' r 's a goocl ntr11 crCCLIr i ] te simr.r lat ion of the cavi ty
f lor,r 's.  As er.rmple in Fig. 8 the. i ' -component of the veloci tv f ieLd is plot ted as across the
c.rvi t ics i rr  thc rcgi()ns O1, 02. is a f l t r rct iorr  of  thc -r-coorcl in.r tc erncl  ( lu,  C)z . is a funct ion
of the y-coordinate fronr the top to thc bottom and from lcft to right. The velocity fit ' ld
cotnputartir)ns ovel' the cliffercnt corrfigurations A, B ;rnc1 C c;rnnot be distinguished. The
solut ion for thc c;rse D sholvs that the solnt ion is st trr t ing to br.  di f fcrent c ' lue- [1;  rh. '  r ,orr ,

coarse mesh matching.

F i g u r e  8  V - c o m p o n e n t  a l o n g  t h e  m i d  i n e  i n  t h e  c a v r t y  r e g i o n s  O 1  ( t o p  l e f t ) ,  ( ) 1  ( t o p  r i g h t )  a s  a  f u n c t i o n  o t
t h e  x  c o o r d i n a t e  a n d  ( ) , .  ( b o t t o n r  e f t )  t t -  ( b o t t o m  r i g h t )  a s  a  f L r n c t i o n  o f  t h e  y  c o o r d i n a t e  f o r  t h e  d r f f e r e n t
c a s e , ' 1  . l j . C  a n d  / )

By usirrg n()nmirtc l l ing gr i t ls,  the ulrmbcr of nodes (ar-rcl  hencc thc clcgrces of f ree-
clom) dccrcascs and so c- lot 's thc nc'ccssary cpu t inrt .  I rr  TaLrl t  1 i r  r l t rant i tat ive conrparistrrr
betrveen the number of Lrnkno\\ 'ns and the relat ive Cl 'U t inre is shown. There is cletrr
ar ' lvantage of using clor l i r i r r  corrf igr-rrat ion B rvi th reslrect to ,4 i rnci  of  using ciontair t  cor-t-
f rgLrrat ion C r,r ' i th rcspcct to A and B. From a computat ional point of  v iew case D is not
much bettcr then C.lsc C. There is . . r  s i t t t rrat ion cl t re to the fact th;r t  i r -r  both cases nrost
of the computat ional t i rne is spent in the cavi tv regions rvhere the f ine level / -r  is used.
Furthermore \4/e have alreacl\' pointed olrt that in case D the solution slighily degener-
ates. This result  strggt 'sts t l rat  the t let ter conf igr-rrat ion is not nr.cessari lv the one with t l - re
lowest number of nodes.

331
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4.3 Bifurcat ing artery with aneurysm

rn trr is scct i t l r r ,  t rrc pcrf .rrr . rrccs . f  t .c c.r 'pr ' t . r t i . .a l  r . ' r ' t^ocl . log'd1'1'r ' l1rpc'r l  i .  th is pa-

per are testeci  f . r  a s;reci i ic biologicar l  appl icat ion t6at i r rr . l 'cs i r  couplcd f1."" ' -structurc

i . ter i rct i . r -r  pr.blcr ' .  I .  th is rast c lccacici  thcrc hirs Lrcc..r  l . t . i  i . tcrcst i .  t l t ' r 'c l .ping

nrir t l rcnrat ic.r l  nroclels to unclt . rst t lncl  the Vascr-t l i r ture better 17,8,28l '  v lore specif ical l l ' '  tvc

m.dei the ef iccts orr thc nr.rph. l t lg ' . f  . r t r  c l l rel l r 's l l r  t i t te t t l  chi l l rgcs i .  t l - re bl t l t lc l  Pres-

s l t rc i t ra l } rc t ' t . t t l t - lV l ra t - t r i cs l - l rc lb lcm.T l rc .n ro t i r ,a t io t r fo rc t l t - t s ic le r ing t l r i sa ; ) l r l tC i l t i t l r r i sbe-
Crtuse CrtrLl iO\, . tScularr c l iseirses.rncl  cercbral  t l iSorc' lcrs,  st ' t t :h as artcr i t lsClct ' .s is t l l ' t ' t ' rcbral

