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POLYHARMONIC FUNCTIONS ON TREES

By JoeL M. CoHEN, FLAvIA COLONNA, KOHUR GOWRISANKARAN,
and DAVID SINGMAN

Abstract. In this paper, we introduce and study polyharmonic functions on trees. We prove that the
discrete version of the classical Riquier problem can be solved on trees. Next, we show that the
discrete version of a characterization of harmonic functions due to Globevnik and Rudin holds for bi-
harmonic functions on trees. Furthermore, on a homogeneous tree we characterize the polyharmonic
functions in terms of integrals with respect to finitely—additive measures (distributions) of certain
functions depending on the Poisson kernel. We define polymartingales on a homogeneous tree and
show that the discrete version of a characterization of polyharmonic functions due to Almansi holds
for polymartingales. We then show that on homogeneous trees there are 1-1 correspondences among
the space of nth-order polyharmonic functions, the space of nth-order polymartingales, and the space
of n-tuples of distributions. Finally, we study the boundary behavior of polyharmonic functions on
homogeneous trees whose associated distributions satisfy various growth conditions.

1. Introduction. Polyharmonic functions on a domain in RY are solutions
to the differential equation A" = 0, for some n € N, where A is the Laplace
operator. These functions have been studied extensively by Almansi in [1] and
[2]. The biharmonic case—n = 2—arises naturally in connection with problems
in the theory of elasticity (cf. [25], [22]) and in radar imaging (cf. [3]). There is a
vast literature on polyharmonic functions. For basic references, see [25] and [4].

In recent years there has been considerable attention given to discretizations of
many classical problems in harmonic analysis and geometry. The groundwork for
the study of functions on trees was laid out by Cartier in [7]. Recent developments
of the study of harmonic analysis, functional analysis and potential theory on
trees include, among many other works, [17], [21], [27], [14], [5], [11], [10],
[12], [13], [9], [15], [19]. Discretizations of harmonic and biharmonic functions
on certain graphs with the purpose of solving differential equations on fractals
such as the Sierpinski gasket are beginning to appear in the literature (cf. for
example, [20], [16]).

In this article, we define and study polyharmonic functions on trees. We use
[7] as a general reference on trees.

A tree is a locally finite connected graph with no loops, which, as a set, is
identified with the collection of its vertices. A graph contained in a tree is called
a subtree. Two vertices v and w of a tree are called neighbors if there is an edge
connecting them, in which case we use the notation v ~ w. A path is a finite
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or infinite sequence of vertices [y, ¢, ...] such that ¢ ~ ty1 and Y| # Vs
for all k. If u and v are any vertices, we denote by [u, v] the unique path joining
them.

Fixing e as a root of the tree, the predecessor u™ of a vertex u, with u # e,
is the next to the last vertex of the path from e to u. An ancestor of u is any
vertex in the path from e to u~. By convention, we set e~ = e. We call children
of a vertex v the vertices u such that u~ = v.

A tree T may be endowed with a metric d as follows. If u, v are vertices,
d(u, v) is the number of edges in the unique path from u to ». Given a root e,
the length of a vertex v is defined as |v| = d(e, v).

Given a tree 7, let p be a nearest-neighbor transition probability on the
vertices of T, that is, p(v,u) > 0, if v and u are neighbors, p(v,u) =0, if v and
u are not neighbors. It is convenient to set p(v, v) = —1, so that for each vertex
v, we have > p(v,u) = 0.

u
As is customary, a function on a tree 7 will mean a function on its set of
vertices. The Laplacian of a function f: T — C is defined as

Af(v) = Z p(v, u)f(u) for all nonterminal vertices v € T,
ueT

where by ferminal we mean a vertex which has only one neighbor. A function f
on T is said to be harmonic if its Laplacian is identically zero.

The boundary Q of T is the set of equivalence classes of infinite paths under
the relation ~ defined by the shift, [z, v1,...] >~ [v1, vy, .. .], together with the
set of terminal vertices. For any vertex u, we denote by [u,w) the (unique) path
starting at u in the class w. Then Q can be identified with the set of paths starting
at u. Furthermore, € is a compact space under the topology generated by the sets

I={weQ veuw)}.

A distribution is a finitely additive complex measure on finite unions of the
sets 1.

Each w € Q induces an orientation on the edges of T: [u, v] is positively ori-
ented if v € [u,w). Forw € Q, and u, v € T, define the horocycle index k., (u, v) as
the number of positively oriented edges minus the number of negatively oriented
edges in the path from u to v.

By a homogeneous tree of degree g+ 1 (with g > 2) we mean a tree T whose
vertices have ¢ + 1 neighbors and whose associated nearest-neighbor transition
probability is p(v, u) = q—il if v and u are neighbors.

For a homogeneous tree of degree g + 1, the Poisson kernel (with respect to

the vertex u) is then given by

P (u, v) = g,
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since it satisfies the following properties analogous to those that hold in the
classical case [27]:

(1) For fixed u € T and w € Q, v — P, (u, v) is a harmonic function on T
(the value at any vertex is the average of the values at its neighbors).

(i1) If p is a distribution, then the function defined by the Poisson integral
with respect to u

f(o) = /Q Po(t, 0) dpu(w)

is well defined and harmonic on 7. Conversely, fixing u € T, every harmonic
function f on T has such an integral representation for some unique distribution .

A Poisson kernel can be defined also for nonhomogeneous trees, and (i) and
(i1) hold in general. Some of the results of this paper hold only for homogeneous
trees. Whenever we use the terminology “general tree” in a definition or result,
we emphasize that homogeneity is not required.

