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1 1 .1 Definition of the Integral

A. Integration on the line.

1. Definition 1. A partition P ofan interv al la,bl is
a finite set P -- {*o,xL, ...,xn} where

A:XO(-Xt(-
Given a bounded function / defined on fa,bf,
define

Mrc: sup{/(x): xe fxp_r,xrcf},
and

m1< : inf{ f (x): x € [*u_t, xn]].

Define the upper and/ower sums of f by

U(f ,P) : lvr (*r, - xr,-t)
k=T

L(f ,P) : Z*r (xr, - xr,-t)

If 
K-I

tlp L(f , P) : inf I.l (f , P).

then Il f f.>d,x isthis common number and f
is said to be Riemann integrable on fa,bf or
f e Rlo,bl.
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B. Integration on IEn.

1. What replaces the interval la,bl?

Definition 2 . A closed rectangular block (or just
a rectangle) B - [a,h] c IEn is defined by

B - [a, h] : lat, br] x ... x lon,bn]

l- Ie,,.,rXil: xi€ kir"Lf r+L3.

X1



2. What replaces a partition?

Definition 3. Given a rectangle [a, h] in En, d
partition ? of [a, h] is the Cartesian product

? - Ptx...X Pn

where each & is a partition of lai,bl. A grrdis
a collection of rectangles of the form /r x ...X In
where each /; jr a s.rbinterval of the partition P;,

that is, 1; : lxtr-r,*tu]. bB
A

4-fu;.l
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3. We also need to specify the notion of volume.

Definition 4. Let .S c IEn and suppose that
S c B for some rectangle B. Let ? be a grid on
B, and define

V(5,?) : t voI(B);
!-/ \ r'
Bf?

n 1nS+A

v(5,?): I vol(ni)
B ie?

where S is the closrr" ;fitr" an" interior of s.

The inner volume of S is
vol(S) - sup{ u(5,"): P a gri"d on B}

and the outer volumeis
Vol(S) - inf{ 7(.S,"): ? a grtd on B}

lf voI(S) - Vol(S) then .t is called a Jordan
region and the common value is the volume or
Jordan contenlof S and is denoted v(S).

S

: 
IOc,y) r x,Y€['rQ.] xrve&3,

s = kltlz
q0 -\-) f

=Lv [s,P): o Sp V [s,t] dftP.
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4. Theorem. A bounded set .t c IEn is a Jordan
region if and only tf Vol (aS) - 0 where
d.S : S \ S" is the boundary of S.

Such a set is called a Jordan null set.


