
10.1  Linear Transformations and Norms. 
 

A.  Brief review of linear algebra. 
 
1. Definition.  A linear transformation 𝐿: 𝔼𝑛 → 𝔼𝑚  

is a function with the property that for every 
𝕩, 𝕪 ∈ 𝔼𝑛 , and scalars 𝛼, 𝛽,  

𝐿 𝛼𝕩 + 𝛽𝕪 = 𝛼𝐿 𝕩 + 𝛽𝐿 𝕪 . 
We denote the collection of all such linear 
transformations by ℒ(𝔼𝑛 , 𝔼𝑚). 
 

2. Definition.  A basis, ℬ in 𝔼𝑛  is a collection of 

vectors ℬ = {𝕓1, 𝕓2, … , 𝕓𝑛} that is linearly 

independent.  If ℬ is a basis then every vector 

𝕩 ∈ 𝔼𝑛  can be written uniquely as 

𝕩 =   𝛼𝑗  𝕓𝑗

𝑛

𝑗=1

 

 
where the coefficients 𝛼𝑗 =  𝕩 ⋅ 𝕧𝑗  where {𝕧𝑗 }𝑗=1

𝑛  

is the unique collection of vectors biorthogonal 
to ℬ, that is, such that 𝕓𝑗 ⋅ 𝕧𝑘 = 1 if 𝑗 = 𝑘 and 0 

otherwise. 
A basis ℬ is orthonormal if 𝕓𝑗 =  𝕧𝑗  for all 𝑗. 

 
 
 
 
 
 
 



 
 

3. Remark.  (a)  𝐿: 𝔼1 → 𝔼1 is linear if and only if 
𝐿 𝑥 = 𝛼 𝑥 for some real number 𝛼. 
 

(b)  𝐿: 𝔼1 → 𝔼𝑚  is linear if and only if 𝐿 𝑥 =
 𝛼1𝑥, 𝛼2𝑥, … , 𝛼𝑚𝑥 =  𝕒 𝑥 for some fixed 𝕒 ∈
𝔼𝑚 . 
 

(c) 𝐿: 𝔼𝑛 → 𝔼1 is linear if and only if 𝐿 𝕩 =  𝕒 ⋅
𝕩 =   𝛼𝑗  𝑥𝑗

𝑛
𝑗=1 .  In this case, 𝛼𝑗 = 𝐿(𝕖𝑗 ) where 

𝕖𝑗 = (0,… ,0,1,0, … ,0) is the 𝑗𝑡ℎ  element of the 

standard basis {𝕖𝑗 }𝑗=1
𝑛 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

4.  Theorem.  Every linear transformation 
𝐿: 𝔼𝑛 → 𝔼𝑚  can be represented as an 𝑚 × 𝑛 
matrix. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

B.   The operator norm. 
 
1. Definition.  The operator norm (or just the 

norm) of 𝐿 ∈ ℒ(𝔼𝑛 , 𝔼𝑚) is defined by 
 𝐿 =  inf⁡{𝐶 > 0:  𝐿𝕩 ≤ 𝐶 𝕩  𝑓𝑜𝑟 𝑎𝑙𝑙 𝕩 ∈ 𝔼𝑛} 

or by  

 𝐿 =  sup⁡
 𝐿𝕩 

 𝕩 
: 𝕩 ∈ 𝔼𝑛  

 
2.  Remark.  (a)   𝐿𝕩 ≤ 𝐶 𝕩  for all 𝕩 ∈ 𝔼𝑛  says 

that the transformation 𝐿 magnifies the norm of 

a given 𝕩 ∈ 𝔼𝑛  by a factor of no more than 𝐶.  
The norm  𝐿  is the smallest such factor. 
 
(b)  The two quantities appearing in the 
definition of operator norm are the same.  The 
proof of this is an exercise, but some of your 
work is done in Exercise 10.1. 
 
(c) Given 𝐿 ∈ ℒ 𝔼𝑛 , 𝔼𝑚 ,  𝐿  is always finite, 

and in fact if 𝐿 is represented by the matrix 
 𝐿 = (𝑙𝑖,𝑗 )𝑚×𝑛  then  

 𝐿 ≤    𝑙𝑖,𝑗
2
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however, usually strict inequality holds. 
 
 



(d)  In fact,  𝐿  is independent of the matrix 
representation of 𝐿.  Also det 𝐿 =  det⁡( 𝐿 ) is 
also independent of the matrix that is used to 
represent 𝐿. 


