Zak Transform and the Balian—Low Theorem.

The Zak transform is an effective tool for analyzing Gabor systems when a8 = 1, though
it is also very useful when o/ is rational. In this lecture we will show how this tool can be
used to prove two important theorems about Gabor systems.

A. Basic Properties of the Zak Transform.

Definition 1 Given o > 0 the Zak transform is defined formally as

Zof(r,w) =" f(x — ak) e>™or.
p

Remarks. 1. Z, f(z,w) is clearly defined, for example, for functions f(x) that are continu-
ous and compactly supported, in which case the sum defining Z, f is finite for each fixed z.
In general, for each fixed =, Z,f(z,w) is the 1/a—periodic Fourier series whose coefficients

are given by {f(z — ak)}rez.
2. Again reasoning formally, Z, f satisfies the quasi—periodicity relations, namely

Zof (@ + a,w) =¥ 7, f(r,w) and Z,f(r,w+1/a) = Zof(z,w).

Hence Z, f(x,w) is completely determined by its values on the cube @ = [0, a] x [0,1/a] or
any cube of the form @ + (na, m/a), m, n € Z.

Lemma 1 (a) If f € W(R), then Z,f(z,w) converges uniformly on R? to a bounded
function. Moreover, we have that || Zaflleo < || fllw.a-

(b) If f € W(R) is also continuous on R, then Z, f(x,w) converges uniformly on R? to a
bounded function continuous on all of R2.

Examples. 1. If f = 1)) then Z, f(z,w) = e*™"* where n = n(z) is the unique integer
such that x € [an,a(n + 1)), or in other words, n is the greatest integer less than or equal
to x/a. In particular, when x € [0, ), n = 0 so that on Q, Z, f(z,w) = 1.

2. If a =1 and ¢(x) = e ™ then Z,f(z,w) = ¥, e @k’ 27k and it is easy to see that
Zof(z,w) is continuous on R? and Z, f(1/2,1/2) = 0.
Lemma 2 (Inversion, Isometry and the Fourier Transform) For f sufficiently regular,

1/a

(a) f(z) =« ; Zof(z,w)dw.

(b) flw) = /0 " T f(,0) 7 .
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(d) Zof(z,w) = o g2riaw Z1jaf(w, —x).
Lemma 3 Suppose af =1 and k, n € Z. Then

Za(Tak Mgnf)(l‘w) — 627rin:p/a 6727rikaw Zaf(:c,w).

Example. Z,(Tox Mpnlpa))(zw) = e¥™me/e e=2mikaw for (2 w) € Q. Recall that

{a_1/2Tak Mﬂnl[O,a) }k,nGZ

is an orthonormal basis for L?(R) and note that {e?™ne/a e=2mikewl,  , is an orthonormal
basis for L?*(Q)). Hence Z, maps one orthonormal basis onto another (up to the constant
a~'/2) and this identifies Z, as a unitary operator and provides another proof of the previous
Lemma.

B. The Zak Transform and Gabor frames.
Theorem 1 Let g, v € L*(R) and let o3 = 1. Then

Za Sg,’yf - O‘Tacgza’y Zaf'

Remarks. 1. The above theorem says that whenever o = 1 the Gabor frame operator
reduces to a multiplication operator in the “Zak transform domain.”

2. In this case, computing the inverse frame operator ng; for the Gabor frame G(g, a, 1/a)
is trivial namely
R ~1
ZaSy o f = (Zag9Za)™ Zaf

It is also possible to make statements about the frame and basis properties of Gabor systems
at the “critical density” af = 1.

Corollary 1 Let g, v € L*(R) and let a3 = 1. Then
(a) Sy is bounded if and only if Z,gZ,7y is bounded on Q.

(b) G(g,a,3) is a frame (and hence a Reisz basis) for L*(R) if and only if there exist
constants a, b > 0 such that a < |Z,g(x,w)| < b on Q.

(c) G(g,a, B) is an orthonormal basis for L*(R) if and only if | Zag(z,w)| = a2 on Q.

Corollary 2 With p(z) = e ™ G, a, 1/«) is not a frame for any a > 0.

C. The Balian-Low Theorem.

Lemma 4 If Z,f(x,w) is continuous on R?, then it has a zero in Q.



Theorem 2 [f either g or g are continuous functions in W(R), then G(g, o, 1/a) cannot be
a frame (and hence not a Riesz basis) for L*(R).

Remark. 1. The above theorem says that in order to have a Gabor Riesz basis for L*(R)
then the window ¢ cannot be “well localized” in both time and frequency. Here “well
localized” is taken to mean that g and § must both be continuous and in W(R).

2. A classical result in this direction that bears a closer relation to the classical uncertainty
principle is referred to as the Balian-Low Theorem. This result says that if the window g
generates a Gabor Riesz basis then it must mazimize the uncertainty principle, that is, the
variance of either g or of § must be infinite.

Theorem 3 (Balian—Low Theorem) If G(g,a,1/a) is a frame for L*(R) then

2 g(2)|2llwg(w)l]2 = occ.