.rreLlrvsnl, . rrc rep,r tcr l  ta clepcaci. .  heurtr . l \ ' r r . - l ' ics [ . rct tr .s.  t t  iS t l - rcr. iort ' i r 'prLt i -rr . r t  t rr

obtain dctai lccl  inf .rmation on the hemo. ' lvrramics .rrrr1 stntct l t ral  c luarrt i t ies oi  th.  C' l rc l i t r

, .r t- ' .1 69;eltr.1 I  vi ' tsclt  l i l  r  sV s tcr l ls '

According to me. t - l ica l  s t r - r t is t ics [3c) ]  a l rc l  c l in ic- . l l  obserVat ions,  patht l log ic i l l  a l ter-

r r t ions srrch.rs  cercbr i r l  . l l r t 'L l rvs l l l  u t t t " ' t l r l r i r r lv  i t r  rcg i t l r r  t l i  ar tcr i ' l l  Lr r i r l rch ing whcrc

thc at rcr- t rvsnr  tc l rc ls  t t l  ap;- r t - i11 ' ln t l  t ( )  gr tx t ' t r t  i l - ' "  n l - ' "^  of  ar tcr t 'Lr i f t t rc i r t io t ' ts  A c lu i te l

cOr. , - 'p lex f l . . , r , r ,s t ruct . ' r "  i i . t " r . ,c t i t l r r  is  asst lc i , l tec l  $ ' i t i r  t l - re b io loc ' ic ' l l  f - ro l . ' l t ' t r t  l r r  l r iq  t l

t 5c  f l an , c ( )n r f r ' t . r t l . . i r l  r l gn ra in  ( )  i s  sho rv r - r  t ogc t l - r c r  r ' r ' i t h . r l l  t l t t ' r i t ' t r t r r t ' t . i ' ' ' r l  ' l t ' t ' r l l >  [ t

is  p.ss ib le t t t  rec.g. ize thc i r r le t  rcg i t ln  l -1  i ln t l  the t* ' t l  t l t t t le t  rcg i t r t ' t t  l  ' r r r ' l  I  r ' . t ' t  t l . t t '

top i r r t l  bot to l r r  L ' r r . r r rcht 's .  l -hc c i rcr - t l r t r . . t l i ,n ' rcg io l t  o t r  t l r t 'npr ' \  ( ) f  t ' t " t l ] l : ' , ' : . ' l : rorr  is  the

i ' teurvsm r , r ,h ich c l t - f . r t .s  prese'^ ' ing i ts  c i rcr r la i  s lape Tl ' re  i l t l * ' r t ) l l rLrL l t ' t l . l l ' r l  t lonra i r r

O is  c1 i ' i r lcc1 i . t .  t5e t* , .  sn l - rc l .nr i r ins Ol  i ' rnc ' l  Ol ,  rn ' l - ' . ' re  Ol  is  th t '1 t ' t t  P ' r1 '1 t l i  th t 'nr i l i t ' i

channel  anr i  Ol  is  th t - .  Ot l - rcr  p. t r t ,  c t l t rStst ing of  t l ' r t 'ent l i t ' rg  r ight  P ' r r1 t r f  the nra i t r  t -hr t t r l r t r l '

t he top i l nc l t l r eb t l t t t l t r r L l r . l r tC l t e l s ,anc l t ] r t .C l I l cL l r \ ' 5 l l l . l ] e . l r ' i t l .
We assl t t 'uc th. l t  thc bout t r t iarv of  the c lc l t l ra i l r  O consists  of  a l ig ic l  a t rc l  t r  c le f t l rmablc

par t .  The deformable 1- ,ar t  modLls t5e aneur\1s lu,  * '5 ic5 is  t1-r t 'c ( ) l ' l l l l r ( ) l l  Lr t l t - t l r t l i r r \ ' [ ' ' s i

