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Abstract

A Viterbi path of length n of a discrete Markov chain is a sequenceof n + 1 states
that has the greatest probability of ocurring in the Markov chain. We divide the
spaceof all Markov chains into Viterbi regionsin which two Markov chains are in
the sameregion if they have the sameset of Viterbi paths. The Viterbi paths of
regions of positive measureare called Viterbi sequencesOur main results are (1)
ead Viterbi sequencecan be divided into a pre x, periodic interior, and sutx, and
(2) asn increasedo in nit y (and the number of statesremains xed), the number of
Viterbi regionsremains bounded. The Viterbi regionscorrespond to the vertices of
a Newton polytop e of a polynomial whoseterms are the probabilities of sequence®f
length n. We characterize Viterbi sequencesand polytopesfor two- and three-state
Markov chains.

1 Intro duction

Many problemsin computational biology have tackled using graphical models.

¥%. A standard inferenceproblemis to nd the hidden assignmets h; that
produce the maximum a posteriori (MAP) log probability

e = hmi-ﬂm i log(PriXy=hg;:i0Xm =hm; Y= %000, Y = 34));

wherethe h; range over all the possibleassignmets for the hidden random
variables. Howewer, when the parametersof the graphical model change,the
hidden assignmets may also vary. The parametric inference problem is to
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solve this inference problem for all model parameters simultaneously This
problem is addressedor pairwise sequencealignmert in [4,9].

This article takesthe rst stepin generalizingthe methodsto arbitrary graph-
ical models. We begin our investigation with Markov chains and their Viterbi
paths, i.e. the sequenceof stateswith the greatestprobability. We partition
the spaceof k-state Markov chains sud that two Markov chains are in the
sameregion if they have the sameViterbi paths. We ask how many sud re-
gionsarethere, and how do they border ead other. Beforewe beginto answer
thesequestions,let us state the problem formally.

Let M ¢ be the spaceof all Markov chains with k states. Then M  is a
(k+ 1)(kj 1) dimensionalspacein which the parametersinclude the proba-
bility distribution of the initial state and the stochastic matrix of transition
probabilities.

We number the states of a Markov chain from 0 to ki 1. We will consider
sequence®f states produced by Markov chains. The length of a sequences
the number of transitions in the sequenceThe zeth stateis the initial state,
and the nth state follows the zeroth state after n transitions.

Given a Markov chain M, the probability of a sequences the product of
the initial probability of the rst state and all the transition probabilities
betweenconsecutie states. There are k"*! possiblesequence®f length n. A
Viterbi path of lengthn is a sequencef n+ 1 states(cortaining n transitions)
with the highestprobability. Viterbi paths of Markov chains can be computed
in polynomial time [2,8]. A Markov chain may have more than one Viterbi
path of length n; for instance, if 012010is a Viterbi path of length 5, then
010120must alsobe a Viterbi path sinceboth sequencefave the sameinitial
state and the sameset of transitions, only that they appear in a di®eren
order. Two sequencesre equivalentif their set of transitions are the same.
The Viterbi paths of a Markov chain might not be all equivalert. Consider
the Markov chain on k states that has a uniform initial distribution and a
uniform transition matrix (i.e. pj = % for all statesi;j). Sinceeat sequence
of length n hasthe sameprobability kn% ewvery sequencas a Viterbi path for
this Markov chain.

We de ne a partition R, of the spaceM ( into regionssud that two Markov
chainsM; M, arein the sameregioni® they have the sameViterbi path(s) of
length n. Theseregionswill vary greatly in size.For instance,in the partition
R, of M ,, the region of Markov chainswith the Viterbi path 00 occupiesone
guarter of the ertire space.Yet the Markov chain in which all the initial and
transition probabilities are 1/2 constitutes a region by itself. In this problem,
we will concernourseheswith only the regionswhich have positive measuren
M «, and we will call them Viterbi regions If S is a Viterbi path for a Viterbi
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Fig. 1. Left: Partition of ¥ = 1for k = 2, n = 3. Right: Partition of ¥y = 1.

region R, then all other possibleViterbi paths of R must be equivalert to
S; if S°were a Viterbi path not equivalert to S, we would have a relation
Pr[S] = Pr[SY, making R a zero-measuraegion of M . We call S a Viterbi
sauene if it is a Viterbi path for a Viterbi region. We will generallylet one
Viterbi sequenceaepresem an ertire classof equivalent paths.

