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Examples of PDESs

Heat Equation

Wave Equation

Laplace Equation

Advection Equation
Convection-Diffusion-Reaction Equation
Maxwells equation

Schrodinger equation

Black—Scholes equation
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Mathematical Formulation

* Consider the two-point BVP
—u"(x) = f(x) in (0,2)
u(0)=0
u'(l))=0
* Define:

— Finite Energy jol(f (X)) dx <oo

— Scalar Product  (V, W) = EV(X) w(Xx) dx
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Deriving the “weak” variational form

o Let v(x) be any (sufficiently regular) function
such that v(0) = 0.

o Multiplying the BVP by the test function v(x)
and integrating by parts yields,

a(u,v) = (f,v)

where, 1
a(u,v) = jo u’(x)v'(x) dx

(f.V) =Ef(x)v(x)dx
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Strong Form —= Weak Form

* Define the space:

V = {VE L*(0,1): a(v,Vv) < o andv(0) = O}

e Our “weak” problem

— Find u eV such that: a(u,v)=(f,v) forallveV
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Weak Form == Strong Form

e Strong Form:
— Suppose f eC°([0]) thenfind UeC*([01])

—u"(x)=f(x) in (0,1
u(@ =0
u'(1)=0

e Weak Form:

— Find u eV such that: a(u,v)=(f,v) forally eV

e Theorem: Suppose f € C°([0,1]) and u e C?([0,1]) satisfies
the weak form, then u solves the strong form.
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Boundary Conditions

e DIRICHLET
— Essential Boundary Condition U (O) — O
— Appears explicitly

« NEUMANN / .
— Natural Boundary Condition u (1) =0

— Incorporate implicitly
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Ritz-Galerkin Approximation

e Let ScV be any finite dimensional subspace.

 Weak form on finite dimensional space:
— Find u €S such that:a(u.,v)=(f,v) forallveV

e Theorem: Given f €L?(0,) then the above weak
form on the finite dimensional subspace S has a
unigue solution.
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Matrix Formulation

 Choosing v=¢(x) for any iI=1..n the weak form
- Find u, €S such that: a(ug,v)=(f,v) for allveV
becomes:
- Find € ={c,} that satisfies the matrix system:

Kc=f
where, o
K =al(g;.4) L J=1.n

f=(f,¢) i=1.n
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Properties of Stiffness Matrix

o KIS symmetric

a(¢i’¢j):a(¢j’¢i)

e K Is positive definite

V' KV>0 forv=0
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Weak Form <=> Minimization Problem

Define the linear functional M :V — R

M (V) Z=%(V',V')—(f,V)

Minimization Problem: Find u eV such that:
M(Uu)<M(v) forallveV

Recall the Weak formulation:
— Find ueV such that: a(u,v)=(f,v) forall veV

Theorem: The minimization problem and weak
formulation have the same solution.
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Strong ) Weak (= Minimization

e Strong Form: Let f eC°([0,1]) . Find ueC?*([01])
_u"(x) = f(x) in (0,1)
u(@) =0
u'(l)=0

« Weak Form: Find u eV such that:a(u,v)=(f,v) forall veV
where,

a(u,v) = J'Olu’(x)v’(x) dx and (f,v)= j: £ (X)V(x) dx

e Minimization Problem: Find ueV such that:

M(@u)<M(v) forallveV
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