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Corollary. Under the hypotheses of the
Theorem, the forward image of a relatively open
setin D is openin E™.
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10.1 Linear Transformations and Norms.

A. Brief review of I‘inear algebra.

|

S
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1. Definition. A /inear transformation L: E* — E™

is a function with the property that for every
X, y € E", and scalars «, 3,

L(ax + py) = aL(x) + BL(y).
We denote the collection of all such linear
transformations by L(E", E™).

2. Definition. A basis, B in E" is a collection of

vectors B = {b;, b,, ..., b, } that is linearly
independent. If B is a basis then every vector
X € E" can be written uniquely as

n

X = Z“jbj

j=1

where the coefficients ¢; = x - v; where {v;}7_,
is the unique collection of vectors biorthogonal
to B, that is, such that b;-vpy =1ifj=kand0
otherwise.

A basis B is orthonormal if b; = v; forall j.
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3.Remark. (a) L:E! —» E! is linear if and only if
L(x) = a x for some real number a.

(b) L: E' - E™ is linear if and only if L(x) =
(a1x, az%, ..., x) = g for some fixed a €
E™.

L MWF—M\T (c) L: E" — E! is linear if and only if L(x) =-
a PW\W;J X = Z?zi':cq"‘ﬁfiacj. In this case, a; = L(e;) where
line, i He ¢ = (0,...;0,1,0, ...,0) is the j** element of the

. -

2 standard basis {e;}]_; .




4. Theorem. Every linear transformation

L:E™ - E™ can be represented asan m x n
matrix.

LP/JV'B:{EI,WE“% bo Mﬁ“ﬂf"
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B. The operator norm.

1. Definition. The operator norm (or just the
norm) of L € L(E™, E™) is defined by

LIl = inffC > 0: ||Lx]| < C||x]| for all x € IE"}
or by

2. Remark. (a) ||Lx]|| < C||x|| for all x € E" says
that the transformation L magnifies the norm of
a given x € E" by a factor of no more than C.
The norm ||L|| is the smallest such factor.

(b) The two quantities appearing in the
definition of operator norm are the same. The
proof of this is an exercise, but some of your
work is done in Exercise 10.1.

| (c) Given L € L(E",E™), ||L|| is always finite,
and in fact if L is represented by the matrix
[L] = (L Jmxn then

Ll < ZZ

i=1j=
however, usually strict lnequallty holds.

ey L =~ A prysendod by E—?E ]

(ot sw\”%@@ B, £ el=2
(,C\_ Ca ’\QS([L \j\> |




(d) Infact, ||L] is independent of the matrix
representation of L. Also det(L) = deti[L]) is
also independent of the matrix that is used to
represent L.



INEE

Q\C)(H»~~,)<w\ \D\L f IE’) —_ {R:gf
’Q(X[, *»-/)(‘/A: } .
' —CW\CXU X\ :

& W lat (?é// q
R 09 (ﬁ»t\f\ ~{()
ww | |

,\/5 Mw@@@
h‘/ — Mﬁﬁmﬂ$hmyWWﬁﬂ®

—_—

at x=x

“‘C(fv ) ~L0)

\; D

W=

t (QG@»&\Q -369) — £ Gk |
o o

W Ll o
on @@Qw 900 o MS % o

(A~ £ ~Sall < £l ’ /:Z

ﬁNOm%_MCR | Lm‘
L (k) ~86e) — w\d"'}o as ko

But &v a uu %uz W“j 00 ~ M@\ malt| =2 0
4Mﬂ@\ |

= Q(,Q*Wtég-ﬁb




TV @6@&\4\4@0@—%«\
o Ll

(M\AOC(‘ 1S \/\'b/? ‘CO@
ve say (L) \@o%) mw = @LLGQO

as
( F0) = o(6) as x>0
| golle- gg;% >3 as ><"50 -
‘r(@ O((’OQ as x>0

WooM< {fQi) f( {QGMMQM al K20
&l - .

——-—90 QN L\"éd.

X < 60) W swmall,




10.2 Differentiable Functions.

A. The derivative.

1. Motivation. (a) Recall that a function f: E! -
E! is differentiable at x, in its domain, with
derivative f (x,) if

. f(xg+h) —f(xg)
0 n

lim = £ (x0)

Rewriting this in terms of the definition of the

limit gives: Forevery e > 0thereisad > 0
such that if |h| < § then

fxo + h})l — f (%) — ' (x0)
or, réwriting again

|f (g + 1) — f(xp) "‘_f, (xO)h.l,< dnl F

(b) If we define the linear transformation
A € L(EL,EY) by A(h) = f (xy)h forall h € E1,
- Then we can rewrite above as
If o + B) = £ (o) = A(W)] < €|
== |

<€




(c) Now clearly, for any linear transformation
A € L(E, E1), or equivalently any number m,
the quantity |f'(xy + h) — f(xo) — A(R)| > 0 as
h — 0 (assuming f is continuous at x,).
However, the definition of differentiability says
that in fact,

f (o + 1) = Fx) = AW _

h

or in other words that |f(xy + h) — f(x,) —
A(h)| goes to zero faster than h. There is only
one transformation 4 that satisfies this
criterion.

(d) We conclude that (i) the derivative f' (x,)
can be thought of as a linear transformation, (i)
this linear transformation has the property that
the difference between it and f(x, + h) — f(x,)
goes to zero faster than h goes to zero, and (iii)
it is the only linear transformation that does so.




2. Definition. Let f: D — E™ for some D < E" and
(US‘(LGJ)»%LWQ let x € D be a cluster point of D. Then fis
assuuwl O (s differentiable at x with derivative f (x) €
ool L(E™, E™) if
| If(x +h) —f(x) - f Ml _
ZeD) lim T
-0 ‘

3. Theorem. (10.2.2) If f is differentiable at
Xo € D then [ is continuous at x,.
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B. Computing f (x).

1. Remark. (a) If f (x) € L(E", E™) then it has a
representation as a m x n matrix with respect
to the standard basis. What is that matrix?

(b) Consider first a function f: E* — E!, that is
a real-valued function of n variables. Let us
write f(x) = f(x,x,,...,x,). Inthis case, for a
given xg = (x?,x9, ...,x0), £ (x,) is a linear
transformation from E" to E! and hence can be
written as
f(x)h=a-h

forh € E*. And we have

. IfCxo + ) — f(xp) —a - lhlll

lim

h—o || T

(c) Since the limit exists, we can approach
zero from an)i\direction. By letting h = he;, we

get a - h = g/hand writing the above limit in
components we get
N XD, e, x? +h o, x8) = F(X0, ... X0
be;L ;llin%f( — h ) J G ) = q
2 -
ﬂ;“ But this is just the usual definition of the partial
~derivative. So we conclude
of of af)
. (axl'axz " ox, J (o)

- |
a-—= (Q\ (L~ QV‘) '2& (/;g e l/\q
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2. Theorem (10.2.3) Letf: D —» E™, D an open
subset of E", be differentiable at x € D. Then
the matrix of f' (x) with respect to the standard
basis is given by |

: af;
Feo= [axj]mxn

Moreover, for any v € E*,
f(x + tv) — f(x)

T (x)v = lim t

which is defined as the directional derivative of
f in the direction v atx.