As an example, Figure 1 showns how the subspacedy = 1and¥ = 1 0of M ,
are partitioned into Viterbi regionsfor n = 3.

In Section2 we useNewton polytopesto help usenumerateall possibleViterbi
regionsand descrike the boundary structure within M . In Section 3 we de-
scribe the properties of Viterbi sequencesnd put a bound on the number of
Viterbi regionsof M . Finally, in Sections4 and 5, we characterize Viterbi
sequences$or two- and three-state Markov chains.

2 Polytop es for Viterbi Sequences

In analyzing the Viterbi regionsof the spaceof all k-state Markov chains,
the boundary surfacesare represeted as an equation betweentwo products
of transition probabilities. For instance, between regions 1000 and 1111 in
the spaceof 2-state Markov chains, the equation is Y4p1op3, = ¥4p3;. After
cancelling out ¥ on both sides,we seethat the surfaceis a third-degree
equation.

Let us rst investigatea logarithmic model similar to a Markov chain. For eath
probability p; or ¥, we cande ne w; = j logp; asthe weigh of transition
(I57), and ' = | log¥% asthe weigh of the initial state i. The weigh of a
path in the model is equalto the sum of the weights of the transitions and



initial state. A minimum weight path is simply a path of minimum weight.

The spaceof logarithmic modelsis a subsetof an even larger spacein which
the weights no longer represen logarithms of probabilities. Let L stand for
the (k? + k)-dimensional spaceof weighing schemes.We will often consider
only the sequenceshat start with state i; thus let L. be the k2-dimensional
subspaceof L, represeting the weights of the transitions (and omitting the
initial states). The terms min-weight regionsand min-weight sequen@swill be
de ned for Ly and L} in the sameway that Viterbi regionsand sequenceare
de ned for M .

Sinceit is not required that Pj exp(i w;) = 1 for ead state i, there are
min-weight sequencesn Ly that are not Viterbi sequencesThesesequences
will be called pseudo-Viterbisegguenes We will seein the next section that
001 cannot be a Viterbi sequenceof a two-state Markov chain, but it is the
min-weight sequencef length 2 for weights (Woo; Wo1; Wio; W11) = (3;2;4;5).

We can more easily visualize the min-weight regions and their boundaries
in the spacelL ! of linear models. Thus instead of considering products of
probabilities, we work with sumsof logarithms. All boundary surfacesbecome
linear. The boundary between0111and 0000becomesng; + 2wi; = 3wpo.

We canformulate an alternative model for bordering min-weight regionsof L 2.
Instead of dividing L{ into regionsaccordingto their min-weight sequencesf
length n, we shall represen eat sequenceasa point in a k?-dimensionalspace.
In this new space,ead coordinate x,g correspndsto the number of transi-
tions from A to B in the sequenceFor example,the sequenced21021021010
is represeted by the 9-tuple (0; 1;3;4;0;0;0; 3;0) in the casek = 3 states.
Note that the sequencesf length n occupy a k? i 1 dimensionalsubspaceof
RK* sincethe Thal coordinate is determinedby the other k2 ; 1 coordinates.

Oncewe plot all the points correspnding to a min-weight sequenceof length
n into R, we can examinethe convex hull of thesepoints. This cornvex hull
is essenhally the Newton polytope of the polynomial

Pr[S];
S2S,

where S, is the set of all possiblepaths of length n generatedby a k-state
Markov chain with initial state O, and the probability Pr[S] is expressedn
terms of transition probabilities poo; Po1; P10, €tc. For instance,if S, is the set
of sequence®f length 2 starting with state O, then we considerthe Newton

polytope of the polynomial poopoo + PooPor + Po1Pio + PorPi1. Figure 2 shows
the Newton polytopesof two-state min-weight sequences$or generaln.

