
Math 629-002 (Fall 2013)
Homework 1

Due September 24

1. Let (R,m, k) be a local ring (not necessarily Noetherian). Recall that
the characteristic of a ring S, denoted “charS”, is the smallest nonneg-
ative integer in the kernel of the unique ring homomorphism η : Z→ S.

(a) Show that char k is either 0 or a prime number. Give examples to
show that both possibilities exist.

(b) Show that charR is either 0 or a number of the form pn, p a prime
number, n ≥ 1. Give examples to show that all such possibilities
exist.

(c) Prove the following statements: R contains a field as a subring if
and only if charR = char k. In this case, then, the characteristic
of any such subring is also equal to charR.

(d) Prove the following statements: If R does not contain a field as
a subring, then char k = p for some prime number p, and either
charR = 0 or charR = pn for some n ≥ 2. All such possibilities
exist (give examples!). If R is reduced, then the first case obtains;
that is, charR = 0.

(e) If char k = 0, then R contains an isomorphic copy of Q.

2. Let R be a ring, let M be an R-module, and let F := {Mn}n∈N0 be a
filtration of M (that is, M = M0 and for each n, we have that Mn is an
R-module and Mn+1 ⊆ Mn). Define a function ord : M → N0 ∪ {∞}
by the rule

ord(x) := sup{n ∈ N0 | x ∈Mn}.
Define a function d : M ×M → Q≥0 by the rule

d(x, y) := 1/2ord(x−y).
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(a) Show that d(x, y) = d(y, x) for all x, y ∈M .

(b) Show that for all x, y, z ∈M , one has d(x, z) ≤ max{d(x, y), d(y, z)}.
(c) Show that d is a metric on M if and only if

⋂
n≥0Mn = 0.

(d) Assuming it is a metric, show that “all triangles are isosceles”.

(e) Prove that in this case, a Cauchy sequence (resp. a null sequence)
with respect to the metric defined by d is the same as a Cauchy
(resp. null) sequence with respect to the filtration F as defined in
class.

3. Let (R,m) be a Noetherian local ring. Let n ∈ N0. Show that m̂n =
(m̂)n as ideals of R̂. (This is a point I glossed over in class, but it’s an
important step in showing the basic properties of m-adic completion.)
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