
Gabor Systems: Duality and Density.

A. The Janssen representation.

Corollary 1 Given g, γ ∈ W (R), the operator Sg,γ defined by

Sg,γf =
∑

k,n

〈f, TαkMβng〉TαkMβnγ

is given by

Sg,γf(x) =
1

β

∑
n

Gn(x) f(x− n/β)

where
Gn(x) =

∑

k

g(x− n/β − αk) γ(x− αk) =
∑

k

Tαk(Tn/βg · γ)(x).

Remark. Of course Sg,γ is very similar to the frame operator for the Gabor system G(g, α, β)
which in this notation would be Sg,g. Also note that as written S∗g,γ = Sγ,g so that Sg,γ is
not self-adjoint However, if γ is dual to g, then Sg,γ = S∗g,γ = I.

Theorem 1 (Janssen’s Representation) For g, γ ∈ L2(R) sufficiently regular,

Sg,γ = (αβ)−1
∑

k,n

〈γ, Tk/βMn/αg〉Tk/βMn/α = (αβ)−1
∑

k,n

〈γ, Mn/αTk/βg〉Mn/αTk/β.

The proof of this Theorem follows immediately from the following Lemma.

Lemma 1 For g, γ ∈ L2(R) sufficiently regular and for each n,

Gn(x) = α−1
∑

k

〈γ, Mk/αTn/βg〉 e2πikx/α

where Gn is defined above.

Theorem 2 (Wexler-Raz Biorthogonality Relations) If g, γ ∈ L2(R) are sufficiently regular
then the following are equivalent.

(a) Sg,γ = Sγ,g = I. In other words, γ is dual to g.

(b) (αβ)−1 〈γ, Mn/αTk/βg〉 =

{
1 if (k, n) = (0, 0)
0 otherwise

(c) (αβ)−1 〈Mn/αTk/βγ, Mn′/αTk′/βg〉 =

{
1 if (k, n) = (k′, n′)
0 otherwise
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Remark. The preceding theorem completely characterizes all dual windows to a given
window g when those windows are sufficiently regular. Sufficiently regular here and in the
lemma preceding the theorem means that g and γ satisfy a mildly restrictive smoothness
and decay condition. It is sufficient for the theorem for example that g and γ be in W (R)
or that the systems G(g, α, β) and G(γ, α, β) have an upper frame bound.

B. The Ron-Shen Duality Principle.
This principle characterizes when a system G(g, α, β) forms a frame by looking at the

basis properties of the system G(g, 1/β, 1/α). The proof of the theorem is somewhat involved
and requires that we examine the detailed structure of the frame operator, as well as employ
some standard results in operator theory.

Definition 1 Given the Gabor system G(g, α, β), define the operator D: l2(Z2) → L2(R) by

Dc =
∑

k,n

ck,n TαkMβng.

In this case its adjoint D∗: L2(R) → l2(Z2) is given by D∗f = {〈f, TαkMβng〉}. Note also
that the frame operator Sg,g associated to the Gabor system is given by Sg,g = DD∗. We will
also write D = Dg,α,β when necessary for clarity.

Lemma 2 The Gabor system G(g, α, β) has an upper frame bound if and only if D (and
also D∗) is bounded. Note that it is a standard result from operator theory that D is bounded
if and only if D∗ is bounded.

The next lemma speaks to the detailed structure of the operators D and D∗.

Lemma 3 (a) ‖D∗
g,α,βf‖2

l2 =
1

β

∫ 1/β

0

∑

j,k

Tk/βf(x) Tj/βf(x) Gj,k(x) dx where

Gj,k(x) =
∑

l

g(x− k/β − αl) g(x− j/β − αl)

and

(b) ‖Dg,1/β,1/αc‖2
2 =

∫ α

0

∑

j,k

mk(x) mj(x) Γj,k(x) dx where

Γj,k(x) =
∑
r

g(x− k/β − αr) g(x− j/β − αr) = Gj,k(x)

and for each k, mk(x) =
∑

k ck,n e2πin/α(x−k/β.
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Definition 2 Given Gj,k(x) and Γj,k(x) as above we can define for each fixed x the operators
G(x) and Γ(x) on the sequence space l2(Z) by

(G(x)c)j =
∑

k

Gj,k(x) ck and (Γ(x)c)j =
∑

k

Γj,k(x) ck.

Note that these definitions simply treat Gj,k and Γj,k as bi-infinite matrices and that the
operators defined above are the natural generalization of matrix-vector multiplication.

Considering now G(x) and Γ(x) as operators on l2 for each x, let ‖G(x)‖op and ‖Γ(x)‖op

denote their operator norms.

Lemma 4 D∗
g,α,β is bounded if and only if supx ‖G(x)‖op < ∞ and Dg,1/β,1/α is bounded if

and only if supx ‖Γ(x)‖op < ∞.

We can now prove the following theorem which will be used in the proof of the Ron-Shen
duality principle.

Theorem 3 Given g ∈ L2(R), α, β > 0, the Gabor system G(g, α, β) has an upper frame
bound if and only if G(g, 1/β, 1/α) has an upper frame bound.

Theorem 4 (Ron-Shen Duality Principle) Given g ∈ L2(R), α, β > 0, the Gabor system
G(g, α, β) is a frame for L2(R) if and only if the system G(g, 1/β, 1/α) is a Riesz basis for
its closed linear span.

C. Corollaries regarding Density, Basis Properties, and Dual Windows.

Corollary 2 If G(g, α, β) is a frame for L2(R) then αβ ≤ 1.

Corollary 3 G(g, α, β) is a Riesz basis for L2(R) if and only if it is a frame and αβ = 1.

Corollary 4 Let G(g, α, β) be a frame for L2(R) and let γo = S−1
g,gg be the canonical dual

window for this frame. Let K denote the closed linear span of the system G(g, 1/β, 1/α). If
γ is sufficiently regular, then the following hold.

(a) γo ∈ K.

(b) γ is a dual window if and only if γ ∈ γo +K⊥.

Corollary 5 Let γ be a dual window for the Gabor frame G(g, α, β). Then the following are
equivalent

(a) γ = γo, the canonical dual window.

(b) ‖γ‖2 < ‖γ′‖2 for all dual windows γ′ 6= γ.

(c)
∥∥∥∥

γ

‖γ‖2

− g

‖g‖2

∥∥∥∥
2

<

∥∥∥∥
γ′

‖γ′‖2

− g

‖g‖2

∥∥∥∥
2

for all dual windows γ′ 6= γ.

Remark. The final corollary states that the canonical dual window has minimum norm of
all dual windows and that of all dual windows, it is closest to the original window in the
sense that their normalizations are closest in norm.
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