r thcrc the i l r - r ic1-st ruct l t re i t r tcract i t lu  ( )ccLl rs  luu l - t " rc  thc st rbscr ip-r ts  l  ant l  'S s tand lor  f ln i t l

anc- l  so l id  respect ive ly . )  ln  F ig.  9,  l ' -sr  is  the arc BC r ' r ' i th  in i t ia l  t ' ' rd ius of  l {1 '  L 'e t  ' \  be thc

stretch rat io  betwccrr  the c l t f . rmecl  rac l ius r  anci  thc i r r i t i i r l  u .c lc f . rnrec l  rac l ius l l i r '  wc

computr .  thc t r t ,O-dimcnsio l ra l  so lut ion o i the cot tp lec i  problem assut-n iug that  the ' r rc  l lC

defcxms according to tht' rel 'rt iou

P 1 r 1 :  P n l - - r i?(, ( 1  1 )

urnc'l C is a ctlnstant eclual ttl
vvhere 1)  is  thc a\ rL ' r i lge PressLl re in  the a l lc t l r \ -smal  c ' l t  i t l
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al i ,vavs prescrr, ing i ts cir-

_ t /

F igL r re  9 :  B i f r r r ca t i ng  a r te ry  w i t h  an  a r re t r r vsm.

ln  F ig .  1 ( ) ,  t h t ' r a r l i us -1 - r r cssu re  r c l a t i on  i s  s l ' r on ' r - t . r r ou t t c ' l  t hc  c l r ose t r  cq t r i l i b r i L r r l  po i t r t

(P0 ,1 {o ) .  ' l - l r i s  
r c l i r t i on  i s  c l en r .ec l  b1 , . - r ssu r - r t i ng  t r  t r co - l l ookean  n ta te r i a l  l an ' f t l r  t hc  mcm-

b r i r r r c  I l ] .  No tc  t ha t  t h i s  n to t l c l  h i r s  b t ' t ' t r  c rh ( ) sc l r  t t n l v  f o r  t l r t ' p r t r poses  t l l  i l l L t s t r ' . t t i t r t r s ;

et l rcrs const i t r - r t ivc rc l , r t ior . rs  ior  sof t  t issucs [12,20,3.1 ]  nrav i t lso bt 'cr r rp l t tvcd.
' l i r  

s i r -nul t t tc  thc fkr r . t , -s t ructure in tcract ion,  the l lou 'c ' lcscr ibecl  b1 'E11s.  (2.1t ) ) - (2.13)  is

cor- r ; r lcc l  r . r , ' i th  a s t r r - rc t r - r r i t l  r t roc le l  t l ' r rough a g() \ 'cnr i l rg  c( lL lat io l - l  g iv t ' r ' r  i t ' t  opt ' r . l t t l r  f ( ) r l l l

A ( , u , p ) F r . r ,  ) , (1  1)

lvhcrc thc r ight  h i r l rc l  s i t lc  t 'u ' r t 'be ' r  t ror l - l i t - tc i l r  i t r r rc t i t l t t  th ' l t  c l t 'L- r t ' t r t ls  o l r  thc c l isp lace t l rcnt

9 i  t l r t  s t ruct l l r ( . .  The concl i t ions o i  d isp laccment  c t tmp. t t ib i l i t r . ' ,  J1 -  j \ .s ,  and f t l rcc t ' t lL I  i -

l ibr iunr ,  f  ,  . -  f  s , i t long thc st r r , rc turc- f - lu id in tcr iaces f  -q1 . t re sat is f icc l .  fhc f ' lu i t1  is  i r -L l lv

ct lurpr l t ' r l  to  thc st r t rc turc th. r t  can unclcrgo nol r l incar  rL 'sp()nsc c ' l  r . tc  t t t  large c lef t t rmat i t l t - ts

or inelasticitv. fhc flr-rid .rnc1 solicl cclr-rations trre solvcd iteratively, in successictn, alr,r 'a\ 's

