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Lecture 7: The Hahn-Banach Theorem.
Hyperplanes in Linear Spaces.

Recall from linear algebra the definition of a plane in R3. Such a plane
was determined by a point in the plane, (xg, Yo, z0) and a vector normal to
the plane 7. Then an arbitrary point (z,y, z) in the plane must satisfy

or equivalently
{7,7) = (Po,7)

where § = (x,y, z) and py = (xo, Yo, 20). Of course, this definition can be
extended to R™ where the same formula is used but all the vectors are
n-vectors.

The question is: How do we extend the notion of a hyperplane to infinite
dimensional linear spaces where we have no notion of “orthogonality” or of
“inner product?” We make the following observations about the R™ case.
1. f7(Z) = (#,7) defines a linear functional on R™.

2. The set
null(f) = {#: (&) = 0} = {#: £(z) = 0}
is a linear subspace of R™.

3. The hyperplane P through pgy orthogonal to 77 can be written
P=p)+null(f)={Z:F=po+7, §€null(f)}

4. Since all linear functionals on R™ can be written as f7(Z) = (Z,7) for
some 77 € R™, all hyperplanes in R™ can be written as P = pg + null(f)
for some linear functional f and some fixed vector py.

Definition 59. A subspace L' of a real linear space L has codimension 1 if
there exists a vector xo € L, xo # 0, such that every x € L can be written uniquely
as x = axo +y for some o € R andy € L'.

Remark 60. Let f be a linear functional on a real linear space L. Then by a
previous theorem, null(f) has codimension 1.

Definition 61. Let L' be a codimension 1 subspace of the linear space L. A
set M’ C L is a hyperplane parallel to L’ if there exists an element xo € L such
that

M =L +z0= {z:z04+y, y € L/}.

(note the typo on p. 127 of Kolmogorov).

Theorem 62.
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(a) Let f be a nonzero linear functional on a linear space L. Then the set
My = {: f(z) = 1}
is a hyperplane parallel to L' = null(f).

(b) Let M’ = L' + x¢ be any hyperplane parallel to L' not containing 0 (that
is, such that zo ¢ L'). Then there ezists a unique nonzero linear functional
f on L such that

M = {x: f(z) = 1}.

Proof: (a) We must show that M; = L’ + ¢ for some z¢ € L. Let xy be
any vector such that f(z¢) = 1 (such an xg always exists since f is not the
identically zero functional). We will show that this z¢ is the one we want.
Let © € My. Any vector of the form x = x¢+y where y € L’ is in M since
f(z) = f(zo +y) = f(zo) + f(y) = f(zo) = 1. Therefore, L' + xy C Mjy.
Let © € My C L. Since L’ is the nullspace of a linear functional, x can be
written ¢ = axg + y for some o € R and y € L’. But since z € My,

1= f(z) = flaxzo +y) = af(zo) + fy) =«

so that x € L' 4+ ¢ as required.

(b) We would like to show first that every x € L can be written uniquely
as r = axg +y for some o € R and y € L'. In order to show this, note
first that since L’ has codimension 1, there exists yo € L such that every
2z € L can be written uniquely as x = Byo +y where 3 € R and y € L.
Since xg € L we have that for some 5’ € R and 3y’ € L', zo = f'yo + 3’ and
B # 0 since xg ¢ L'. Therefore, yo = %xo — %y’, and any z € L can be
written as
r =Py +y= §$0+ (y— g@) = axg +y”

where o € R and y” € L'. Tt is easy to show that this representation is
unique.

Define the linear functional f on L as follows. Given z € L write z =
axg+y with y € L' and let f(x) = . It is easy to verify that f is linear.
Also, x € M’ if and only if z = x9 + y for some y € L' if and only if
flx)=1.

The functional f is unique for suppose that g were another such func-
tional. Then since zy € M’ and g is identically 1 on M’, g(xg) = 1. If

y € L’ then y has the unique representation as y = axg + 3’ where a = 0.
Thus, g(y) = 0. Thus, for any z € L, g(z) = g(axo +y) = a = f(z). [ ]

Convex Functionals and The Hahn-Banach Theorem.
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Definition 63. Let L be a real vector space. The functional p defined on L is
a convex functional if p satisfies

plaz + By) < ap(z) + Bp(y),

for all z,y € L, and all real numbers 0 < «, 8 < 1 with a + B = 1. Clearly
any linear functional is also a convex functional. (Compare this definition with
Kolmogorov, p. 130, Definition 3.)

Note that if L = R then a convex functional on L is just a function that
is concave upward at every = € R.

Theorem 64. (Hahn-Banach Theorem.) Suppose that f is a linear functional
defined on a subspace L' of L which satisfies

f(z) <plx), Veel
Then there is a linear functional F' defined on L such that
(1) F(z) = f(z) for allx € L' (that is, F is an extension of f), and

(2) F(x) <p(z) for allxz € L.

Proof:

Claim 1. Given z € L'\ L', we can find an extension f of f from L’ to the
subspace {az +y:y € L'}.

Proof of Claim 1. Let z € L\ L’. The extension f will be completely

determined by the value of f(z) because,

flaz+y) = af(z) + fly) = af(2) + f(y)-
We must only ensure that f(z) < p(z) for all z € {az+y:y € L'}. That
is, we must have for all @ > 0 and y € L/,

flaz+y) = af(z)+ f(y) <ply+az)

p
flmaz+y) = —af(2)+ fly) <ply—az).
Rearranging, this becomes

Lr ) = ply - az)) < f(o) <

(67

(p(y + az) — f(y)),

QI+

forala >0and y € L.
Now, for any «, 3 > 0, and yq, yo € L/,

Bf(y1) +af(ye) = [f(Byr+ ayz)

(a+p)f <aiﬁy1+ aj—ﬁ”)
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< (a+6)p<aiﬁy1+ aiﬁm)
= (0 (a0 + Z s+ 02))
< G+ ) (gpn - an) + S pln+2))

= Bp(yr — az) +ap(y2 + Bz).

Therefore, for all o, 3 > 0 and y1, y2 € L/,

B(f(y1) —p(y1 — az)) < alp(yz + Bz) — f(y2)),

or
S () = pls — 09) < S ploz + 52) — F(w2))
Therefore,
LS () ) € S (plya+ )~ S(0e))

Now, choose f(z) to be between these two numbers. Thus, Claim 1 is
proved.

The proof of the existence of F' required a Zorn’s Lemma argument which
we will not reproduce here. See Kolmogorov, p. 134 for this argument. [ |



