- ; , W L £ Lw)
| Wouth %, %, € (%5 4x)
f@=tm sk ow g H6O=00),
@ T‘ (N !

a $ |
(21100 e L, ] Loares o

| [T]&Q‘B = Em ET‘K@L_}@/

xed' — 2=Tag@ [y




11.1 Definition of the Integfal.
A. Integration on the line.

1. Definition 1. A partition P of an interval [a, b] is
a finite set P = {x,, x4, ..., x,,} Where
a=xy<x <+ <x,=>h.
Given a bounded function f defined on [a, b]
define

M = sup{f(x): x € [xy_1,x,]},
and

my = inf{ f(x): x € [xp_1,xx]}.

Define the upper and lower sums of f by
n

U(f,P) = ZMR (X — Xg—1)
k=1

L(f,P) = Z My (X — Xp—1)
It =
sup L(f,P) = infU(f, P).
\ P P

then f:f(x)dx is this common number and f

is said to be Riemann integrable on [a, b] or
f € R|a,b].
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B. Integration on E".
1. What replaces the interval [a, b]? '
Definition 2. A closed rectangular block (or just

a reclangle) B = [a,b] < E" is defined by
B = [a,b] = [ay, b1] X -+ X [ay, by]

l’—) {O(U‘\/XVA“ X\LGEQE(\GEI )#L}




2. What replaces a partition?

Definition 3. Given a rectangle [a,b] in E™, a

partition P of [a, b] is the Cartesian product
P=P X XP,

where each P; is a part|t|on of [a;, b;]. A gr/dls

a collection of rectangles of the form I; x --- X I,

where each I; is a subinterval of the partition P,

thatis, I; = [x]_,,x]]. P
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3. We also need to specify the notion of volume.

Definition 4. Let S < E™ and suppose that
S © B for some rectangle B. Let P be a grid on

B, and define
V(S,P) = z vol(B;);
o BjEfP
BjﬂS_#-'Q)
v(S,P) = Z vol(Bj)
BjEfP
Bj§S°

where §is the closure and S° the interior of S.

The inner volume of S is

vol(S) = sup{v(S,P): P agrid on B}
and the outer volumeis

Vol(S) = inf{ V(S,P): P a grid on B}
If vol(S) =Vol(S) then S is called a Jordan
region and the common value is the volume or
Jordan contentof S and is denoted v(S).
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4. Theorem. A bounded set S € E" is a Jordan
region if and only if Vol(8S) = 0 where
dS = S\ S° is the boundary of S.
Such a set is called a Jordan null set
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