Definition 1.1. Let T be a general tree. For n € N, a function f: T — C is
polyharmonic of ordern at v € T if A"f(v) = 0, where A" is the n-fold composition
of A. A polyharmonic function of ordernon T is a function which is polyharmonic
of order n at every vertex of 7. Thus, a polyharmonic function of order one is
harmonic. A polyharmonic function of order 2 is called biharmonic. We shall
also call a polyharmonic function of order n, n-polyharmonic.

We now outline the main results of the paper. In Section 2, we consider
the discrete Riquier problem of determining a polyharmonic function f of order
n on a finite complete connected subtree of a general tree (see Definition 2.1)
with prescribed values f, Af, A’f,...,A""'f on the boundary of the subtree. In
Theorem 2.1 we give the formula for the solution in the biharmonic case in
terms of the transition probabilities. We then provide explicit formulas for the
case when the subtree is a disk or a tube.

In Section 3 (Theorem 3.1), we prove the following result which was inspired
by a classical theorem for harmonic functions due to Globevnik and Rudin (cf.
[18]): Given a function f defined on a general tree T and a fixed vertex e, f is
biharmonic on T if it has the property that for every tube (see Definition 2.2)
whose interior contains e, the solution to the Riquier problem with boundary
values f and Af agrees with f at e. The methods used in proving this theorem
yield a very simple proof, which we include, of the analogous characterization
of harmonic functions on trees proved originally in [5].

In Sections 4, 5 and 6, we restrict our attention to homogeneous trees with a
fixed root e.

In Section 4 (Theorem 4.1), we give an integral representation formula in the
spirit of a formula due to Almansi in the classical case, for all polyharmonic func-
tions. Specifically, to every n-polyharmonic function f there correspond unique



1002 J. M. COHEN, F. COLONNA, K. GOWRISANKARAN, AND D. SINGMAN

n—1
distributions vy, . .., v,—1 such that f = >~ k/Pv;, where
J=0

K Pyj(v) = / ko (e, VY Py (e, v) dvi(w).
Q

In Section 5, we define polymartingales on a homogeneous tree and in Theo-
rem 5.1 we prove the discrete version of Almansi’s Theorem for polymartingales,
which is the precise counterpart of the classical Almansi formula for polyhar-
monic functions. This suggests that in many cases it is more natural to study poly-
martingales than polyharmonic functions on homogeneous trees. We then show
that there are one-to-one correspondences among the space of n-polyharmonic
functions, the space of n-polymartingales, and the space of n-tuples of distri-
butions, thus extending similar correspondences among the spaces of harmonic
functions, martingales, and distributions given in [27].

In Section 6, we study the boundary behavior of polyharmonic functions.
Specifically, in Theorem 6.1 we show that given a positive measure v on the
Borel sets of Q, the function v — k"Pv(v)/|v|" has a nontangential limit at p°-
a.e. boundary point of €, where 1¢ denotes the natural probability measure on
Q with respect to e. We also show that in the special case where v is absolutely
continuous with respect to ¢ and the associated density function is continuous,
the above limit is unrestricted.

Given 0 < 8 < 1 and 7 > 1, we recall the definitions of (-dimensional
Hausdorff measure on € and of 7-tangential approach regions introduced in
[19]. We then consider n-polyharmonic functions whose representing distributions
satisfy certain growth conditions depending on 3 and 7. In Theorem 6.2, we show
that for appropriate values of 3 and 7, the function v — f(v)/|o|"~! has a limit at
every boundary point with the exception of a subset of -dimensional Hausdorff
measure zero, if approach is restricted to the 7-tangential region. In Theorem 6.3,
we show that the exceptional sets and approach regions in Theorem 6.2 are the
best possible.

Sections 4, 5, and 6 can be read independently of the other sections.

Acknowledgment. The authors wish to thank Ibtesam Bajunaid for bringing
the topic of biharmonic functions to their attention.

2. The Riquier problem on trees. The classical Riquier problem consists
of determining a polyharmonic function f of order n on a domain D C R?, with
prescribed values on 0D of the functions f, Af, A’f, ..., A" 'f. For the case n = 2
the problem was considered by Mathieu [23], and in general by Riquier [26].

In this section we solve the discrete counterpart of the classical Riquier prob-
lem for biharmonic functions on general trees. It is straightforward to generalize
statements and results to polyharmonic functions of higher order.



POLYHARMONIC FUNCTIONS ON TREES 1003

Definition 2.1. Given a finite subtree S of T, we define the inferior of S as
the set S consisting of all vertices v € S such that every vertex of T which is a
neighbor of v belongs to S. The boundary of S in T is defined as the set JS of
all vertices v € S such that exactly one neighbor of v is in §. We say that S is a

complete subtree of T if S = § uos.

Given S a complete subtree of 7, if f is a function defined on § and g is a
function defined on 98§, then A(f U g) is well defined on § where

(U = {f(”) roes
gv)y ifveds.

We say that f is harmonic on S with boundary values g, and use the notation
fl10S=g, if A(fUg)=0onS§S.
Similarly, if f is defined on § and g; and g; are functions defined on 98, then

A[A(fUg)Ug>] is well defined on § If this is identically zero on §, we say that
f is biharmonic on S with boundary values g, and g, and we use the notations
f |08 =g and Af | OS = g».

DiscreTE RIQUIER PROBLEM. Let T be a tree, and let S be a finite complete
connected subtree of T. Given two functions g, and g, on 0S, find a function f on

S biharmonic on S such thatf | 0S = g1 and Af | 9S = g».

For § a finite complete connected subtree of 7, it is possible to solve the
discrete Dirichlet problem (cf. [5]): given a function g on OS, there exists a
function f harmonic on S such that f | dS = g. Although we will not use it

directly, it is worth mentioning how the construction works: for v € g’ and
u € 08, let Ps(v,u) be the probability that a path starting at v reaches u before
reaching any other point of 0S. The function Py is called the Poisson kernel with
respect to S. Then the solution to the Dirichlet problem is given by

f) =" Ps(v,u)g(w).

ueds

The solution is necessarily unique. Indeed, since the value at each point is the
average of the values at its neighbors, the maximum and minimum cannot be
reached at an interior point unless the function is constant. Thus the only solution
to the Dirichlet problem with boundary values zero is necessarily the trivial
function.