Ead vertex (i.e., extreme point) of the Newton polytope correspndsto a



min-weight sequenceTwo verticesare joined by an edgeif the correspnding
k2-dimensionalmin-weight regionsin L ? sharea boundary of dimensionk?j 1.

The collection of log-linear conesof min-weight regionsis the normal fan of the
Newton polytope. (See[7, x2.1] for basicinformation about Newton polytopes
nd their normal fans.) The intersection of this normal fan with the surface
; exp(i w; ) = 1producesalogarithmic transformatign of the Viterbi regions
of M . If somemin-weiglt regiondoesnot intersect ; exp(i w;) = 1, then
its correspnding min-weight sequencas alsoa pseudo-Viterbi sequence.

We can now descrile an algorithm for erumerating min-weight sequence®f
length n on k states. Once we have all the min-weight sequence®f length
ni 1that start with state 0, we derive the list of length nj 1 min-weight
sequencedeginningwith state i by swapping 0 andi in the list of min-weight
sequenceshat start with 0. (In terms of coordinates, we swap Xq Wwith X;
and x;o with x;; for ead state j.) Only thesesequencesan be the su+x of a
longer min-weight sequenceThen to the beginningof eat length nj 1 min-
weight sequenceappend state 0 (thus increasingcoordinate Xq; by 1, wherei
was the beginning state). We then compute the vertices of the convex hull of
this list of coordinates, using a program sud as polymake [3]. The output is
the coordinates for min-weight sequencesf length n that start with state O.

3 Bound on the Num ber of Viterbi Sequences

Considerthe set of Markov chains with k states. We considerthe number of
possibleViterbi sequenceshat are of length n. How doesthis number grow
asn approadiesin nit y?

Somewhat surprisingly, the number of Viterbi sequencesemains bounded
while n cortinuesincrease.We show for an arbitrarily large n, ead Viterbi

sequencecan be rearrangedto t a certain blueprint. This blueprint consists
of three parts: (1) a long middle periodic sectionin which a sequenceof at

most k statesis repeated, which we shall call the interior ; (2) a short section
precedingthe periodic middle, which we shall call the pre x; and (3) a section
following the middle, which we shall call the sutx. The length of the periodic
interior should be maximizedsothat neither the pre x nor the sutx corntains
a subsequencenatching a full period of the interior; otherwisewe move that

subsequencento the interior.

Lemma 3.1 Let a subsguene of t transitions begin and end with state x in
a Viterbi sequene S. Then if another subsguene of t transitions begin and
end with a di®efent state y, the set of transitions in both subsgquenes must
be the same.



Pro of: If the two subsequencedo not overlap, then S must cortain a subse-
guencexAxB yCy, whereA; B; C represemn sequencesf states,and xAx and
yCy have the samelength. BecauseS is a Viterbi sequencewe must have
Pr(xAxB yCy) , Pr(xAxAxB y) and Pr(xAxB yCy) , Pr(xByCyCy). Can-
celling commonsubsequencewithin theseinequalitiesshavs that Pr(yCy) ,
Pr(xAx) and Pr(xAx) , Pr(yCy), sowe concludethat Pr(xAx) = Pr(yCy).
But if xAx and yCy had di®eren sets of transitions, then xByCyCy and
XAXAxB y would also be Viterbi sequencescortradicting the de nition of
Viterbi sequence.

If the subsequencesverlap, then S contains a subsequencaAyBxCy. Since
yBx is commonto both subsequencesxAy and xCy have the samelength. If
xAy and xCy have di®eren setsof transitions, then xAy BxAy and xCyBxCy
are Viterbi sequenceswhich is alsoimpossible. [ |

Prop osition 3.2 Let S be a Viterbi sequene of lengthk(mk + 1) for some
positive integer m. Then S can ke rearrangel to havea periodic interior that
lasts for at least m + 1 periods.

