
Answers and hints for homework 2

Note: The answers given below are not necessarily unique. Some prob-
lems have different possible solutions.

6.14: First, I claim that for any m|n, the number of elements of Z/nZ that
have order m is φ(m).

To see this, fix such an m. Let d := n/m. Let [k]n ∈ Z/nZ be an
element of order m. Then [mk]n = [0]n, which means that there is
some integer s with mk = sn = sdm; hence k = sd, so [k]n = [sd]n.
That is, any element of order m is a multiple of [d]n, hence an element
of the subgroup H := 〈[d]n〉 of Z/nZ.

On the other hand, H is isomorphic to Cm, since it is cyclic and has
order m. Moreover, an element [jd]n generates H iff the order of
[jd]n in H is m iff the order of [j]m in Z/mZ is m iff [j]m generates
Z/mZ. But [j]m generates Z/mZ iff gcd(j,m) = 1, and the number
of integers less than m that are relatively prime to m is φ(m) by
definition. Hence, the number of elements [j]m in Z/mZ that generate
Z/mZ (i.e. the number of elements of order m) is φ(m), whence the
number of elements [jd]n of order m in Z/nZ is φ(m) as well. This
proves the claim.

Now, since Z/nZ is a group of order n, any element has order dividing
n. Hence the set of elements of Z/nZ is the disjoint union of the sets
Bm for m|d, where Bm is the set of elements of order m. Hence,

#(Z/nZ) = #

∐
m|n

Bm

 =
∑
m|n

#(Bm) =
∑
m|n

φ(m).

7.1: ...

(Do the problem for D6 instead; since it’s isomorphic to S3, it’s good
enough.
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As for D6, there are three subgroups of order 2 (cyclic, each generated
by a reflection across an axis going through a vertex and opposing
edge of the triangle); none are normal. There is one subgroup of order
3 (cyclic, generated by the ccw rotation of 2π/3 radians around the
center); it is normal. The trivial group and the total group are normal.
There are no other subgroups of D6, and there are no containments
besides the fact that the trivial group is contained in all subgroups
and all subgroups are contained in D6.)

9.6: We are given that G acts on a set S and O is an orbit of that action.
This means that O = Gs for some particular s ∈ S. We must show
that the action of G on S restricts to an action of G on O, and that
the resulting action is transitive.

For any u ∈ O and g ∈ G, we have u = xs for some x ∈ G. Then
g · u = g · (xs) = (gx) · s ∈ Gs = O. Hence, the action on S restricts
to one on O.

As for transitivity, take any u, v ∈ O. This means that u = xs and
v = ys for some x, y ∈ G. Then v = ys = yx−1xs = (yx−1) ·u. Letting
g = yx−1, we have found g ∈ G such that v = gu, proving transitivity
of the action of G on O.

9.7: Let G be a group that acts on a set S. Let s ∈ S. To show that
Gs ≤ G, we need only show that it is nonempty and is closed under
products and inverses.

First, if e is the identity element of G, note that e ∈ Gs, since e · s = s
by one of the defining properties of group actions.

Next, take any g, h ∈ Gs. Then (gh) · s = g · (h · s) = g · s = s, so
gh ∈ Gs.

Finally, for any g ∈ Gs, we have s = gs. Multiplying both sides by
g−1, we have

g−1s = g−1(gs) = (g−1g)s = es = s.

Thus, g−1 ∈ Gs. So Gs is a subgroup of G.
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