The uniqueness of the solution to the Dirichlet problem easily implies the
uniqueness of the solution to the Riquier problem.
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Let S be a finite complete connected subtree of a tree 7 not necessarily
homogeneous. Let m be the cardinality of § and let s be the number of its interior
vertices. Label the interior vertices of S 7;, 1 < j <'s, and the vertices of 9S u,
s+1 <k < m. Let P be the s x s matrix with entries p(¢;, 2) for 1 < i,j <'s,
and let Q be the s X (m — s) matrix with entries p(v;, ) for 1 < i < s and
s+ 1 < j < m. Given a function f on the interior of S and a function g on the
boundary of S, let f and g be the column vectors with entries f(2)), 1 < j < m,
and g(u), s+ 1 < k < m, respectively. Then & = f U g is defined on S, and its
Laplacian is defined on the interior of S and is given by

Ah = Pf+ Qg.

In particular, we see that the solution to the Dirichlet problem for g is given
by a function f such that 0 = Pf+ Qg. By the uniqueness of the solution, P must
be invertible, and so the solution to the Dirichlet problem is given by

f=—P 'Qg.

THEOREM 2.1. The solution to the Riquier problem with boundary values g,
and g, exists and is given by

f=-P'0g — (P ") 0g.

Proof. Let h be the solution to the Dirichlet problem with boundary values g,
that is, h = —P‘ngz, and let

f=-P?0g — P '0g.
Then
A(fUg)=Pf+Qgi =P 02— 0gi+0gi1=h
and so Af is the required harmonic function with boundary values g». O

We next derive the explicit formulas for the matrices P and Q in the homo-
geneous case when S is either a disk or a tube.

Example 2.1. Let T be a homogeneous tree of degree ¢ + 1. For n € N and
veT,let By(v)={u€T: d(u,v) < n}, the disk centered at v of radius n. Let ¢
and s be the number of boundary vertices and the number of interior vertices in
B, (v), respectively. Thus

ny n—1_2
t=ti=(q+ D"\ s=5 = T~
q—



POLYHARMONIC FUNCTIONS ON TREES 1005

Order the vertices in B,(v) according to increasing length and by labeling the
descendants of each vertex sequentially and consistently throughout the process.
Then the s x s matrix P is symmetric, all the diagonal entries are —1, the top
Sp—1 rows contain g + 1 terms qﬁ, while the remaining rows contain a single
entry qlﬁ and all other entries (except for the diagonal entry) are zero. The
s X t matrix Q consists of 5,1 rows of zeros followed by #,_; rows in echelon
form each of which consists of a block of g entries ﬁ and all other entries
Zero.

Specifically, for the case ¢ =2 and n = 2 the matrices P and Q are given by

1 1 1
-1 3 3 3
L —1 0 o
3
P=11 10
3
1
4 0 -1
and
0O 0 0 0 0 O
1 1
Q_ggoooo
- 1 1
0011 loo
1 1
000011

Hence, the matrices that yield the explicit solution of the Riquier problem are

333333
—P—‘Q:l771111
81117711
111177

and

9 9 9 9 9 9
10 1110 10 4 4 4 4
184 4 10 10 4 4

4 4 4 4 10 10

Definition 2.2. A tube is a complete finite subtree whose interior is a path.
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Example 2.2. Let T be a homogeneous tree of degree g + 1, and let S be a

tube in T whose interior is the path [vy, ..., z]. Then P is the symmetric k X k
matrix
- 1 -
—1 pre) 0 0 0
1 1
a1 b 0 0
o L _—1 L 0
+1 +1
P q q
1 1
O A 0 m _1 F
1
0 - 0 0 pre) —1]

while Q is the k x (kg — k + 2) matrix in echelon form whose first and last row
consist of a block of g entries ql—l and all other entries zero and the intermediate

rows consist of a block of ¢ — 1 entries qﬁ and all other entries zero.

This matrix P is a type of symmetric matrix that arises in the context of
solving a second order difference equation with a given boundary condition.
The inverse of P can be found by means of the discrete sine transform (cf. [6],
Section 7.1): P~ = [u,,,], where

%]
=
=

k 7rnj . 7'('mj
2 Z <k+1) Sin (k+1)
Upm = - .
’ k+1“~—~ 2 v
=1 g+ COS | 71 1

3. Globevnik-Rudin characterization of biharmonic functions. Let T be
a general tree, and let S = 7 (v, ..., t;] be a tube in T (see Definition 2.2) whose
interior is the path [v1,..., ¢]. Let f be a function defined on 7, and let fs be
the solution to the Dirichlet problem on S with boundary values f on JS, that is,

Afs =0 in S and fs| S =£ | OS. Similarly, let us define f5 as the solution to the
Riquier problem on § with boundary functions f and Af on 0S.

In [5], the authors prove the following discrete version of Globevnik—Rudin
characterization of harmonic functions (Theorem 2 of [18]).

THEOREM 4.6 (of [5]). Fix a vertex e € T and let f be a function on T. If for all
tubes S whose interior contains e we have fs(e) = f(e), then f is harmonic on T.

We shall obtain a similar characterization of biharmonic functions. We shall
also present a much simpler proof of Theorem 4.6 of [5] which was derived in
our search for a proof of our theorem for the biharmonic case.

THEOREM 3.1. Let e be a fixed vertex of a general tree T and let f be a function
on T. If for all tubes S whose interior contains e we have f3(e) = f(e), then f is
biharmonic on T.
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First we describe the method and the notation that we shall use to prove our
result.