Pro of: Divide S into mk+ 1 sections,ead k transitions long. The k transitions
are cortained amongk + 1 statesof S. Two of thesestatesmust be the same,
soead sectioncornains a subsequencef transitions betweentwo equalstates.
The length of thesesubsequencemay be from 1 to k. By pigeonholeprinciple,
at leastm + 1 subsequenceblave the samelength. From Lemma 3.1, the set
of transitions must be the samein thesem + 1 subsequencesVe can move
thesesubsequencesothat they are adjacert to eat other. ]

Prop osition 3.3 If a Viterbi sequene hasan arbitrarily long uninterrupted
periodic section with period p, then the pre x hasat most kp transitions, and
the suxx hasat mostkp transitions.

Pro of: Supposethere werekp+ 1 transitions in the pre x. By the pigeonhole
principle, at leastone state from the Markov chain must appear at leastp+ 1
times in the pre x. Call this state g. Now classifythe statesin the pre x into
p classeduy their distancefrom the start modulo p. From another instance of
the pigeonholeprinciple, state x must appear mp transitions apart within the
pre x for someinteger m sincethere are two states that fall into the same
class.The mp transitions betweenthesetwo g's must consistof m periods that
match the interior periodic section.(Otherwise we have an equation between
the products of two setsof transition probabilities.) However, the pre x should
not cortain any subsequencenatching a period of the interior. We have a
cortradiction; thus the pre x can have at most kp transitions. By a similar
argumernt, the suxx alsohasat most kp transitions. |

Howewer, we can prove a stronger statemert about the combined lengths of



the pre x and suzxx.

Prop osition 3.4 For a Viterbi sequene with periodic interior of period p,
the combinel length of the pre X and suxx may not exaeed kp+ ki 2p.

Pro of: We can arrangethe Viterbi sequencesothat no state in the interior
appearsin the pre X, but may appear in the suxx at mostpi 1 times. For
if such a state x did appear p times in the suxx, then along with the last
appearanceof x in the interior, there must be two instancesof x (among
thosep+ 1) that are apart by a multiple of p.

Now considera state y that is not in the interior. In the proof for Proposi-
tion 3.3, it was shavn that y may appear at most p times in the pre x or
suxx. If y appearsin both the pre x and suxx, then we can rearrangethe
sequenceso that y appearsonly oncein the pre x. (This is done by moving
the transitions betweenthe rst andlasty in the pre x into the sutx.) Since
y canoccur at most p timesin the sutx, y appearsat mostp+ 1timesin the
ertire sequence.

Sincep statesarein the interior and the other kj p arenot in the interior, the
combined length of the pre x andsuzx is boundedby p(pi 1)+ (ki p)(p+1) =
kp+ ki 2p. [

Proving thesepropositions allows us to concludewith the following theorem.

Theorem 3.5 The number of Viterbi sequenes of length n for a k-state
Markov chain remains boundel as n approachesin nity.

Pro of: Weknow that eat sequencenust have a periodic interior. If the period
is length p, then there areat most (pj 1)! '; = k!=((kj p)!p) possibleperiods
for the interior. Sincethe pre x and suxx may have at most kp+ ki 2p
transitions (and kp+ k j 2p+ 1 states) betweenthem, there are at most
kkp+ki 20+l chojcesfor the prex and su+x. Thus an upper bound for the
number of Viterbi sequencesf length n (for largen) is

kkp+ ki 2p+1 k! .
p:]_ (kl p)lp

All the propositions provenin this sectionalsoapply to min-weight sequences
as well. The next theorem demonstrateshow the number of min-weight se-
guencesdoesnot decreaseasn increasesas an arithmetic sequence.

