
Math 678. Homework 4 Solutions.

#1

(a) In order to get the general solution of uxy = 0, use integration in one of
the variables, e.g. in y first. This gives ux = f(x) and u(x, y) =

∫
f(x)dx+G(y).

Denote F (x) =
∫
f(x)dx to get the conclusion: general solution of this equation

is u(x, t) = F (x) +G(y). Note: substitution can be used to verify this is indeed
a solution, but by itself it does not prove this form gives all possible solutions
of the original equation.

(b) Change of variables χ = x + t, η = x − t and use the fact that x =
(χ+ η)/2, t = (χ− η)/2 to get:

uχ(χ, η) = uxxχ + uttχ = (ux + ut)/2,
uχη(χ.η) = (uxxxη + uxttη + utttη + utxxη)/2 = (uxx − utt)/4

It follows that utt − uxx = 0 iff uχη = 0.

(c) Consider the wave equation in 1-d: utt − uxx = 0 with initial conditions
u(x, 0) = g, ut(x, 0) = h. Due to (b), it is enough to consider equation uχη = 0,
which according to (a) has a general solution in the form u(χ, η) = F (χ) +G(η)
for arbitrary F and G. In other words, u(x, t) = F (x + t) + G(x − t). Use
initial conditions to deduce: u(x, 0) = F (x) + G(x) = g(x) and ut(x, 0) =
Ft(x)−Gt(x) = h(x). Integrating the second relation, we see that F (x)−G(x) =
2F (x) − g(x) =

∫ x
−∞ h(s)ds. This means F (x) = (g(x) +

∫ x
−∞ h(s)ds)/2 and

G(x) = g(x)− F (x) = (g(x)−
∫ x
−∞ h(s)ds)/2. Back to the general solution, we

have u(x, t) =
1
2

(g(x+ t) + g(x− t)) +
1
2

∫ x+t

x−t
h(s)ds, which is the d’Alembert

formula we know.

(d) Right-moving if F ≡ 0, i.e. g′(x) = −h(x). Left-moving if G ≡ 0, i.e.
g′(x) = h(x).

#2
Consider the system {

ut + ux = d(v − u)
vt − vx = d(u− v)

First notice that vt − vx = −(ut + ux). Differentiating the equations wrt t and
then x, we get

utt + uxt = d(vt − ut),
vtt − vxt = d(ut − vt)
utx + uxx = d(vx − ux)
vtx − vxx = d(ux − vx)
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Subtracting the 3rd from the 1st equation, and adding 2nd and 4th equations,
we get

utt − uxx = d(vt − ut)− d(vx − ux) = d(vt − vx)− d(ut − ux) = −d(ut + ux)− d(ut − ux) = −2dut
vtt − vxx = d(ut − vt) + d(ux − vx) = d(ut + ux)− d(vt + vx) = −d(vt − vx)− d(vt + vx) = −2dvt

It follows that u and v both satisfy the equation wtt + 2dwt − wxx = 0.

#3.
Consider change of variables

s =
t− ax1√

1− a2

y1 =
x1 − at√

1− a2

y2 = x2, y3 = x3

In new coordinates, the wave equation should look like uss = uy1y1 + uy2y2 +
uy3y3 , which is the statement we intend to justify. In this problem, we will start
with the wave equation in original coordinates and rewrite it with the help of
new variables. Let us compute the partial derivatives:

∂u

∂t
=
∂u

∂s

∂s

∂t
+

∂u

∂y1

∂y1
∂t

=
1√

1− a2

∂u

∂s
− a√

1− a2

∂u

∂y1
∂u

∂x1
=
∂u

∂s

∂s

∂x1
+

∂u

∂y1

∂y1
∂x1

= − a√
1− a2

∂u

∂s
+

1√
1− a2

∂u

∂y1

Hence
utt =

1
1− a2

(uss − 2ausy1 + a2uy1y1)

ux1x1 =
1

1− a2
(uy1y1 − 2ausy1 + a2uss)

ux2x2 = uy2y2
ux3x3 = uy3y3

It follows that 0 = utt −∆u = uss − uy1y1 − uy2y2 − uy3y3 , QED.
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