Let T be a tree and let ¢ be a fixed vertex of T. Let [ej,ep,...) be an
infinite path with e; = e. For k a positive integer, let Ty be the tube 7 [ey, .. ., €]
and let {u;} be the collection of all neighbors of the vertices e; other than the
e; themselves, so that 0T} is the union of a subset of {u;} with {ex}. Let
p be a nearest-neighbor transition probability on T and set p(j,[) = p(ej, ),
pj =plej,ej—1), and g; = p(ej—1,¢)), and py = g1 = 0.

Let f be a function on 7. Then

() Af(ep) =Y p(J, Df ) + pif(ej-1) + gjif (ejr1) — £(e)).
1

Let fx = fr,, the solution to the Dirichlet problem on T} with boundary values
f | OTy. Denote by DJ’?f the difference fi(ej) — f(e;) and denote by DJ’-‘Af the
difference Afi(ej) — Af(e)).

Using (1) and the fact that f and f; agree on {u;} U {ex4+ }, we obtain

@) DIAf = piDfif +qiuiDhf = Dif, j=1,....k

and DEf = DF, f = 0 (where we regard e to be one of the vertices u;). In addition,
we define DX f = DX, ,f = 0.

We now give a new proof of the discrete Globevnik-Rudin characterization
of harmonic functions.

Proof of Theorem 4.6 of [5]. Using the above notation, let 7} be any tube
starting at e = e;. The hypothesis fs(e) = f(e) means that D’l‘f =0 for all k € N,
where Df = fi(ej) — f(e)), and DAf = Afi(ej) — Af(e;). Since fi is harmonic, for
all j <k, DJ’.‘Af = —Af(ej). We shall prove that Af(e;) = 0 for all j € N, and thus
f is harmonic on 7. From (2) we get

(hy) DiAf = gDk

(h2) DiAf = @Dif  — D

(h3) DEAf = psDif + quDif — DA
(hg) DiAf = paDif + gD —  Dif
(1) DE A = paDEof + qDf — DEf

() DiAf

ka]li—lf - Dl/ﬁf .

For k = 1, (h) yields DIAf = 0, since D}f = 0. Thus Af(e;) = 0, and so
D’fAf =0 for all kK € N. For k = 2, (h;) becomes 0 = qu%f and (h,) becomes
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D3Af = —D3f. Thus D3Af = 0, whence Af(ez) = 0. So DSAf = 0 for all k € N.
Assume inductively that Af(e;) = 0 for all j < k, so that D}‘Af =0 forj < k.
Then the left-hand sides of equations (%;) through (A;_;) vanish. Solving these
equations starting from the first, we obtain Dj’-‘f =0forallj=1,...,k. Plugging
this into () yields DXAf = pyD¥_f — DXf = 0, whence Af(ey) = 0, proving the
result. O

Let us now set up the above procedure for the biharmonic case.

Proof of Theorem 3.1. Let f* = f7k, the solution to the Riquier problem
on T; with boundary values f | 0T, and Af | OT;. We redefine DJ’?f to be the
difference f*(¢;) — f(e)), DJ’?Af to be the difference Af*(e;) — Af(e;), and D]’-‘Azf
to be the difference Asz(ej) — Azf(ej). Since f" is biharmonic, for all j < k,
DIA*f = —N’f(e)).

By the definition of f*, f and f*, and similarly, Af and Af¥, agree on {u;} U
{ek+1}. Thus, we obtain Dﬁf = D’,§+1f = DSAf = D§+1Af = 0 (where we regard ¢
to be one of the vertices u;). In addition, we define D* f = D¥,,f = 0.

By a repeated application of (2) we obtain

DEN’f = Dk \Af + g1 DY AF — DioY
= pi(pj-1Df of +qDif — D}f_,f)
+ CIj+1(pj+1Dj]'(f + %‘+2Dj]'(+2f - Djl'{+1f)
- (ij}(— S+ C]j+1DJ]'<+1f - D;‘{f)
= pjioipiD}_of — 20D} \f + (piqj + Pj1Gje1 + DDIf
- 26]j+1DJ]'(+1f+61j+161j+2D],‘€+2f9 for 1 <j<k-1L

Since Dk, Af = Dk, ,f =0, for j = k we obtain

DN’f = piDf 1 Af + qrai Dy Af — DAY
= Pi(pe1Di_of + @Dl — Di_,f)
— (pkD_\f + Qe D f — Dif)

= pr—1PiDk_of — 20kDf_\f + (prgi + DD

The hypothesis of Theorem 3.1 is that D{f = 0 for all k € N. Thus we have
(b1) DYA’f = —2q2D5f + q2q3DAf

(b) DAAN’f = (paga + p3qs + DD5f — 2q3DAf + qaquDif
(b3) DEA*f = —2p3D5f + (p3gs + paga + DDAf — 2quDAf + qaqsDif
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(bs) DEAYf = papaDAf — 2p4DAf + (paqy + psqs + DDAf — 2qsDif
+qsqeDif

(k1) D\ A°f = proapr1Df_sf — 2pk—1Df_of
+ (Pk—19k—1 + Prgi + DDY_\f — 2qkDif
(be)  DYA’f = proipkDiof — 2pkDi_yf + (prax + DD
For k = 1, (by) yields DIA%f = 0, so that A’f(e;) = 0, and so D¥A*f = 0 for
all k € N. For k = 2, (b{) becomes 0 = —ZqZD%f and (b,) becomes D%Azf =

(p2g2 + 1)D3f. Thus D3A%f = 0, whence A%f(e;) = 0 and so D5A%f = 0 for all
k € N. For k = 3, equations (by), (b2), (b3) yield

0 = —2¢:2D53f + qaq3D3f
0 = (p2ga +p3q3 + 1)D3f — 2q3D3f
DIA’f = —2p3D3f + (p3g3 + 1)D3f.

