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Abstract

We introduce a variable timestepping algorithm for the Milstein scheme
applied to SDEs with a scalar stochastic forcing. Multiple local error
estimates are used, corresponding to different terms appearing in the
Taylor series of the local truncation error. The timesteps are then cho-
sen so as to bound the standard deviation of the contribution of each
of these terms over a unit time interval, analogous to the Error-Per-
Unit-Step control used for ODE solvers. The problem of determining
the optimal timestep then translates to one of finding the first-exit
distribution of the Wiener process from a simple boundary and elim-
inates the need for timestep rejections.

1 Introduction

We shall consider the numerical approximation of strong (pathwise) solutions
of stochastic di erential equations (SDEs) forced by a scalar Wiener process
written in Itd form as

dX = f(X) dt + g(X) dW X(0) = X, D

where X [CR™. The strong solutions exist and are unique under various
assumptions on the drift and di usion coe cients. In addition, we shall only
require minimal smoothness conditions, namely that f,g CCP(R™).
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SDEs have rapidly become important modeling tools in many scientific
disciplines as the significance of stochastic e ects has become more widely
recognized and the computational and theoretical tools to deal with them
have become more sophisticated. However there is still a great deal of work
remaining to develop e cient and reliable SDE software. Indeed there is
still a lack of consensus even on basic strategy with several, fundamentally
di erent, approaches to the problem appearing in the literature in the last
decade or so.

Once an SDE scheme has been chosen, the e ciency of the scheme can
be improved by allowing the timesteps used to change adaptively as the
path progresses. Two early papers by Gaines and Lyons [5] and Mauthner
[21] stimulated much of the work on adaptivity that followed. They built
on previous theoretical results to provide algorithms whose convergence was
guaranteed under certain conditions even allowing for the possibility of step-
size rejections and non-stopping times. Both of these papers used very sim-
ple halving-and-doubling strategies for the timestep selection but, even so,
demonstrated the computational advantages of adaptivity. In an interesting
sequence of papers, Hofmann, Miiller-Gronbach and Ritter [9, 10, 11] used
a choice of timestep inversely proportional to [g{X)[and showed that this
is optimal in a precise sense related to the number of samples of the Wiener
process that are required. Note that this strategy only controls upon the
di usion. In [19] the opposite approach was used and the timestep was con-
trolled using a local error estimate based only upon the drift. In [2, 3, 4],
the approach taken was to develop and employ embedded stochastic Runge-
Kutta schemes for SDEs and then choose timesteps based upon asymptotic
formulae designed for adaptivity in ODEs. Other related work includes adap-
tivity designed for weak-noise systems [24] such as occur in integrated circuit
manufacturing and adaptivity for weak-solution algorithms [29].

The approach taken here extends an idea introduced in [17] where two
local error estimates for the Milstein scheme were limited by a user-defined
tolerance 1. One estimate, loosely speaking, monitored the deterministic
integration and the other the stochastic one. This enabled the algorithm
to behave di erently in di erent regimes, for example the cases of strong or
weak di usion. In addition, under further reasonable assumptions on the
error control, desirable mean-square stability properties could be proved for
a class of linear multiplicative-noise test problems [20].



Three di erent modifications will be made here to the algorithm pro-
posed in [17]. Firstly, in Section 2 an additional stochastic error control is
incorporated. Secondly, in Section 3 an alternative error control strategy is
introduced for the (two) stochastic error estimates. This is a stochastic coun-
terpart to the Error-Per-Unit-Step (EPUS) criterion for ODEs and requires
that the standard deviation of the error estimates over a unit time interval is
bounded by T (the mean is 0). Finally, in Section 4 a novel timestep selec-
tion strategy is employed. This relies on the fact that the optimal timestep,
subject to satisfying the error controls, can be defined as the first-exit-time
of the Wiener process from a simple rectangular boundary. The probability
distribution over this boundary is complicated but can be e ectively reduced
to a small number of look-up tables used in conjunction with a uniformly-
distributed random variable (note that no Gaussian variables need to be
generated and no stepsize rejections can occur). Section 5 contains some
numerical examples.

