10.5 Implicit Functions.
A. Examples.

1. Consider the equation x2 + y2 = 1. Does there
exist a function g(x) such that for all x €
[—1,1], x* + g(x)? = 1? In other words, can we
solve this equation for y in terms of x?

Answer: Clearly no in general, but we can say
the following: Given a point (x0,¥0) ON the

curve for which 2 = — s defined (that is, if

Yo # 0), there is a small open interval (a,b)
containing x, such that such a g(x) exists for
x € (a,b). Also note that if y, = 0 then no such
interval or function exists.
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2. Suppose we have a curve in the plane given
by f(x,y) = 0.

af

dy _ ~x
dx ﬂ
dy

so the curve has a nonvertical tangent exactly
when g—f/ # 0 and we should be able to solve for

y in terms of x. But how?
N

3. Define F: E? - E2 by F(x,y) = (x, f(x,y)).
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B. Theorem (10.5.1) Suppose f € ¢1(D, E™) where
D is an open subset of E**™ and that for some
point (xq,y,) € D, f(X,,V,) = O and

I Far v fr)
901, ym) V0 70

Then there is an open set U € E™ containing x,
and a function g € ¢1(U, E™) such that for all
x €U, f(x,g(x)) = 0.
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