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8.2. Open Sets and Closed Sets.
A. Open Sets.

& 1. Definition. The open ball centered ata € R™ v
7 3© with radjus r > 0, denoted B(a, ) is the set
B(a,r) = {x e R™ |Ix — a|l <k ,

A set O € R" is gpenif for each x € 0, there s
anr > 0suchthat | - X Q4
B(x,r) € 0O

2. Examples.

a. The empty set ¢ is open, and R"™ is open.
b. Any open ball is an open set. |

C. Any open set can be written as the union of a
collection of open balls.

Q. ¢L§ %?6¢) auywﬁ&wg C@(o@& y
P (s WL Lot xell tet r=, B(R,DER

b Lok B V\) e 9 (wan Lot 52@13(5%).
/F{MQ ¢do sue Hia 'l B9 S RE [Vﬁ)

@/ Let o= =73l ok (o] GeBRe).
\ 5?/,, Than (\&*a“:’:({@*%\*\xﬂ' e

~.

= L e+lRAl =

Q (Aot OC Q%@yu/«« @FHX@,@‘TZ%QO
S“E B(X, ex) 2 | kgt 69 UB[X@




3. Theorem. The union of M collection of open
sets is open.
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4. Theorem. The intersection of a finite number

S~ \ of open sets is open. The infinite intersection
2 of open sets need not be open.
-

Proof L.Q,+ %‘9 y\? LL&C‘?LQMS\Q%
Lot &= (W e & (s opancs Ll 7T

Tl Xe& | Tl oo o ¥y 2°
suela %‘iﬁ&(‘g;\ ‘*@ 27/ L@LW-MA(MQ

| (—J‘-V\
Thaun \“Q Re O, B(X; < B(R \F~>£~ q
[ o \B(X r) < ﬂ@' =&

2 Lt 86 =551 Tlow 16,232
(,u\/uc(k S WJV ?/L»UA

r

e




B. Closed Sets.

| 740
| 1. Definition. Let A € R™. The point x is a fimit .
O™ O > point of A if for every e > 0, thereisay € 4 hn
C/\_@iﬁﬁ\ such thatg’illx -vyll<e. - BT K
TFim—\L > Remark. | ” A

a. A limit point of a set A need not be an
element of A. For example, what are the

/—’§ limit points of B(0, 1)?

3 5o hwr@ b. Claim. A point x is a limit point of a set A if ~

e wit R (3@ and only if for every € 0, B(x,1) N 4 |
- contains infinitely many points. N
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c. Definition, Let 4 € R' ' The point x is an
/solated point of A if there existsan r > 0

suchthat B(x,r) N A =4 EX} [Ue\(q MML
blpliiad B

d. Claim. Every pointofaset4 R is either
an isolated point of A or a limit point of A.

T Exoncige

3. Definition. A set F € R" is said to be closed if
it contains all of its limit points.

4. Examples. 0

a. The empty set @ is closed, and R is closed.
This also shows that it is possible for a setto
be both open and closed.

b. An open ball B(x,r) is not closed.

c. Any closed ball
B(a,r) = xeR™|Ix—al <7}
is closed.

d. Any finite set is closed.

5. Theorem. A setis closed if and only if its
complement is open.
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