r" rs ing tht  la tcst  in fornrat ion provi r lcc l  b ' r , th t 'o ther  par t  of  thc couplec i  systeul .  Fr t r ln  tht '

so lut ion of  ther  f lu id-c lynamics problem the pressl l re 'ancl  the ' r 'e loc i tv  f i t ' ld  t t rc  t ' r ' r l l t ta tec l ,

lpc-l tf ie Lrgtrnr]arv forccs frlr the strlrcturrrl problr'r 'rr.trc cot-ttprttttcl . The strlrctttr. l l  clYtt.tnr-

ics svstem is  tht r - r  so lvcc l  for  the c l is l - r l i rcements,  and mocl i f icat ion of  the f l r , r id  dt lmain O,

sat is fy ing thc d isp l ; rcenterr t  comprat ib i l i tv  corrc l i t io l ts , .1 ' /  . - . r -5,  c l rc  lnacle r r l t lng thc cot-u-

r -nr tn Lroundar ies f .q1.  
- [ 'he 

rvhol t 'proccclurc ' is  repei t tcc l  i t t ' ra t iv t ' lV t r r - r t i l  convcrgL' l lcc f ( ) r

both the fluicl and the strttctt-tral parts ts reached.

.t'Ott"
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F i g u r e  l 0  R a d i u s  p r e s s u r e  c o n s t r l r r t . v e  r c l a t i o n

The f i rst  mlr l t igr id level i  -0 is the coarse meslr  c iesignecl to contain al l  relevant infor-
t ' I t . t t ion sLtch i ts bol t t rr l . r rY conrl i t iorrs alrc l  gcon-lctr ic r lct . r i ls.  Thc r-ncsh is arr  l rnstnlct l l rcr l
coarse mesh of is i lp irramctr ic r( .ctanglr lar f in i tc L. lcnrcnts Qz /  l t t  for t l - rc r .c loci ty /pr ' ( .ssl l rLr
represcnt i t t ion. fhe other lcvcls ( /  --  1,2,3) are gener.r tecl  Lr1'nr i t - tpoirr t  rc i inernent tech-
Ir iques. The conrpr. t t i t t ions i rr  thc outk ' t  l -cgi() l r  Of shtr tr l . l  L-r t ' . rccLrr.r tc.rnd the rciorc solvt ' t l
on the f i r rest gr ic l ,  i -3.  The nrt 'sh levels I-3,2 i rncl  I  i r re corrsi t lcrcr l  for computi t t ions
ovcr tht :  region O,l  .  f ig.  l l  orr  thc topr,  shon's thc gr ic l  coni igr.rr i r t i ( )n i ()r  thc rrcslr  levcls
/ -  3  ( top  lc i t )anc ' l  1 - -2  ( top  r igh t ) .  I r ig .  I  I  on  the  bo t tonr ,  shorvs  t rv r r  non-c t rn io rnr i r rg  t r i r i
cr l rr f igur.r t io lrs.  ()n thc Lrottor l  lc l t ,  t l re srr l rc lor-nir i r -rs () l  and () j  are corrsi t lcr t ' r l  . r t  tht ' t lvo
cl i i f t ' rent lcvcls /  -  I  atrd /  .  3.  ()n tht  bottor-n r ight thc sanrc subt lor-r t i r i r -rs are consir lcrccl
.r t  the tr t ,o cl i i f : r ' rent lcvcls /  2 anc' l  /  3.

First  wc c()nr l-)utc thc sol tr t iort  of  our corrPlccl  problcnr for thc stat ion.rrv er lu.r t ior-rs
by r-rsirrg the. nrul t i ler,el  coni igr l rat iorr  / i  /2 previousl) ,  c lescr iLreci .  l -he paral lel izat ion of
th is  p rob lcnr  ( ) \ 'e r . r  n r r r l t ip l t ,p r ( )cess( ) r  i r rch i tec tn rc  c ( ) l r i ru tc r  i s  c lo r - rc  b_r ,s i r lp lv  c lus te r -
ing blocks of elc.ments. Thcrc arc nLu'r- lerolrs possibi l i t ies for this but i i  tht  c lr-rster iug is
perfort lecl  t r t  the Ievcl  111 tht 'n this cloes not intmrluce .rr \ /  sLl l -)L) len.tcnt i l r l ,  vvork si t - tcc i t  is
s t r i c t l r  embet l r l t ' t1  i r r  t l r t '  n r r r l t ig r i t l  t ( ' ch l l i ( lL re .

