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9. Theorem. Let 4 € R™. Then the following are
equivalent.

a. Ais compact.
b. A is closed and bounded.

C. Eve:f seguence of points in A4 has a limit (8 ~w§

point{in A} that is, every sequence in A has a
convergent subsequence.
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9.1 Limits of Functions.

A. Definition of limit.
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1. Definition. We will consider vector-valued
- functions, f:D - E™, with domain D = Df S
- E™. We write

B = £y, -, x) = (FL00, £, ooe, (X))

where f;: D - R and we usually write

fix) = fi(x1, X3, o0, xp).

2. Definition. Let a be a limit point (cluster point)
of the domain D; of a function f. Then

lim f(x) = L | o
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if for all € > 0 there is an § > 0 such that for all "3 --v\miuﬁ
X € Dg, if0<||x—al| <8, then |f(x) = L|| <e, :
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3.Remark. If ais an isolated point of D; then it L et e
does not make sense to talk about

limg_ 4 F(X). MW ’
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Theorem 1. (9.1.1) Suppose that a is a limit
point of the domain Dy of the function f.
Then the following are equivalent

a. limy_,, f(x) = L. |

b. For every sequence {xU)} € D, with

xU) # a for all j, such that x0) - a,

lim; o, f(x0)) = L.
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