1.3 VECTOR EQUATIONS

R" is the collection of all listsqrdered n-tuplesof n real num-
bers. Example:

Algebraic Properties of R"

For allu, v, win R" and all scalars andd:

e U+V=V+U commutative property
e (U+V)+W=U+ (V+W) associative property
e U+0=04+u=u zero vector

e U+ (—U)=—-U+u=0 —u denoteg—1)u

e C(U+V)=cCcUu+cv distributive property

e (C+d)u+cu+du
e c(du) = (cd)u
e lU=uU
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Vector “Subtraction”

Write u — v in place ofu + (—1)v.

%

Linear Combinations
For vectors/y, vy, ..., Vpin R" and scalars;, . . ., Cp, the vector
y:C].V1+""|‘Cpr

Is called alinear combination of vq,...,Vvp using weights
C1, ..., Cp. Examples:

3.5v14+0v2 (=35vy), Ovi+0vy (=0)
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"EXAMPLE 4 Letvy = [_ﬂ andvy = [i] Estimate the

linear combinations 0¥, andv; that generate andw.
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1 —1 -3
"EXAMPLE5' Letay=| O|,aa=]| 2|, b=| 4
-3 7 1
Determine whetheb is a linear combination of; anday. Do
weightsx; andx» exist such that

X181 + Xoa2 = b (1)
Solution
1 -1 -3
X1 Ol +X2| =2 | = 4
-3 ! 1
) ) )
ai ao b

Rewrite this vector equation:

X1 —Xo -3
0 + | —2% | = 4
B —3X1 | B 7X2 | B 1 _
and
X1 — X2 -3
0—2X | = 4 (2)
—3X1 + X2 1
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X181 + Xoap = b
1 1] [ -3]
X1 O|l+XxX2| =2 | = 4
-3 7 1
i X1 — xz_ _3]
0— 2X2 = 4
—3X1 + X2 1
X1 — Xop=-3
O0—2X= 4
—3X1+ Xo= 1

Solve this system by row reducing the augmented matrix:

1 -1 -3] [1 -1 =37 [1 -1 -3
0 -2 4|~|0 -2 4|~|0 -2 4
'3 7 1| |o 4 -8] |0 o O]

The system is consistent, ais a linear combination of; and
ac. To find the weights, complete the row reduction, and obtair
X1 = —5,Xo = —2. Thus

—5a; —2a=0D
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Summary:

To study the equatioria; + xoax = b, consider:

1 -1 -3
0O -2 4 or [al ao b]
_—3 4 l_
r 1t 1
1 as b

A vector equation
X181 + Xpap + -+ Xpan = b

has the same solution set as the linear system whose augment
matrix is

[aa @& - a b] ()

In particular, b can be generated by a linear combination of
ai, ..., an If and only Iif the linear system corresponding to (*)
has a solution.
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Definition. If vyq,...,vp are vectors irR", then the set of all
possible linear combinations ©f, . . ., vy is denoted by

Spanvs, ..., Vp}
Vectors of the form
C1V1+ CoV2 + -+ - 4+ CpVp

Note: Every scalar multiple of; (for example) is in
Sparvy, ..., Vp}, because

cvi=cvy1+0vo+---+0vp

The zero vector is always in Spaa, . . ., Vp}.
The only vectors in Spdw4} are multiples ofv;.
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A Geometric Description of Sparv}

If vin R3is nonzero, then Sp&w} is the set of points on the line
in R3 throughv and the origin.

X3

Span{ v}

FIGURE 10 Sparjv} as a line through the origin.
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FIGURE 9
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1 -1 -3
"EXAMPLE6' Letay=| O|,ao=|-2|,b=| 4
-3 7 2
(Sameay, ap as in Example 5) Determine whetheb is in the
plane spanned by, anday.

Solution Doesxja; + Xoxo> = b have a solution?
Row reduce[ a3 a b ]:

1 -1 -3]7 1 -1 -3] [1 -1 -3
0 -2 4|~|0 —2 4|~|0 -2 4
'3 7 2| |o 4 -7] |0 o 1]

The vector equatior;a; + X2a2 = b has no solution.
Sob isnotin Sparjay, a}. 1
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