We set 1r -  l060kg/ rr t ]  ,  1t  ,  0.25Kg// / /s crrcl  in i t i i - r l  racl ius 1{1;--1.911.r 1[)  +r i i .  The irr i t ia l

PrcssLr rc t ' \ .a lL l . l t cc1  i t t1 l , , - - -1 .911r10 +r r tvv t thvc loc i tV l t -0 .3 / r l / s isP, . - -T220Pr iasshor t ,n i t t

Fig. 10. For an ini t ia l  stetrclv veloci ty of rr :3.55 l0 l rrr /s .rppl ied, t i re svstem increirses
thc;rressurc in thc rcgion oi  i r r tcrest to E5lTPrr r ' r . ' i th corrcsponrl i r rg cleiorrni i t ion of the
radius to-1.99x 10 ulr .  The ini t i i r l  ancl  i inal  c leformed mesh is shrx,r 'n in tr ig.  12.

Ncxt n 'c pcrfon-n thc sirnr-r l . r t ion ior t l re t i  r rr t '  t l r 'prcr l r . l r . '111 aaa".  Agir in \  r t '  i rssLlnr( '
the  conf igura t ion  in  F ig .  I1  rv i th  Fr  -  l0 t  t lAS f  r r r ) ,  t r  -  t ) .25Kg/ i i r . s  rv i th  a  t ime depe 'n -
c len t  in lc t  vekrc i t t ,  i r :0 .3  I  ( ) .05Es in l t ) t t r / s .  l -he  in r t i . r l  r i r r l ius  i s  / ( , , .  -1 . (X) r  l t )  + l r  rv i th
t t :0.3rrt /s ancl  Pir  -7220Pn. ]-he cicfornrcr l  bot lv is strbject to thc l i rn '  in (4.1) , incl  thc
radir:s oscillates .rrrrl the cleformc.cl boclv expands arncl contracts periociicall\ ' .rccorrlinglv.
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F i g u r e  1 1 :  G r i d  c o n f i g u r a t i o n s
ra t ions  (  ) ,1 ' l  (  ) i ' : r  a  nd  Ol , ' r

a t  t h e  r n e s h  l e v e l s  I
(  ) . 1 ' r  on  t he  bo t t om

I  a n d  /  2  o n  t i r e  t o p .  l n d  n o n  c o n f o r r n i n g  g r r c J  c o r r { i g u

F i g u r e  1 2 :  I n i t i a l  ( l e f t )  a n d  f r n a l  ( r r g h t )  c o n f r g u r a t i o n  o v e r  l e v e  / 2 .

I ror thc sirnul i r t iorr ,  nra\ i l lL lnr i r rrd nr inir lL lnr racl i i  . r ro ()Lrtainet l  i rs 1{, , , , , ,  5.26-l  " .  [ ()  i l l

