5.2. Convergence Tests.

Theorem. A series ),;’_1 x,, of nonnegative terms,
that is, for which x,, = 0 for all n, converges if and
only if the sequence of partial sums is bounded.

Proof:



Theorem 5.2.2. (Integral Test.)

Suppose f is Riemann integrable on [1, ), that
is, it is integrable on [1,b] for every b > 0, is
monotone decreasing and approaches 0 as

x — . Then the series },;°_; f(n) converges if
and only if

o0 b
jf(x) dx = bli_)rng(x) dx < oo
1 1

Proof;




Example. The series ).°_; nip convergesifp > 1
and diverges if p < 1.

Theorem. (Ratio Test.) Suppose that x;, > 0 for

all k. If
Xk+1

Xk

liminf S > 1

then the series ), x,, diverges. If

. Xk+1
limsupy, oo ——— < 1

Xk

then the series ),;’_; x,, converges.



Proof.



Example 5.19(a). Show that

= k!

kk
k=0

converges.