But the determinant of the coefficients of D3f and Dgf in the top two equations
is ¢2q3(3 — p2g2 — p3gq3) > 0. So D%f = Dgf =0, and thus D%Azf =0.

Thus the general problem is to show that the determinant of the coefficients
of DAf,DAf,...,Dkf in (by),...,(bx—1) is nonzero, whence by substituting into
equation (by), we get D';Azf = 0. Thus A%f(ex) = 0, and hence Df(Azf =0 for all
[ € N, showing by induction that f is biharmonic on 7.

For all k € N, k > 2, consider the linear system consisting of the equations
(b1), ..., (br—1) in the variables DAf, DAf, ..., DYf, and let A;_; be the determi-
nant of its (k — 1) x (k — 1) coefficient matrix. The proof will be complete if we
show that Ay # 0 for all £k > 1.

We claim that {A;}2, is a sequence of polynomials in the variables p», g2, p3,
q3, - - -, Pi+1,> Gi+1 Satisfying the recurrence relation

3) Aks1 = —2qk2Ak — Q1 Gk+2(Pir1Gk+1 + Pra2Gis2 + DAk—1
— 2Pk 1 D1 Gk 2Ak—2 — Gk 1PKGEDk41 D1 Ghi2Ak 3

for k > 4, with the initial conditions

Al = 2qo,

Az = @933 — p2g2 — P3q3),

Az = q2q3qal — 4+ 2(p2g2 + p3g3 + paqa)]l,  and
A4 = q2939495[5 — 3(p2g2 + p3q3 + paqa + psqs)

+ P2g2p4q4 + P2g2psqs + P3qapsqs].
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Since the proof is analogous, for simplicity we verify the recurrence relation only
in the homogeneous case, when all values of p;, g; are equal to p = q%.

LEMMA 3.1. The sequence {Ax(p)} of polynomials in p satisfies the recurrence
relation

Ars1(p) = —2pAn(p) — 2p* + pPHA1(p) — 20°Ara(p) — PPA 3 (),

for all k > 4, with the initial conditions A1(p) = —2p, Ax(p) = 3p> — 2p*, A3(p) =
—4p® + 6p°, and A4(p) = 5p* — 12p° + 3pd.

Proof. First observe that A, is the determinant of the k x k matrix for which
the main diagonal, the diagonal above it, and the three diagonals below it consist
of identical entries, —2p, pz, 2p2 + 1, —2p, and pz, respectively, and all other
entries are 0:

[ —2p p? 0 0
207 +1  —2p i 0 0
—2p 2p*’+1 -2 p? 0 0
p? —2p 2p*+1 —2p P’ 0 0
0 P’ —2p  2p*+1 —2p p? 0 0
0 e —2p 2p*+1 —2p P’ 0
0 P’ —2p 2p’+1  —2p p?

I o P =2 2p°+1 -2p]

This type of matrix is known as a Toeplitz matrix. It is straightforward to compute
the values of A; for £k = 1,2,3,4. Expanding the determinant across the last
column, we get Ay, = —2pAy — p>Fi, where

—2p p2 0
207 +1  —2p i 0
—2p 2p*+1 -2 p* 0

Fo=| P -2p 2p*+1 =2p p? 0

S o o O

0 p2 —2p 2p2+1 —2p p2

0 PP =2p 2p*+1
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Expanding this determinant across the last column we obtain F = (2p + 1)
Ar_q —szk,l, where

—2p p2 0
2 +1  —2p P’ 0
—2p 2p*+1 —=2p p* 0

Gii=| P -2p 2p*+1 -2p p? 0

o o o O

0 p2 —2p 2p2+1 —2p p2

0 0 P —2p

Repeating the expansion across the last column two more times we see that
Gi_1 = —2pAs_» — p*Ar_3, which, together with the above relations, yields the
result. O

Observe that the recurrence relation (3) can be expressed entirely in terms of
the products p;q; by defining

A
_ 1k Dk
By =(—-1) 71—
I1 g
=
yielding
4) Biy1 = 2By — (Pi+1Gks1 + Prs2qis2 + DBr—y

+ 2Pi19k+1 Br—2 — PrqiPik+1 k1 Br—3,

for k > 4, with the initial conditions

(5) B
By

2, By=3—p2g» —p3q3, B3 =4—2p2q>+Pp3q3 +paqa),

5 = 3(p2q2 + P3q3 + paqa + p5qs) + p2qopaqs + p2qapsqs + p3gapsqs.

Note that since for all j, 0 < p;, g; < 1, we have p;qj+pj+1gj+1 < pj+qjr1 < 1.
So, for example, one sees immediately that B, and B3 are always positive.

In Theorem 3.2 we shall prove that By > 0 for all £k € N, and thus each
Ax # 0. This completes the proof of Theorem 3.1. O

We have postponed Theorem 3.2 because it is long and requires the use of
two lemmas.
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For all j € N, let p;, g; € [0, 1] be such that p;+g;;1 < 1, and set s; = p;q;. Let
s = (81,52,...). Define a sequence {B,(s)};2_., of polynomials in the variables

s1, 52, ... as follows:
B.(s) 0 ifn<O
s) =
" 1 ifn=0,

and for n > 0

(6) Bu(s) = 2By—1(s) — (Su—1 + Sn + 1)B,—2(s)
+25,1By—3(8) — Sp—28p—1Bn—4(s).
Thus Bl(s) =2, Bz(s) =3 - (S1 + Sz), B3(S) =4 — 2(51 + 52 + S3), and B4(S) =

5 — 3(sy + 52 + 53 + 854) + 5153 + 5154 + s254. Notice that B, (s) depends only on
S1y-+.55.

Definition 3.1. We shall call s an interior point if all values of p; and g; are
in the interval (0, 1), a boundary point, otherwise.