(R , , ,n . . / / le  -  1 .316)  and .11 / / , r , r  -  3 .701>t  10  +r l (R, , , , , , / l l , t  -  9 .25- lx  l0  1 ) ,  respec t ive lv  a t
P,, , , , t=-857 IPn and 1)r/r / r  -  58 lJ/)r i .  The pressure-\ 'e loci tv osci l l . r t ions .rrc compcu'er1 vvhcrr
the body in Oj is consit l r ' r ' t ' t l  r ig id (c.rse l )  ant l  r icfrrrmecl (case2).  Figs. 13-1-1 shor,r ' i r
cc)mparison w,hen the r'te iormet'l L-toclv is.rllort'ec-t to oscill.rte ;rrrc1 n'herr it is kept fixecl. hr
Fig. 13 we plot the u-ctrmpr(rnent ( lef t)  . incl  the i , -component (r ight)  oi  the'r 'e loci t1, f ie lc l
a long the l ine  ABCD as  c le f ined inF ig .  l l  a t t ime t :n /2 ,  f  - ' r  anc i  t  3n /2 .  h r  F ig .  1 - l  w 'c
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F i g u r e  1 3 :  r  c o m p o n e n l  ( i e f t )  a n d
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F i g u r e  1 4  P ' e s s r r r e  a l o r g  t h e  l i r r e

_ a _ _ _ /

, l  I l r  ' i  )

plot  t l re  pressure I  a lo l tg  the l ine ABCD. We remark that  the prcsence of  thc c l t ' iormccl

Lroc ly  charrgcs the vc loc i tv  pro i i lc  t luc to i ts  exptr t rs i t )ns a l rc . l  co l r t r . tc t i ( ) l1s t 'vct t . r t  th is  l t lw '

Rcvr- ro lc ls  nunl t )crs.  I f  the Reynolds nunrber  were incrc. - ts t 'c l  th i rn tht '  ch. rngt '  b t 'c t tmcs

more alld nl()re rcll l . l l 'kaLrlc.

4.4 Large deformation membrane f luid-structure interact ion

Wc. now tcst thr.  proposed t l t tmit in decornposit ion methodologv ior.r  f t t l l \ , -cotrplecl  f l r -r ic l -

struct l l re intcract ion (FSI)prroblent,  \ \ 'hL.rc cl i f fcre'rr t  s l tbc' lonr i t i t rs.rrc sl tbjcctec' l  to c1 i i i t ' r t ' r l t

phvsical  laws.rrrcl  c() lnp.t t ib i l i t r .corrci i t io lrs i . r ro ( 'nf()rcccl  ()n thc c() l r l l t r () t t  i t r tcrfacc. Note

that a ful ly cor"rpled FSI neans that the rcsponse of the sol i r l  is strorrgh'  af fected bl '  the

response of tht ' f lu id,  arrr l  v icc versa arrd i r tncc wc cmplo\/  a montl l i th ic.rprprrt l i lch.

In this experiment, we consicler a large deformirtic'rn mcnlbrane test that was re.cntlv
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so l rd  t  l v locnov 'Hrvhn rna le r ia l )

, .  =  , :  I  h  l

t = 1 ' P . ,

l .  - t  I  P r

f lu rd  (  s l iqh t lv  cornr r ressrb l r : )

l ' = l '  
I  f . l J l

I  = , , i r . l k l r : . r

r . . l r ' F t

F i g u r e  1 5 .  M o d e l  d i m e n s i o n s  a n d  b o u n d a r y  c o n d i t i o n s ,  s o l i d  a n d  f l u i d  p r o p e r t i e s

pr()posL'c1 [3]  as benchnrark test f t l r  FSI.  Fig. 15 shor.r 's the p1e$lq.p c() l rs ir lcrcr]  t^/hcrc
two_f lr-r ic1 rcgior ls arc s( 'prrr i l tecl  by' ; r  s l ight iv ctrnrpressiL'r ie rncnrbr. l te t l l  th ickness 5x
l0 ' - l t l  Tinrc clcpcndcnt prt 'ssLlrc L)()Llnclarv concl i t ion, T,r  -  5.  '  l0h/1)rr . ,  is col ts ic lcrecj  olr
the Lrt t t tot-n eclgc of the lon'cr f lu ir l  r lom.r i r-r .  I -he nrel lbr(rne is considcrecl  c l t rmpecl on
thc lei t  ant l  r ig l ' r t  cxtrcnr.r .  Al l  thc rcnt. t i l r i l tg bouncl i t ry ct lncl i t iorrs arL'sholyvn in Ir ig.  l5
together w' i th thc f lu ic l  anr l  sol ic l  prope.rt ies. In the sol ic l  rcgion thc fol lorn' ing plain str t .ss
cr1uiI ibr i rrrn e qLrat i ()n is consicle rcci