Theorem 3.6 Let K be the least common multiple of the rst k positive in-
tegers. If n > K + 2k2, then the numter of min-weight sequenes of length



n+ K is at least the numker of min-weight sequenes of lengthn.

Pro of: Let S be a min-weight sequenceof length n. From Proposition 3.3,
the length of the pre'x and suxx of S can eah be at most k? since the
period p - k. Thusthe length of the periodic interior must be at leastK . We
will shav that extending the interior by K will result in another min-weigh
sequences®. Let W = fw; g be a set of weights for which S is the lightest
sequenceof length n. Let A be the set of statesthat do not appearin S. We
may assumethat fori orj 2 A, w; is arbitrarily largesothat Sis lighter than
any sequencehat hasa statein A. We show that for this setW of weights, S°
is the min-weight sequencef length n + K. Supposesomeother sequenceT °
oflengthn+ K > 2K + k2 is the min-weight sequenceThe periodic interior of
TOmust have length at least 2K . Shortenthe interior sectionby K to form a
sequencd that is the samelength asS. If S°and Thad the sameperiod, then
subtracting the samesubsequencef length K from S°and T°shouldleave T
lighter than S, which is a cortradiction with S beingthe min-weight sequence.
Thus S° and T have di®eren periods. Recall that ewvery state in T° (and T)
must alsoappearin S. Let Ps and Py be the periods of S and T repeatedso
that they are both length K . If Ps wereheavier than P, then we could create
a sequencdighter than S by removing Ps from S and inserting Pr. Thus Pt
must be the heavier than Ps. But then S°= S+ Ps and T°= T + Py, soS°
is still the lighter sequenceHenceSPis the min-weigh sequence.

Sincewe cancreatea newmin-weight sequenceflengthn+ K from a sequence
of length n, and eath new sequences distinct, the number of min-weight
sequencesloesn't change. [ |

Remark: Theorem 3.6 may be true for somevaluesof n lessthan K + 2k2.

The previoustwo theoremsdemonstratesthe evertual pattern of the number
of min-weight sequencessn increasedo in nit y.

Corollary 3.7 Let Vi(n) be the numter of min-weight sequenes of length n
on k states.The seuene f Vi (n)g eventualy becomesperiodic with period K .

Pro of: Considerthe subsequencéVi(n + mK )g. Theorem 3.6 demonstrated
that this subsequencés nondecreasingHowewer, Theorem 3.5 demonstrated
that this sequencas bounded. Thus ead subsequencenust corverge,sothe
sequencd Vi (n)g must be periodic. [



Aa M+l (2m; 0;0;0) Aa (Q°Mm*2 (2m + 1;0;0;0)
B 0°M1 (2mi 1;1,0;0) |B  0*™*11 (2m;1;0;0)
C oO1™ (L;m;mj 1;0) | Ce 0(01)™0 (1;m;m;0)
De (01)™1 (©O;m;mj 1;1) |D (01)™10 (O;m;m;1)
Ea (01)™0 (0;m;m;0) Ea (0™ (0;m+ 1;m;0)
F 01?Milo (0:;1:1;2mj 2) |F 01°™0 (0;1;1;2mi 1)

Gm 012 (0;1;0;2m i 1) | Ga 012™*1  (0;1;0;2m)
Table 1
Left: Min-weight sequencesf length 2m. Right: Min-weight sequencesof length
2m + 1. Starred sequencesre Viterbi, unstarred are pseudo-Viterbi.

4 Two-State Viterbi and Min-W eight Sequences

In this section we will usethe properties in Section 3 to descrile the min-
weight sequences$or two-state linear modelsthat start with state 0. The only
possibleperiods are 00, 11, or 010. (This notation descrikesthe transitionsin
the period; thus period 00 refersto a long run of 0's, while period 010 refers
to an alternating sequencef 0's and 1's. Periods 010and 101 are equivalert.)