Warning. Notice that our definition of interior point does not require p;+qjs1 <
1. Also, for algebraic convenience the indices have been reindexed from the way
they were used in Theorem 3.1, as can be seen by comparing Bi(s),. .., B4(s)
just defined to By, ...,Bys in (5).

THEOREM 3.2. For all s = (s1, 2, ...) and for all integers n, B,(s) > 0, and
B, (s) > 0 if s is an interior point and n is nonnegative.

For the proof we need the following notation and two lemmas.
Notation 3.1. For n > 3 and s = (51, ..., 5,), let
s0

(SI,. . 'ask—290’sk+2,' . "Sn)’

ifn>5and ke {3,...,n—2},

O _ 0 ifn=3
0,s4,...,8,) ifn>4,
(1) _ 0 ifn=3
(51,...,8,-3,0) if n >4,

s = (s1,. 0y Spm2).

For n < 2, let s® = 0 for any integer &.
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Lemma 3.2 Forallk € {1,...,n}, 2519 = —B,_»(s¥).

Proof. It is easy to check that the result holds for n = 1,2,3. Assume n > 4
and that

OB;
a%(s) = —Bj_»(sW) forallje {1,....,n—1} and k € {1,...,j}.
k
Then, using (6), we obtain 8%&” = —B,_1(s) = —B,_»(s"™), because none of the

other terms in the right-hand side of the recurrence relation depends on s,. Next,
note that using (6) and the induction hypothesis, we have

OB(s) _ 283,,,1(5‘)
OSp—1 - OSp—1
_Bn—Z(S) - Sn—ZBn—4(s)-

— By _2(s) + 2B, _3(s) — sp—2B,—4(s)

On the other hand, by our inductive hypothesis, we have

0
8Sn—2

(Bu—2(8) + Sp—2Bn—4(5)) = —Bn—4(s) + By_4(s) = 0.

Thus B,_2(s) + s,—2B,_4(s) is independent of s,_, and so, after replacing s,_»
by 0, we get

By_2(s) + Su—2Bu—4(s) = By_o(s" 7).

Hence —%fr’l'fsl) = —B,_»(s" D).

Next, again using (6), we obtain
8Bn(s) aBn—l(s) aBn—Z(S)
=2 —(Sp_1 + 85, + 1) ————=
Osn—2 Osp—2 (¥n—1+ 5 ) Osn—2
—2B, 3" ) + (501 + 80+ DBaa(s" ) — 55-1Bya(s)

—2B,,3(s" ) + (s, + DB,_4(s),

— Sp—1Bn_a(s)

since B,_4(s"2) = B,_4(s). On the other hand, using (6), we have

anZ(S(n_Z)) = Bn72(sl, v s Sp—4, 0, Sn)
2By 3(s1,- - s Sn—4,0) — (s + DBy_4(s1,. .., Sp—a)
2B,,—3(s""?) — (54 + DBy_a(s),

proving that % = —B,_»(s""2).



1014 J. M. COHEN, F. COLONNA, K. GOWRISANKARAN, AND D. SINGMAN

For k < n — 2, using (6) and the inductive hypothesis, we have

OB,
(7 ) 2B, () + (501 50+ DByas™)
8sk
- 2snlen75(S(k)) + Sn72snlen76(S(k))-
Also,
anZ(s(k)) = Bn72(s1’ AR} sk727 09 sk+2a AR ] sn)
= 2B, 3(s™) = (501 + 50+ DBy_a(s©)
+ 2sn—an—5(s(k)) - sn—ZSn—an—é(s(k)),
which, together with (7), yields 8‘3%‘,23) = —B,_»(s%®). This completes the proof. O
Definition 3.2. We will call s = (s1,...,s,) a vertex if each s; is 0 or 1.

Observe that s; = 1 implies p; = 1, so that g;;; = 0, whence 541 = 0.

n
Notation 3.2. For a vertex s = (s1,...,5,), set |s| => s, € {0,1,...,n}.
j=0

Lemma 3.3. Ifs = (s1,...,Sy,) is a vertex, then

n+1 ifls|=0
By(s) =12 ifls| =1
0 ifls|>2

Proof. By inspection, we see that the result is true for n = 1,2, 3, 4. So assume
the formula for Bi(s) holds for all k < n, where n > 5. We now compute B, (s)
for a vertex s.

Case 1. |s| = 0. Then
B,(s)=2B,_1(s) — B, 2(s)=2n—(n—1)=n+1.
Case 2. |s| = 1. If s, = 1, then s; = 0 for all j < n. Thus
B,(s) =2B,_1(s) — 2B,_2(s) =2n—2(n — 1) = 2.
If 5,1 =1, thens; =0 for j #n — 1. So

By(s) =2B,_1(s) — 2B,—2(s) + 2B,,_3(s) =4 = 2(n — 1)+ 2(n — 2) = 2.



POLYHARMONIC FUNCTIONS ON TREES 1015
If s; =1 for some j < n — 1, then
By(s) = 2By 1(s) — Bp—2(s) =4 —2=2.
Case 3. |s| =2. If 5, = 1, then s,_; must be 0, by definition of vertex. So
B,(s) =2B,_1(s) — 2B, _2(s) =4 — 4 =0.
If s,_1 =1 and s, = 5,2 =0, then
B,(s) =2B,_1(s) — 2B,—2(s) + 2B,,—3(s) =0 — 4+ 4 =0.

If s, = s,—1 =0, then by induction B,_1(s) = B,—2(s) =0, and thus B,(s) = 0.

n—2
Case 4. |s| > 2. Then ) s; > 2, so that B,_1(s) = B,_»(s) = 0. Hence
j=1

(8) B(s) = 25, 1Bn—3(s) — Sp—25p—1B—4(5).