2 Error Estimates

In order to simplify the analysis slightly, we start by rewriting (1) in Stratonovich
form as
dX = f(X) dt +g(X) = dW (2)

where f = f — %g% is the Stratonovich drift. The Milstein scheme, using a
timestep h and corresponding Wiener increment AW, is defined by

Xner = X+ AWG0X) +NF(X) + T IAWFG XG0 (3)

and advances the solution from X,, at time t, to X,+; at time t,+; = t, +h.
It has strong-order 1 and the truncation error can be expanded as

310G+ JngF + S(AWYQH + S(AWY g% + RFF+... (4
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where the Stratonovich integrals Jo; and Jyo are defined by

Ij':'||"|+1 Ijsll

JOl - dS]_ ° dW,

Jlo = ° dW dSl (5)
th th

For our error estimates we shall select certain of the terms appearing in the
truncation error (4).

At this point it is worth commenting upon a fundamental di erence
between (4) and the corresponding truncation error expansions for ODE
schemes which have the form

p+1 )

————(lin. comb. elementary di erentials) + O(hP™* 6

L y )+ O(h*?) (6)

for an order-p method. In order to achieve successful adaptive timestepping

for ODEs it is not necessary to know which of the leading-order terms are

dominating the truncation error. This is because all the leading-order ele-

mentary di erentials are multiplied by the same timestep-dependent quantity

hP*1. Suppose that some local error estimate E(X, h) is being controlled by
enforcing

E(Xn, h) < th? (7)

i.e. a timestep h is only accepted if (7) is satisfied. The choice of p = 0
corresponds to Error-Per-Step (EPS) control while p = 1 is Error-Per-Unit-
Step (EPUS) control. A new candidate timestep h"(for the same timestep
if the control (7) was violated) can be found by using variations upon the
asymptotic formula Co o

T p—p
ECXn D) ®

where 8 is a ‘safety factor’ slightly less than 1. Such variations include
maximum-allowable timesteps, maximum ratios between adjacent timesteps
(see [7, 26]) and ideas from control-theory [6] that result in highly-e cient
and robust algorithms that are easy to implement with low computational
overheads. Also, as T — 0 the number of stepsize rejections also goes to zero
and the error estimate is approximately a factor of 8 within its optimal value.
Typically the error estimate E (X, h) is derived as the di erence between two

h”= 6h



approximate solutions. An illustrative example is that of embedded Runge-
Kutta pairs of orders p — 1 and p where the di erence is an estimate for
the error committed by the lower-order method. However, possible stability
considerations aside, it makes sense to advance the solution using the already
computed higher-order method — this is known as extrapolation. The error
estimate is now only loosely-related to the true truncation error but this is
enough to guarantee convergence (apart from some exceptional special cases
[27, 16]) and retain the e ciency advantages of adaptivity which are very
impressive and almost independent of the order p.

We now return to the Milstein truncation error (4). Di erent elementary
di erentials at O(h%) are now multiplied by di erent timestep-dependent
quantities, namely Ji, Jox and AW?3, which all scale di erently with the
choice of h. This suggests that in order to e ciently control the one-step
error it is now desirable to estimate which of the terms dominate(s) the
local error (in contrast to the ODE adaptive strategy) and choose candidate
timesteps accordingly.

In principle, all four of the leading-order error terms can be computed or
estimated but we shall restrict ourselves to incorporating just two of them,
namely

1
Es(Xn,h) = 2 (AW *g?g [J 9)

and

Ei(Xn, h) := [Xf'gAW ] (10)
where the choice of co-norm helps reduce the computational cost when m > 1
(even simpler upper bounds for these quantities could be used instead, such
as replacing [Fig ] with FHJGIL). We shall refer to Es and E; as the
stochastic error estimates. Note that the computation of E; requires that f"
be computed exactly or estimated via a finite di erence approximation. All
the other function evaluations are needed for the calculation of the Milstein
approximation itself and so are already available.

We now introduce one further error estimate based only upon the drift
coe cient. The motivation for this is that in the weak-di usion limit, for
typical user-defined tolerances, the leading-order error may in fact be the
term 1h*f'f appearing at O(h?) in the expansion (4). This leads to the
deterministic error estimate

Eq = %hZ@I;L (11)
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In [17], only Es and E4 were used to generate adaptive strategies. The
resulting algorithms were flexible enough to operate di erently depending
upon whether the drift or di usion error was dominating. In the former case
the timestep selection strategy was close to that used for ODEs while in the
latter case a more complicated prototype selection procedure was developed.
In [20] an error control strategy similar to EPUS was used on the class of
linear test problems with multiplicative noise. The resulting algorithm was
shown to have very desirable mean-square stability properties (in fact, the
multiplicative noise analog of A-stability for ODEs). The reader is directed
towards [20] for further details.