! . i i r  V  r r  -  0  i r r  O.  x  (0 ,7 ' ) ,  (1  3 )

wherc ztr  is thc displrrct 'nrcnt.  Thc stress tcrrsur rr  c lcpencls Llpon lef t  Cauchy-Grcelt  t r .ns()r
B  I I l l  [ ' r '  t l r e  f o l l t l a ,  i r r g  r ' ( l u . ] t i ( ) l l

(r - p I i2c 18 2t'28 I (+ 1)

Thc lcf t  Cauchr,r-Crcelt  tcns()r  is r lcf i r rccl  as B FFI wIerc t f te F is clef . . ' rmart i r t rr  grrrci ic. t
tcnscrr give-tr by F: 1 | Vzu. Also, in (4 1) p reprL.sr.nts the Lagrange n-rr-rltiplicr dr.re to the
inct ' r t .nprcssibi l i tv of  the sct l ic l ,  V.tu-.0,  i incl  catt  bc consiclet ' r .c l  apal11g11us t1, the prcssure
in the f lu ic l  f l tx,r 'cclLl i r t i ( )r-1.  The lnomtlr tunr c(- lLl i , l t ions of tht ' f ' lu i t l  . rnt l  t l r t 'sol ic l  are corr-
pled on the comnron irr terfacc' [-1.  through ther compatibi l i t t 'conci i t ion bctwccrr t ] rc i lLrrd
fkrw vcloci tv i r l rc l  thc sol ic l  c l ispr l . rcenrent

and the force eqtr i l ibr ium

7 ' I ) ' -  t t  t l t t  f  l .

i . l . -  T t s  O n f i ,

Here r l . ,  1 - .-(r 'nsi  rel)resents the force exertecl  by, ' the f lLr ic l  on the sol ic- l  whi le 21, -
-  l tYu' t t i \+ pn\ l  rcprcsclr ts t i re forcc cxcrtccl  by the sol id on the f l l r id;  r7. ;  and f l t .  rcp-
resent the external normals. The compatibi l i ty condit ions (4.5) and (- l .b) can be used in

;
L-

(1 s)

(1 6)
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equat i t ) l l  svstel t t  (3.1)-(3.1),  \ ' \ 'here cl i f fererrt  eclLl i r t ions ior c ' l i f ferent sr-rbclomains shoulcl  be
used. ln order to take into account the large deformation of the domain a moving gr ir l  is
ct t t rs ic lerer- l  in both thc f lur ic i  i rncl  the sol ic l  regions via; in i rrLr i t r . rrY Lagr.rrrgi . rn-Euler ian
formulat ion. \ \ / t '  solr 'e the transie.nt response n. i th Af -  0.00005s unt i l  0.25. The mem-
L-rrarre r-tndergoes unc-ler l.rrge ciisplacements ancl large str.rins. The time hrstory'of the
coarse mcsh is displaved in Fig. 

. l6.  
The results cluahtat i r .e. l ) /  rcpr-odLlces thc rcstr l ts in [3] .

' l ' i r nc=0 .0  
I r n re  - (1 .  l ( )  I r n re=0 .2 ( )  

' l ' ime  -0 .25

F igL r re  16 :  La rge  c l e fo rma t i on  t r en rb rane  t es t  t ime  h r s to r res  o f  t he  coa rse  mesh