Period 00: Supposestate 1 existsin this min-weight sequenceTransition 11
cannot exist, for it violates Lemma 3.1. Transition 10 cannot follow since000
and 010 cannot both be subsequencesThus the only min-weigh sequences
must have the form 0% or 0°1, where i® meansstate i is repeated as many
times as desired.

Period 11: Likewise, transition 00 cannot exist. Immediately following the
initial Ois arun of 1's. State 0 may follow again, but then it must be the nal

state: 101 and 111 cannot coexist in the samesequenceThe only possible
min-weight sequencesre 01° and 01°0.

Period 010: Transition 00 or 11 may appear, but not both; if either ap-
pears, it may appear at most once. The only possibilities are of the form
(01)%;(01)°0; (01)"1; (01)°1G; (01)"00, and (01)°001. Note that exactly three of
thesesequencesave odd length, and the other three even.

Thus for n > 3, there are at most 7 candidatesfor min-weigh sequences.
Their coordinatesare displayedin Table 1. If we plot thesepoints in R*, their
convex hull is a three-dimensionalpolytope with sewen vertices,12 edgesand
seen faces.Thuswe canverify that all se\en candidateare indeedmin-weight
sequencesDi®erer polytopesare formed for odd and even length sequences.
Thesepolytopesare shown in Figure 2.

We could view this polytope as a facet of a greater polytope in which we



Fig. 2. Polytop es of two-state min-weight sequencesThe left polytope is for even
length sequenceswhile the right polytopeis for odd length. The verticesare labeled
accordingto Table 1.

include sequencethat start with state 1. The sequenceshat start with 1 form
a polytope isomorphicto the one formed by sequenceshat start with state
0. Thesetwo polytopes are facets on opposite ends of this four-dimensional
polytope, where we have introduced another coordinate designating which
state we start with. For instance, (01)™0 is now (0; m; m; 0;0) and (10)™1 is
(0; m; m; 0; 1) sincethe former starts with state O and the latter starts with
state 1. In this larger polytope, an edge connectsa sequencestarting with
state 0 to a sequencestarting with state 1 in the polytope if and only if there
exists a matrix of weights that producesboth sequencesdepending on the
initial state.

Not all of the min-weight sequencesre Viterbi sequencesin fact, for eath
n > 3, three of the sequencesare pseudo-Viterbi becauseof the following
proposition.

Prop osition 4.1 No Viterbi sequene on two statescan endwith 001 or 110.

Pro of: Supposethat 001is a Viterbi sequenceThen sincePr[001]> Pr[010],
we must have pgg > pio- Also, Pr[001] > Pr[000], sO po1 > poo. Finally,
Pr[001]> Pr[011],s0pgo > p11. But then

1= Poo+ Po1r> Pro+ Poo> Prot P = 1;
which is a cortradiction. Thus no Viterbi sequencecan end with 001 (or by
symmetry, 110). |

The remainingfour min-weight sequenceareactual Viterbi sequencesStochas-
tic transition matrices are easily constructed to produce these Viterbi se-
guences.

10



5 Viterbi Sequences of Three-State Mark ov Chains

We have establishedthat Viterbi sequence®f arbitrary length must have a
periodic interior aswell as a pre x and a suxx. Knowing this structure, we
will beginto descrike Viterbi sequencesf three-state Markov Chains. There
are eight possibleperiods that a Viterbi sequencecould have: 00, 11, 22,010,
020,121,0120,0r 0210.We consideread period in turn, omitting periods 22,
020,and 0210for their symmetry with periods 11,010,and 0120,respectively.
We will alsorestrict to sequenceshat end with state O.

When writing the pre x of a Viterbi sequenceye will enclosethe nal state
in parertheses.This nal state is alsothe beginningof the interior. Similarly,
the rst statein the suxx is the last state of the interior, sowe will encloseit
in parertheses.

To help us descrike theseViterbi sequenceswe will make frequert useof the
following corollary, whoseproof is essetially sameasin Proposition 3.4:

Corollary 5.1 If a Viterbi sequene S hasa periodic section of period p, then
a state g may appear in the pre x (or sutx) at most p times. If g is in the
period, then it may appear at mostpj 1 times.