If 5,—1 = 0, then (8) implies that B,(s) = 0. If s,_; = 1, then by definition of
n—3

vertex, s, = S,—2 = 0 and so ) s; > 2. Thus B,_3(s) = 0, by induction. Again,
j=1

(8) implies that B,(s) = 0, completing the proof. O

Proof of Theorem 3.2. From the initial conditions defining B,,, it is clear that
for n =0, 1, B,(s) > 0. Arguing by induction on n, let us assume By(s) > 0 for
all k < n, where n > 2. Then by Lemma 3.2, % < 0, for all j < n. Thus,
the minimum value of B,(s) will occur when s; _ pjq;j is as large as possible.
Since g; < 1 — pj—_1, we can assume that g; =1 — p;_;. So from now on we take
sj = pj(1 — pj—1). Since the only s; that involve p; are s; and sj;1, we get

aBn(s) aBn(S) @ + aBn(s) 8Sj+1
8pj 6sj 8pj 8Sj+1 8pj

B2 (81 = pj—1) + Bua (s )pjy

by Lemma 3.2. Since s and s/*! do not depend on s;, it follows that 81;’—;)(,3) is
constant with respect to p;. Thus, B,(s) reaches its minimum at p; = 0 or pjj: 1.
By our assumption that s; = p;(1 — p;—1), we deduce that the corresponding point
s = (s1,...,8,) 1s a vertex. Hence, B,(s) reaches its minimum at vertices s. By
Lemma 3.3, we obtain B,,(s) > 0.

We now need to prove that if s is an interior point, then B,(s) > 0. Assume
by induction that Bi(s) > O for k < n, where n > 2. Since by Lemma 3.2
and the inductive hypothesis agf—;is) = —B,_2(s™) = —B,_s(s1,...,5,—2) < 0,
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the function B, is strictly decreasing in the last variable. If B,(s) were 0, then
B,(s1,...,8n—1,1;) <0, for any #, > s,, and in particular, for some other interior
point, yielding a contradiction. Thus, B,(s) > 0, completing the proof. O

Remark 3.1. The analogue of Theorem 3.1 for triharmonic functions also
holds. We were able to follow the analogous procedure developed in this section
to arrive at the following sixth order linear homogeneous recurrence relation

Bt = 3Bk — (Pkqk + Pik+1Gk+1 + P22 + 3)Bi—1
+ 3pqr + 3pi+r1qrs1 + DBi—2
— Pkqi(Pk—19k—1 + Pkqk + Pk+1qk+1 + 3)Bj—3
+ 3pk—19k—1PkqiBk—4 — Pk—2Gk—2Pk—19k—1PkqkBi—s,

where
Ag

By=(—Df———,
=D IT51 4451

having denoted by A; the determinant of the matrix consisting of the coefficients
of D;f (1 <j,1 < k). It turns out that Lemma 3.2 also holds for this sequence
{B,}, and hence we can use an inductive argument to show that B, > 0 for all
positive integers n. We omit the proofs of these results, since the methods are
analogous to those developed for the biharmonic case, but the complexity of com-
putations is much greater. We suspect that the Globevnik-Rudin characterization
of n-polyharmonic functions holds for any order 7.

4. Characterization of polyharmonic functions on a homogeneous tree.
The problem of characterizing polyharmonic functions on a domain in R? was
studied by Almansi in [2]. He proved the following result.

THEOREM. (Almansi) If f is polyharmonic of order n in a domain D C R?
which is starlike with respect to 0, then there exist unique harmonic functions
ho, ..., h,—1 on D, such that

n—1
fe) = |lx[[**A(x) for all x € D.
k=0

For a proof see [2] or [4], p. 4.
In this section we give an integral representation of polyharmonic functions
in the spirit of Almansi’s Theorem in the case of a homogeneous tree.

Notation 4.1. Fix a vertex e as the root of a tree T and use the notations k()
and P, (v) for k,(e, v) and P,(e, v), respectively. Let < be the partial ordering
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on TUQ givenby v <uif v €le,u”] or v < wif w € I, where
I,=0={weQ: veElew)}.

Then for v € T and A € TUQ, let vAX be inf{v, A}, the vertex u of largest length
such that u < v and u < A. Observe that for all w € Q, k,(v) =2|v A w| — |2

Definition 4.1. Let T be a homogeneous tree of degree g + 1. Let u, (n
nonnegative integer) be the operator that averages the values of the function at
the vertices at distance n. Thus, if f is a function on 7', then

S0 =~ S fov) wh ! if n=0
v)=— w where ¢, =
8 ' dw,0)=n ! (g+ g™ ' ifn>1.

So, for example, A = u; — 17, where 17 is the identity operator.

LeEMMA 4.1. For a fixed w € C, we have

(a) Ak, is the constant ﬁ;

(b) For all m € N there exist constants ag”), ey asﬁ)l such that
m—1 )
AP = > aKLP,.
Jj=0

Consequently, k., and k™ P,, are polyharmonic functions. In fact, A"'k"P,, = 0.
Proof. Let v € T and set k,(v) =n € Z. Then

gn—1+n+1 _l—g¢q

Ak (v) = prky, () — ky(v) = g+1 n ﬁ,

proving (a). Moreover

Ak, Po)(v) = pi(ky,Pu)(0) — ko (0)" Py (v)
i q(n— l)mqn—l +(I’L+ l)mqn+l o
B g+1 "
= L (- D"+ (41" —n"(g + D]
g+1

qn m—1 m ) )
= — 1y w
quz:Oj{(j)[( )" +q] }
m—1 m—j
= Z <m> [w] k{u(U)Pw(U),

qg+1



1018 J. M. COHEN, F. COLONNA, K. GOWRISANKARAN, AND D. SINGMAN

completing the proof of (b). From (a) it follows that A%k, = 0, so k,, is biharmonic.
For m = 0, Am“kﬁPw = AP, = 0. Let m > 0 and assume inductively that
NYELP, =0 for j < m. Then as a consequence of (b), we see that

m—1
A" REP,) = > a AP, =0,
j=0

where
() )= (5
m=1 m—1 g+1 g+1)°
Hence,
—1\™m
Since P,, is harmonic, A'(k"'P,,) = 0 for all t > m. O

