8 Theorem. (MVT 2) Under the hypotheses of
the previous theorem, there exist vectors
Cq1,Cy, ..., Cy €V € E™ such that

f(b) — f(a) = [—ﬁ( )] (b — al)
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~ 10.4 Inverse Functiohs;

A. Local Invertibility.

1. Example. Let f(x) = x2. Forany x, € (0, )
there is an open interval around x, such that f
restricted to that interval is injective. Similarly
for any x, € (—o,0). However f is not injective

y on any open interval containing 0.
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2.Remark. Suppose f:(a,b) - Ris Clon (a, b)
and that for some ¢ € (a,b), f (c) # 0. Then
the following conclusions hold: |
a.f (x) # 0 on some interval (c — §,c +8).
b. f (x) is monotone on this interval, hence

invertible.
c. f~lis also Clon some open interval around

fl,and () ) = 1/f (1) fory in

this interval.
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3. Example. f:E? — E2 givén by .
o) = (x*+y%x+y)
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4. Definition. (Local invertibility) A function
f: E" — E™ is /ocally one-to-onein an open set
V if for every x, € V, thereis an ¢ > 0 such
that f restricted to B(x, €) is one-to-one. If fis
one-to-one on a set E then we say f is globally
one-to-oneon E.

5.Example. Let f(x,y) = (x cosy,x siny) be
defined on the open set V = {(x,y): x > 0}.
Then f is locally 1 — 1 on V but not globally
" 1-1onV,
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B. The Jacobian. |

1. Definition. Suppose that f: D € E* — E" is in
C1(D,E™). Then the Jacobianof f atx € D is
given by detifff (x)).

2. Theorem. Suppose thatf: D € E* - E"*, D an
open subset of E*, is in C1(D, E"), and suppose
that det{ff (x)) # 0 forallx € D. Thenfis
locally one-to-one in D.
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