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MATH 621 Algebra I

Spring 2013 Final Exam

Instructions: Feel free to use any of the class notes, and any part of the book among
material that we have covered. (Please do not use material more advanced than our course,
even if you know it.) Hand it in to me by Tuesday, May 14 (by 3pm), by e-mail or in my
mailbox.

1. Let Q be the quaternion group. That is, Q = {1, i, j, k,−1,−i,−j,−k}, with multi-
plication by −1 acting as expected and the rules i2 = j2 = k2 = −1, ij = k = −ji,
jk = i = −kj, ki = j = −ik. This is a non-abelian group with eight elements. Show
that Q � D8, the group of symmetries of the square, even though they have the same
cardinality.

2. Let G be a p-group, where p is a prime number. Prove that G is solvable. (The
explanation on p.212 is insufficient.)

3. Construct a field F with exactly 125 = 5 ∗ 5 ∗ 5 elements, and explain carefully how
you know that the resulting object actually is a field and has 125 elements. (Hint:
How many elements are there in a finite-dimensional vector space over a finite field?)
Provide a canonical way to represent the elements of F , and explain how addition and
multiplication work with respect to the way you are representing the elements.

4. Let K be a field. Prove that K[X] is a Euclidean domain, where X is an indeterminate
over K.

5. Let R be a commutative ring, and let I := {a ∈ R | an = 0 for some positive integer n}.
(This is called the “nilradical” of R.)

(a) Prove that I is an ideal.

(b) Prove that the ring R/I has no nonzero nilpotent elements. (An element y of a
ring S is called nilpotent if for some positive integer n, one has yn = 0.)
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