As mentioned in Section 1 the work detailed here extends and improves
the ideas of [17] in three significant ways. The first of these was the inclusion
of the error control E;. This ensures that the true one-step truncation error
is accurately monitored for a wider class of SDEs. In particular, SDEs with
additive noise were not satisfactorily covered by the algorithm of [17] because
E; = 0. This meant that although the algorithm would still converge to the
correct pathwise solution as T — 0 it would do so by controlling only the
deterministic error control E4 which is certainly non-optimal if the di usion
strength is significant. In the next section the use of an EPUS error control
over single timesteps for the stochastic estimates Es and E; is replaced by
controlling the root-mean-square error over a unit time-interval.

3 Error-Per-Unit-Time Controls

We now consider each of the three error estimates in isolation and derive
controls to bound the estimated cumulative errors over a unit time interval.
The implementation of EPUS control for the deterministic error estimate Eq4
is fundamentally the same as for ODEs. The functions f, f"are assumed to
be constant, an as-yet-undetermined timestep h is to used on each step, and
for this choice of h the cumulative error over a unit time interval should be

bounded by T giving
R EfLI<T

. 2

where Ng = 1/h. This simplifies to h < mﬁifr@ and thus provides an upper
bound for the timestep h with respect to the deterministic error control. In




practice relative, absolute or mixed error controls may be used and we al-
low for this degree of generality by replacing the tolerance T with functions
04(X, 1),0s(X, 1) and 0:(X, 1) for the three di erent controls. So the deter-
ministic error control leads to the following upper bound on the timestep

20d(Xn,T)
EH(Xn) F (Xn) L
Note that because the estimate Ey4 was defined as an explicit function of

h that has been inverted, an explicit bound for h has now been found and
stepsize rejections do not occur.

hShd::

(12)

We now turn our attention to the two stochastic error controls starting
with Es. By analogy with the above argument, assuming that g and g are
constant, it is the cumulative error due to the term tAW3g“g over a unit
time interval that should be controlled. This is a random variable with mean
zero and so we control the standard deviation at time t + 1 by enforcing

[ ] 1

SD EAWi3 gLl < 0s(Xn, 1) (13)
i=1
where the summation is over all the Ns timesteps taken during the unit time
interval.

However the quantity Eg depends upon the Wiener increments AW;, not
the timestep length h and the optimal choice of timesteps should reflect this.
To this end let us introduce a constant Cs > 0 and hypothesize an error
control of the form

AW <Cs  [OFE1D,...,N. (14)

A ‘perfect’ timestep selection procedure is one that, at negligible cost, iden-
tifies the sequence of timesteps h; such that [ 3= 1, ..., Ng, h; is the smallest
timestep where equality occurs in (14). Thus the timestep h,, used to advance
from the integration time t, is the first-exit-time of the Wiener Process from
the interval [W (t,) — Cs, W (t,) + Cs]. The probability distribution of this
exit time is well-known [14] and has mean E(h,) = C2.

Using such an error control the quantity on the left hand side of (13) is
the sum of Ng random variables taking the two possible values +C23[gFg [



each with probability % If we ignore the distribution of Ng and assume that

1
Ns = 1/E(h) = ;
S

then the sum in (13) is a random walk with standard deviation
1 ., I:I_ 1.,
sCslgfgld Ny = <Cligfgd

Finally, forcing equality in (13) and introducing a function os(X,,, T) leads
to 1
C, = 605(Xn, T)
[gFg Lol
and our second error control

—1
60s(Xn, T)

[gPgLd

We shall refer to this type of control as Error-Per-Unit-Time (EPUT) to
distinguish it from EPUS.

It only remains to find the corresponding EPUT error control for the
quantity E;. Our starting point is the following characterization of J,o over
an interval of length h [15],

|AW,| < Cs = (15)

, 1
Jo=3h AW+ a% (16)

where n [CNI(0, h) is independent of AW. An EPUT error control corre-
sponds to enforcing

=
SO ShiFg AW#J% < 0:(Xn T)

. ]
| X 1)
e ohy, Aw P < QTS
2 3 [Fig [2]
3 — a1 - O
& hoaw, +var  Shd < OXe D0
S 2 3 OHE



As with Eg, we shall assume a perfect control of the form |AW| = C;
for some constant C; > 0. Now, for each i = 1,..., Ny, the h; and n; are
independent and E(h?) = 2C¢ giving

Var(h;AW;) = E(h?AW?) — E(hAW;)?
= E(h?AW?)
= C{E(h)
5

= §CE.

Then assuming N; = 1/C2 and summing allows us to replace the first term
in (17) with 5C{.