Period 00: Sincethe nal state is 0, we may assumethere is no sutx. Corol-
lary 5.1 tells us that sincethe period p = 1, state 0 may not appear in the
pre X, and ead of the other two statesmay appear at most once.Sothe only
possiblesequencesvith period 00 must have the form

0%;10%; 20°; 120°; 210"
Period 11: Only states 0 and 2 may follow a run of 1's, eath at most once.
The sutx endswith 0, sothe su+x may be (1)0 or (1)20. Similarly the pre x

may cortain at most one 0 and one 2. Thereforethe Viterbi sequencesvith
period 11 must have one of theseforms:

021°0; 201°0; 021°20; 201°20

or any of their sutxes (e.g.01°20, 1°0).

Period 010: We can always rearrangea Viterbi sequenceso that there is no
sutx; sincewe assumethat the sequenceendsin 0, we can always move the
subsequenc®10to the end of the sequence.

The interior may begin with either state 0 or 1. If the interior starts with O,
then only statesO or 2 could immediately precedethe interior. (State 1 would

11



only lengthenthe interior.) We can eliminate someimpossiblepre xes, using
the following facts:

(1) The pre x may not cortain subsequence810or 101 (for they would be
part of the interior).

(2) The pre x may not cortain 020 or 121, otherwise Pr[020] = Pr[010] or
Pr[121]= Pr[101].

(3) States0and 1 may eat appearat mostoncein the pre x. (Corollary 5.1,
with p= 2.)

(4) Whereer state 0 appearsin the pre X, it must be an odd distancefrom
any 0in the interior. (It could be evendistanceonly if the only transitions
in betweenare 01 and 10.) A similar statemert holds for state 1.

(5) State 2 may appear at most twice (Corollary 5.1), and if it does, the
states must be an odd distance apart. Lemma 3.1 says if they were an
ewven distance apart, then the transitions in between would also match
the transitions of the interior, which is impossible.

The only possibleViterbi sequenceshat satisfy all theseconditions are sub-
sequencesf

20120(10Y; 2102(10§; 200(10§; 2100(10¥;
201(10¥; 21(10¥; 0122(105; 10220(10:

Period 121: We do an analysissimilar to that of period 010. For now, we will

considerViterbi sequenceghat endwith 2100r 2100.(The onesendingin 120
and 1200are then derived symmetrically.) Onceagainwe eliminate impossible
pre xes with the following facts, many of which carry over from the case010:

(1) States1and 2 may appearonly oncein the pre x, and at an odd distance
from states1 and 2 (respectively) in the interior.

(2) Subsequence$01and 202 are impossiblewithin the Viterbi sequence.

(3) The subsequenc201may not appear,otherwisewe could createan equiv-
alent sequencesnding with 212010(instead of 21210) by swapping the
positions of subsequence&l and 201. But then we violate Lemma 3.1
since212and 010 both appear.

(4) State 0 may appear at most twice in the pre x, and at an odd distance
if they do.

Finally, we needthe following proposition to completethe analysis:

Prop osition 5.2 A Viterbi sequene (or an equivalentsequene) cannot end
in 11210, 0r equivalently, 12110.

Pro of. Sincethe sequenceendswith 10, we must have p;o > p;1. And since
110is a Viterbi subsequencavith higher probability than 101, we must have

12



P11P10 > PioPo1, Which meanspi; > posi. Finally, 112 has higher probability
than 102,s0p11P12 > ProPoz- Then

wherewe usethe fact that pip > pi;. Thus

1=pio+ Pirt P2>Poot Port Po2=1

which is a cortradiction. ]

Remark: A min-weight sequencemay end with 11210once we remove the
condition that transition probabilities starting at the same state must sum
to 1. Thus 0(21)*10 and 01(21)'10 (as well as 0(12)°20 and 02(12)20) are
pseudo-Viterbisequencedn fact, thosefour sequencearethe only three-state
min-weight sequenceshat are pseudo-Viterbi;all other min-weight sequences
are Viterbi sequences.