Note  tha t  th is  i s  on lv  a  p re l in r inary  rcs r - r l t . rn r ' l  thc  n r r r I t i l evc l  a lgor i thnr  io r  th is  ap-
pl icat ion has r- tot  bcen ir t rpr lenrentt t l  r t - . t .  The experiment h.rs been pcrfr)rnlr-d to vcr i fv
that thc Vanka-snroot lrcr is sr-r i tabk' to solve these appl ic i , r t ior-rs arrcl  can Lre intplcmcntcr l
in i rn casy' t tnd straightfor lvarcl  l r ' ; rv Whc.u solving computat iorr i r l  b locks insicl t ' thc f l r -r i t l
c lomairr  orr ly the Ni iv ier-Sfokes er luat iorr  is consiclerecl ;  ancl  s ir t r i lar ly insiclc thc sol ic l  c lo-
main otr ly t l rc Mootrcrr- l l iv l in cqui-r t ion is r-rscd. For cornputat iona] blocks on thc Lror.rncl-
ary the cor-rrpat ibi l i ty concl i t ions shoulc- l  be t t rken into i , rccor-Lrrt .  Wherr solving bounclrrr_r,
blocks in thc f l l r ic ' i  c lonrai tr ,  thc t i rnc c ' l t ' r ivat ivc of ther sol ic l  c l is;r laccnrcrrt  shoulci  Lrc usccl
as  l ] i r i ch le t  bounr la rv  conc l i t io r r .  When so lv i r rg  bounc la rv  b locks  in  the 'so l id  c lomai r r ,
thc strcss tct- tsor gctrcr i r tccl  i ronr thc f ' l r -r ic l  into thr.  sol i t l  shoulr l  bc usccl  as.t  NcLlntJnl t
non-homogenL.oLls bor-rrrdarv concl i t ion. The stress teusrtr  is t 'xpr l ic i t lv eval l ratec- l  using
Eq (2.14),  t l t rce i tgai tr  thc cotrputrr t ior-r .r l  b lock car l  bL, consiclerec' l  . rs arr  extcndcc' l  corrr ; ,Lr-
t t ' t t iorr ; t l  b lock, p. i r t  in thc sol ic l  , rrrc i  p.rr t  i r -r  t l - re f lu ir l  strbr lonr i . r i r . r  n ' i th no boLrnrrar\ ' .ur.r
this corrcspoucls to.r tr  ovcr lrrpping clon'rairr  c lecomprosit ion strategr, .  We hope to inrpl t , -
mcnt  thc  mt r l t i l cvc l  a lgor i th r r r  d isc t rss t 'd  fo r  th is  aprp l i car t ion  anc l  i r r r . r l vze  i t .  Th is  r l t , r ' k  i '
in preparat ion.

5 Conclusion

' fh is 
paper preserrts;r  mult i level c lomtr in c- lecomposit i t ln tcchnir lLlo i ()r  solving !( ,Lr l .  ( , r

f low appl icat ions. The technique has been emplol 'ed to numerr ical lv s inrui .rr t '  i t , r r  r  . i i i l .  r
ent appl icat ions. Note that the focus of the paper \ \ 'as to present the purtr)nl .urtr ,  L, f  rht '
c lomaitr  c lecomposit ion mcthocl prcscntcd hcrciu. The four a;rpl icat ionS frrc:e ntt , t l  jn t i r : r
paPer prol ' ide a good insight aud demonstrate the viabi l i tv of  the dot l . r i t ' r  1 '19111111ylq,;11j ,r1 ' ,
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[5] C Bcrrrardi, Y Matlav irncl A. I)irtera, Domain ciccomprositiorr bv tht'
Asyt l rPt t l t ic . t t rc l  r r l t r t rer ica l  r le  tht l r ls  ior  p i r r t ia l  c l i i ic rent i . r l r ,qLr . r t i ( \ r l

techniquc clcvclope cl .  
' l -he 

nutncr ictr l  stur l ies clear lv sLrggcst that bl ,  ef f ic i r-rr i lv employirrg
domain decomposit iorr  algor i thrns one can obtain t l -e solr-r t ion to compler problems with
rclat ive' ly less rr l tmber of c legrees of f reeclom. These rcsults prtrr  i t l t - -  f l r r thcr i rnpetLls t()
examine more complex appl icat ions involrr ing f lorv str l lct l l re intcract ions that natural lv
ar ise in biokrgical  ancl  bio- inspirecl  appl icat ions.
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