To calculate the second term of (17), we use the independence of h;,n);
and E(h?) = 2C$ to obtain

1
Var(hin)) = E(hin?) = E(h*n?|h = x)Pr(h = x) dx
@0
= E(x?n?|h = x)Pr(h = x) dx
mo
= x*E(n?|h = x)Pr(h = x) dx
@0
= x3Pr(h = x) dx
x=0

61
= B(h) = :C}

Summing over the N steps gives the second variance in (17) as %Ct“. Com-

bining these regutts{n (17) and enforcing equality finally results in an optimal

value of C; = % which we approximate as
L1
0¢(Xn, T)
Ci:=115 — 2
[Fig [
giving our final error control
L1
0¢(Xn, T)

|AW,| < C; = 1.15 TR (18)



In order to satisfy both (15) and (18) we define
C = min(Cs, Cy). (19)
Our optimal choice of timestep h, to advance from a time t,, whilst obeying
all the error controls is now given by

1] 1
hh=sup h:h=hgand |W(t, +t) —W(t,)|=C Ok t<h . (20)
h=0

Many of the previous approaches to adaptivity have either attempted to
directly apply ideas from the ODE setting or have focused upon the drift or
the di usion integral. The philosophy motivating this new approach is that
on each timestep the Brownian increment AW plays a similar role for the
stochastic integral in (2) that the steplength h plays for the deterministic
one. Then, from first principles, these quantities are treated in a consistent
manner to arrive at (20).

To conclude this section we note that the two neglected terms in (4) can
be analyzed in a similar fashion resulting in the monitoring of all the leading-
order truncation terms. This leads to two additional upper bounds on |AW |
and the smallest of all four of them would be used to define C and control the
timestep. More extensive numerical testing may conclude that incorporating
these extra controls justifies the computational cost.

4 Optimal Timesteps as First-Exit-Times

The definition of the optimal timestep (20) can be interpreted as the first-
exit-time of the Brownian path from the boundary shown in Figure 1. The
path leaving the upper or lower boundaries (L and U) corresponds to one
of the stochastic error controls limiting the timestep while exiting the verti-
cal boundary V at t = t, + hy occurs when the deterministic error control
dominates. The analysis of the previous section assumes that the optimal
timesteps can be identified and we now show that this is indeed possible in
a computationally e cient way.

The first step is to use the scaling property of Brownian motion which
states that the transformed process

thEI = *%Wt’/a
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Boundaries defined by stochastic con
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W(t)

A
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L
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Boundary defined by the deterministic control

Figure 1. The timestep used will be the first-exit-time from the rectangle
shown.

is another Brownian motion for any a > 0. Choosing a = C? results in
a rescaled exit-time problem for a standard Brownian motion with upper
and lower boundaries, L"and UY at W= +1 and vertical boundary V “at
h§ = hq/C2.

The probability and cumulative density functions for the first exit points
over the transformed boundary have a known analytical form [1, 8]. The
cumulative probability of first exiting via either L”or U before time t"is
given by

0,0 1 %I"' 1
PtJL%ruy=2 (-1Yy o —xt_LD , 5> 0 (21)
j=0
where @ is the complement of the standard error function. The CDF is

plotted in Figure 2.
The probability of exiting V “with Wy, []31,x7 is

QI:II I |T;= 1 1 [1 1
— A1 + '_2
PX) = =1 ¢ £=1+ yAiDJ‘I —0 LIAJ:EL
—1 3 ' mm )
+ 4] — 41+ 2
+0 y e T ¢ Y - dy, x"[31,1]. (22)
d d
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Figure 2: The cumulative distribution along the upper and lower boundaries
taken together for C = 1.

The inverses of these cumulative density functions can now be used to gen-
erate first-exit points. This is achieved by providing look-up tables although
approximating functions can in principle be used if they are su ciently cheap
to evaluate to the required accuracy. In order to reduce the number of look-
up tables required by the algorithm, only a small number of values of hf are
permitted and so h{ is reduced to the nearest allowable value.

A random variable z [W[0,1] is generated. If z < P(hf,L"or UY
then a look-up table for the inverse of the cdf (21) is used to determine the
corresponding exit-time and an extra random bit chooses whether AW = +1
or —=1. If z > P(hjL"or UY then z — P(h§,L"or UY is used in the
appropriate look-up table for the inverse of (22) which fixes the value of
AW [[+1,1]. Then the scaling transformation is inverted to obtain the
values of h and AW required for updating the algorithm.

