
Math 724 Solutions to HW #1 Spring 2015

(1) (2.2) Give an example of a left R-module M = S ⊕ T having a submodule N
such that N ̸= (N ∩ S)⊕ (N ∩ T ).

Proof: First you have to understand what is meant by (N ∩ S)⊕ (N ∩ T ).
You have to view S as the submodule of M via S ⊕ 0, i.e., S is the set of al
elements of M whose second coordinate is 0 (similarly for T as a submodule
of M). Let R = Z, let S = T = Z. Let N be the diagonal of M , i.e.,
N = {(a, a) : a ∈ Z}. Since the only element of N whose second coordinate is
0, it follows thatN∩S = 0 similarlyN∩T = 0. ThusN ̸= (N∩S)⊕(N∩T ) = 0.

(2) (2.7) Use the left exactness of Hom to prove that if G is an abelian group, then
HomZ(Zn, G) ∼= G[n], where G[n] := {g ∈ G : ng = 0}.

Proof: We have the exact sequence:

0 → Z f→ Z g→ Zn → 0,

where f is multiplication by n and g is the natural projection. We then get the
exact sequence:

0 → HomZ(Zn, G)
g∗→ HomZ(Z, G)

f∗
→ HomZ(Z, G).

Recall that HomZ(Z, G) ∼= G (also see the next problem) via the map that
sends h 7→ h(1). Moreover it is easy to see that the map f ∗ multiplies G by n.
Thus by definition kerf ∗ = G[n]. Since g∗ is monic and im g∗ = kerf∗, we have
the result.

(3) (2.13) Let M be a left R-module. Prove that the map φM : HomR(R,M) → M
given by f 7→ f(1) is an R-isomorphism.

Proof: First note that HomR(R,M) is a left R-module since R is an R−R
bimodule. The rest is straight forward checking of the axioms.
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(4) (2.17) If 0 → A
f→ B

g→ C
h→ D

k→ D is exact, prove that there is an exact
sequence

0 → cokerf
α→ C

β→ kerk → 0

where α : b+ imf 7→ g(b) and β : c 7→ h(c).

Proof: This is trivial, it just tests your understanding of what is going on.
First we show that α is injective. But if α(b+ imf) = 0, then g(b) = 0. Hence
b ∈kerg = im f . Thus b+ imf = 0.
Since the im α = im g and im g = ker h, we see that im α ⊆ ker β. Conversely,

it is clear that ker β = ker h. Thus we have equality and we are done.


