MATH 214 — QUIZ 13 - SOLUTIONS

Use the Laplace transform (and the table below) to solve the initial value problem

Y+ 3y + 2y = uyo(t), y(0) =0, y'(0) = 0.

Solution: Taking the Laplace transform of both sides gives

Ly + 3y +2y = L{uw(t)}
L'y +3L{yy +2L{y} =

s L{y} — sy(0) — ' (0) + 3(s L{y} — y(0)) + 2 L{y} =

(s> +3s+2)L{y} =

67103

67103

so that
1

(s+2)(s+1)

Expanding this last term in partial fractions gives

__—10s
L{y}=e .

5+2)(5+3) 5 st2 s+l s+2)(s+ 1)

1 A B N C A(s+1)(s+2)+ Bs(s+ 1)+ Cs(s+2)

so that
A(s+1)(s+2)+ Bs(s+ 1)+ Cs(s+2) = 1.

Plugging in s = 0 gives A = 1/2, plugging in s = —2 gives B = 1/2 and plugging in s = —1
gives C' = —1. Therefore
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Finally,
1

1 Co(t— (-
y = uso() (2+2e 2(6-10) _ (¢ 10)).



Use the Laplace transform (and the table below) to solve the initial value problem

y" — 4y 4+ 4y = 6(t — 5) + uo(?), y(0) =0, y'(0) = 0.

Solution: Taking the Laplace transform of both sides gives

L{y" — 4y + 4y} = L{o(t —5)} + L{wo(t)}

—10s

LIy — ALY+ 4Ly} = e+ 5 —
s
B 6—108
s* Ly} = 5y(0) = y/'(0) = (s L{y} —y(0) +4L{y} = ™'+ —
6—108
(s + DL} = 4
so that
L{y} =" _ 4 elot 1
(s —2)? s(s —2)2
Expanding the second term in partial fractions gives
1 __4,. B C_ Als—2)%+ Bs(s—2) +Cs

3(3—2)2:s+3—2+(3—2)2_ s(s — 2)?

so that

A(s —2)*+ Bs(s —2)+Cs = 1.
Plugging in s = 0 gives A = 1/4, plugging in s = 2 gives C' = 1/2 and taking a derivative
gives the equation 2A(s —2) + Bs+ B(s —2) + C = 0 and plugging s = 2 into this equation
gives B = —1/4. Therefore
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Since also

we finally arrive at

1 1 1
y = us(t) ((t —5) 62(“5)) + uo(t) (4 ~ 1 e2(t=10) 4 3 (t —10) 62(t10)> :



Use the Laplace transform (and the table below) to solve the initial value problem

y' =y =6y =06(t—5) —d(t—10), y(0)=0, y(0)=0.

Solution: Taking the Laplace transform of both sides gives

L{y" —y =6y} = L{6(t—5)} — L{o(t —10)}
L{y"y = L{y} —6L{y} = e —e '™
s* L{y} —sy(0) —y'(0) — (s L{y} —y(0)) =6 L{y} = e —e '
(82—8—6)£{y} _ 6—5t_e—10t

D
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e

so that .
r (e Bt _ 0ty
th={ 5969
Expanding this last term in partial fractions gives
1 A N B A(s—3)+B(s+2)
(s+2)(s—3) s+2 s—3  (s+2)(s—3)

so that
A(s—=3)+ B(s+2) =1.

Plugging in s = —2 gives A = —1/5 and plugging in s = 3 gives B = 1/5. Therefore

Finally,