An examination of Figure 2 suggested the quantized values
hg=0.1,0.2,...,0.9,1,2,3,4,5.

No claim is made for the optimality of these values but they appear to be
su cient for initial testing purposes. A maximal value of 5 prevents the
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algorithm taking abnormally large timesteps caused by unusually ‘flat’ seg-
ments of Brownian motion. On the other hand if the transformed value of
hy < 0.1 this corresponds to a weak-di usion process and the stochastic er-
ror controls are simply ignored. That is, the next timestep h is chosen to
be hy irrespective of the value of AW which is now chosen from N (0, hg) in
the usual way. On any given step there is a very low probability, less than
P (0.1, LYr UY = 0.000016, of exceeding the stochastic error bound and this
is deemed to be acceptably small.

This completes the description of the algorithm. Apart from the case
of very weak di usion described above, no Gaussian variables need to be
calculated — just a uniform random variable and a random bit. The only
extra function evaluations needed over and above those required by the Mil-
stein method itself are the evaluations or estimations of £, at most one per
step. Also, the lack of stepsize rejections means that intermediate values
of AW conditioned upon evaluations at later times are not required. Thus
the computational overheads required to implement the algorithm are quite
small.

Finally, we point out that the use of first-exit-times described here may
have additional advantages for Monte-Carlo simulations of SDEs involving
barriers. These are problems where the first hitting time of the solution X;
with a known boundary is either required to advance the solution or is needed
to calculate some function of the solution path. When the solution is close to
such a barrier the values of C and hy can be reduced to ensure that the barrier
is not breached during the timestep (algorithms for such problems using
exponentially-distributed random timesteps have been proposed in [12, 13]).

5 Numerical Results

We now present numerical results on three test problems using the proposed
algorithm. No attempt has been made to optimize the performance of the
algorithm with respect to hardware or software-specific details. Also, we do
not compare the computational cost of each timestep against other algorithms
since these are also likely to be implementation specific and in addition will
depend upon the complexity and nature of the SDE. Instead we measure the
number of timesteps used for various values of the tolerance T and compare
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Table 1: Numerical results for Test Problem 1.
T Method | Av. # Steps used | Error
107! | Variable || 32 0.17
Fixed 0.26
10~? | Variable || 307 0.014
Fixed 0.039
10~2 | Variable || 2810 0.0017
Fixed 0.0030

the error committed with that of the Milstein method operating in fixed
timestep mode using the same number of steps.

The class of scalar, multiplicative noise test problems defined, in Itd form,

by
dX = AX dt +pXdw,  X(0) =X, B0 (23)

will provide our first numerical example. The exact solution is
1 1 1
X(®) =Xoexp (A= ZH)t+pW (1)

and mean-square stability [25] occurs when IZX)+%|p2| < 0. The Stratonovich
drift is f(x) = (\—Zu?)x. The parameters used are A = —1,pu =2, X(0) = 1
and the scheme employs absolute error controls os = g4 = 0y = T over the
time interval [0, 1].

The results are shown in Table 1 and were obtained by averaging over 100
runs. The error value recorded is the average maximum absolute error com-
mitted over each run. The average number of timesteps used is also shown.
Then the fixed timestepping Milstein method with the same steplength as
the average used by the adaptive scheme was run 100 times and the average
maximum absolute error was calculated.

The use of the adaptive scheme reduces the average maximum error by
approximately a factor of 2. However there are also stability considerations
and, as for ODEs, adaptivity can impart desirable stability properties [28,
18]. In fact, a straightforward modification of the argument presented in
[20][Section 4] shows that, using relative error controls, the above algorithm
preserves the mean-square stability properties of (23).
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Table 2: Numerical results for Test Problem 2.
| T | Method || Av. # Steps used | Error

10~2 | Variable || 5 0.012
Fixed 0.026
1072 | Variable || 42 0.0012
Fixed 0.0034
10~ | Variable | 410 0.00011
Fixed 0.00042

Table 3: Numerical results for Test Problem 2 using the It0 drift.
| T [ Method || Av. # Steps used | Error |

1072 | Variable || 19 0.0021
Fixed 0.067

1072 | Variable || 190 0.00023
Fixed 0.00089

10~ | Variable || 1800 0.000019
Fixed 0.00009

The second test problem is

dx:%x%dt+X§dW, X(0) = 1 (24)

and has exact solution X(t) = (1 + %W(t))?’. Note that for this problem the
Stratonovich drift f(x) = 0 and so the algorithm just uses the two stochas-
tic controls. As before, absolute error controls are used. The results are
presented in Table 2. Note that there is approximate tolerance proportion-
ality in both the error committed and the number of timesteps used as T is
decreased.