Thus the possible Viterbi sequencesvith period 121, ending with 210, are
subsequencesf

0210(2150; 01(21f0; 00(21F0; 001(21F0; 02(21¥0; 012(21§0:

Period 0210:Just asin the casefor periods 010 or 020, we may assumethat
there is no suxx, and that the sequenceendswith state 0. Also supposethat
the interior starts with state 0. Then either state 0 or 2 immediately precedes
the interior (state 1 would extend the interior).

(1) If Ois the precedingstate, then 2 may not precede0, for then 2002and
2102would be subsequencem the sameViterbi path.

(@) If 00 precedesthe interior, then the pre x can be extendedto be
2100(0)and no further.

(b) If 10 precedesthe interior, only state 2 can precedel0. (If state
1 preceded10(0), then 11 and 00 would be in the samesequence,
violating Lemma 3.1. If state O preceded10(0), then 0100and 0210
would bein the samesequence.The pre x cannotbe extendedbefore
210(0) since 0210(0) would extend the interior; 1210(0) and 10210
cannot coexist; and 2210(0)violates Lemma 3.1.

(2) Now supposestate 2 immediately precedeghe interior. If states12 pre-
cededthe interior, then 12(0)210is equivalert to 121020but 121and 020
cannot coexist (Lemma 3.1). States 22 cannot precedethe interior, for
22(0)2 and 2102 cannot coexist. Thus only 02 can precedethe interior.
The only further extensionsfor the pre x is either 102(0) or 10202(0),
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after eliminating the following pre xes:

(a) 002(0)and 00202(0)since0210is in the sequence.

(b) 0102(0)since010and 020 cannot coexist.

(c) 1102(0)and 1202(0)since10210is in the sequence.

(d) 2102(0)and 210202(0)since2102can be movedto the interior.
(e) 2202(0)since2102is in the sequence.

If the interior beginswith states1 or 2, the analysisis symmetric. Thus the
possibleViterbi sequencesre subsequencesf

2100(210Y; 21000(210%; 02110(210}; 021110(210%; 102(2105; 1022(210;

21010(210; 2101010(210) 120(2105; 12020(210%; 021(2105; 02121(210):

It has been establishedthat all the possible Viterbi sequencesrumerated
in this section are indeed Viterbi sequencedor Viterbi regionsin M 3. Be-
ginning with n | 11, the number of three-state Viterbi sequenceshat start
with state 0 is 89 for odd n and 91 for even n. For eat n there are also
four pseudo-Viterbi sequences{01)°002 (02)°001; 0(12)°20, 0(21)"10 for even
n, and (01)°12 (02)°210(12)°110 0(21)°220 for odd n. Each Newton poly-
tope for three-state min-weigh sequencesvill have 93 or 95 verticesfor odd
and ewven n. Empirical evidenceindicates that the f-vectors of the Newton
polytopesare periodic asn increases.

6 Conclusion

In this article, we have discussedhe parametric inferenceproblem for Markov
chains. We have seenthat the number of possibleViterbi sequencesf k-state
Markov chains remainsboundedeven asthe length of the sequencencreases
to in nit y. We have conbinatorially characterized the structure of Viterbi
sequencesnd enumerate them for two- and three-state Markov chains. One
topic to be addressedn the future is whether pseudo-Viterbi sequencegxist
onk , 4 states.

Viterbi sequencesf Markov chainsareonly the tip of the icebergof the various
statistical models whosegeometriescan be studied. Hidden Markov models,
parametric sequencealignmert models, and binary treesare analyzedin [5,6]
with techniques sud as tropicalization and polytope propagation. A bound
on explanationsfor hidden Markov modelsis givenin Corollary 8 of [6]. Toric
ideals of phylogenetictreesare examinedin [1].
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