In general the Stratonovich drift will not vanish and sometimes the I1t0
drift will be either more readily available and/or cheaper to compute. It was
therefore of interest to modify the algorithm to use the function T rather than
T in the deterministic control (12). Table 3 shows that, for a given tolerance,
smaller timesteps are taken but there is no significant improvement in the
overall e ciency on a per-step basis.

This test problem was also solved using the same three error controls but
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Table 4: Numerical results for Test Problem 2 using EPS error control.
| T | Method || Av. # Steps used | Error |

10~? | Variable || 20 0.0019
Fixed 0.0070
1072 | Variable || 91 0.00051
Fixed 0.0019
10~* | Variable || 417 0.00012
Fixed 0.00043

in EPS mode, i.e. enforcing Eq < 1, Es < 1 and E; < T and the results
are shown in Table 4. The e ciency gains are comparable to those obtained
in EPUS mode although the approximate tolerance proportionality of the
EPUS simulations has been lost. These questions regarding the choice of 1t6
vs. Stratonovich drift and EPS vs. EPUT modes in the error controls will
be considered further elsewhere.

Finally we consider the often-used test problem
dX = —a(l — X?) dt + B(1 — X?) o dW, X(0) = X, (25)
with exact solution

(1 + Xo)e—ZaHZBW(t) + XO -1

X(t) = (1 + Xo)e—ZCxt+2BW(t) +1— XO '

Numerical results for the parameter values a = 1, = 1.5 are presented
in Table 5. The adaptivity gains are far less striking, indeed the adaptive
algorithm performs worse at large tolerances. The reason for this is that both
the functions f(x) and g(x) have critical points at x = 0 causing all three
error estimates E4, Es and E; to vanish. Thus, for trajectories that cross
x = 0, the timesteps increase in the neighbourhood of this point degrading
the global solution. However on trajectories that do not cross x = 0 the
algorithm performs extremely well with an error reduction of approximately
a factor of 8. While such a confluence of critical points is not likely to
happen often in practice, this final example demonstrates the need for further
refinement of the original algorithm.
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Table 5: Numerical results for Test Problem 2 using EPS error control.
| T | Method || Av. # Steps used | Error |

10~? | Variable || 80 0.066
Fixed 0.029
1072 | Variable || 694 0.0049
Fixed 0.0057
10~* | Variable || 6512 0.00045
Fixed 0.00064

6 Conclusions

The algorithmic approach developed above can be generalized in various
ways. The crucial starting point is the use of error estimates that are eas-
ily inverted to provide explicit bounds dependent upon h and AW — the
EPUS/EPUT control used here is just one of several possibilities. These
bounds then directly lead to the use of first-exit-times as optimal timesteps
with no possibility for stepsize rejections. The density functions across the
boundaries of such compact regions are known in various cases (see, for ex-
ample, [22, 23]), the rectangular one used in Section 4 being the simplest.

There are certain computational issues that have not been addressed here
but which may significantly a ect the e ciency of the algorithm in practice.
For example, it may not be necessary to update the error estimates on every
timestep and the use of finite di erences to approximate T would also reduce
the number of function evaluations needed. Other factors will depend upon
hardware and software considerations. The look-up tables could be replaced
by approximating functions if it was faster to evaluate them than to access
the table. Or if parallel processors are available then one processor could
be dedicated to the generation of the exit-times while the other updated the
solution and the error estimates.

This paper has only considered adaptivity for a strong-order 1 method
applied to SDEs forced by a scalar Wiener process. However, the underly-
ing concepts are not limited to this case. The use of higher-order methods
and/or multiple stochastic processes requires the calculation of higher-order
stochastic integrals such as Jio and Jo; (except for SDEs satisfying certain
commutativity conditions) which significantly increases the computational
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cost of each timestep. A major problem with trying to adaptively change
timesteps in this general case is that whenever timestep rejections occur all
the stochastic integrals used to update the solution have to be recomputed
over the two resulting sub-intervals, whilst respecting their joint conditional
probability distributions. This increases the cost and complexity of the algo-
rithm even further but ceases to be an issue if stepsize rejections cannot occur.
If multi-dimensional stochastic forcing is present it may then be possible to
combine explicit error estimates with results concerning the distribution of
multi-dimensional Brownian motions exiting higher-dimensional boundaries
to construct viable adaptive algorithms.
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