Using a simple inductive argument we deduce:

LEmmA 4.2. Fix w € Q. Then for all nonnegative integers m there exist con-
stants oy, with 1 < j < m+ 1 such that

m+1

KiPy=A (D ajmkl,Py | .
J=1

We are now ready to characterize polyharmonic functions:

THEOREM 4.1. Let T be a homogeneous tree of degree g+ 1. A function f on T is
polyharmonic of order n if and only if there exist distributions v,, (m=0,...,n—1,
n € N) on Q such that

n—1
10 = K"P,, dvy,(w).
(10) f %/gw V(@)

Furthermore, the representation (10) is unique.

OBSERVATION 4.1. Let v be any vertex of length N > 1, and label the vertices on

the path e, v]as ty, . . ., Uy, where 1y = e, vy = v. The integrals in (10) can be easily
calculated by partitioning Q into the sets Ly, Ly, | —1yy Loy =Ty so o Ly =1y,
because for w in these sets the value of k,(v)isN,N—2,N—4, ..., —N, respectively,

and P, = qkw. That is,

ko0) 2j— N forweluj—l%l,ongN—l,
V) =
. forw € 1,,.
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Thus, (10) becomes
n—1 [ N—-1 )
F@)=3 8> @ =N"g7 Ny, — 1y,) + N"q" vmly) ¢
m=0 | j=0
where vy = v and I, = Q.

In particular, if f is a biharmonic function, then its integral representation, to
be used in Section 5, is given by

N—1
(11) f@) =Y g7 Ny = 1y,) + " volly)
Jj=0
N—1 .
+Y Q= Ng7 Ny — 1y,) + Ng“ i),
Jj=0
for |v| = N with [e, v] = [w, - . ., uy]. This reduces to the first two summands if

f is harmonic.

Notation 4.2. We denote by Pv the integral [, P, dv(w) and by kPv the
integral [, kP, dv(w). More generally, if K is a function on Q x T and v is a
distribution on €, we define the function Kv on T by

Kv(v) = /QK(w, V) dv(w).

We proceed with the proof of Theorem 4.1.

Proof. 1t is clear that the function on the right-hand side of (10) is polyhar-
monic of order n, since

n—1 n—1
A" <Z /Q K"P,, dum(w)> => /Q A"(K"P,,) dvpm(w) = 0,
m=0 m=0

by Lemma 4.1. Conversely, assume A"f = 0. We prove the existence of the
distributions v, satisfying (10) by induction on n. For n = 1, f is harmonic, so
there exists a distribution vy on € such that

f= /Q Py dv(w),

proving the result. Next, assume the integral representation (2) holds for functions
g such that Akg =0, where k=1,...,n— 1 for some n > 2. Then A”_I(Af) =0,
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so by induction and Lemma 4.2 we have

n—2

Af = % /Q K"P,, dv,y(w)

j=1
n—1 )

=AY /Q K,P,dpiw) |,
j=1

where the distributions p; are defined as

n—2 m+1
-5 [a (Z aj,mk{;m) ()
m=0 Q

n—2
pj = Z A mVm-
m=j—1

Hence the function
n—1 )
f— Z/Qk{de dpj(w)
j=1

is harmonic, and thus it can be represented as [, P., dpo(w) for some distribution
po, completing the proof of the existence of the distributions in (10).

To prove uniqueness, we show that the distributions v, in (10) can be cal-
culated in terms of any given polyharmonic function f. We recall from [13] that
a distribution v is a finitely additive function on the measurable subsets of €2,
which is determined by its values on the basic measurable sets /,, for each v € T.

If f is a harmonic function, so that f = [, P, dv(w), then the values of v(I,)
can be calculated as follows:

q

12 Iy=—9
(12) vl (g — Deyy)

f(v)—lf_(v)
-3 )

where f~ is the function defined by f~(v) = f(v™) (cf. [13]).

Thus for a polyharmonic function of order 1 (i.e., a harmonic function), the
integral representation (10) is unique.

Next, assume that for any polyharmonic function of order n the representation
(10) is uniquely determined in terms of the values of the function, and let

f= mZO /Q KPPy dm(w)
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be a polyharmonic function of order n + 1. Using (9), we see that

n q_l n/
Af=n!| —— P, dv,(w),
f=n <Q+1) Q vn()

which is harmonic. So the values of v,(I,) (v € T) can be calculated explicitly
as follows:

q+1>" q

1 ) 1o
it = o (455 m_ikﬂ<Aﬂw—qu>wﬁ.

Since
A <f . / K'P, dyn(w)) - A — / N'(K'P.) dva(w) = 0,
Q Q
the function

n—1
f—éwmmw=§é%mmw>

is polyharmonic of order n, so by the inductive hypothesis, the remaining distri-
butions v, (0 < m < n — 1) are uniquely determined. O

5. Polymartingales. In this section, we introduce and study polymartin-
gales on a homogeneous tree.

Definition 5.1. A function ¢ on a homogeneous tree 7" of degree g + 1 is a
martingale if it satisfies the condition that the average value of ¢ on the children
of any vertex v is equal to its value at v, that is, letting

¢ X e =) ifvie
Me) =14 " ,
a1 2 P —ple) ifv=e,

then ¢ is a martingale if and only if My = 0.

We recall from [27] (see §3), that there are one-to-one correspondences among
the space of harmonic functions {f} on a homogeneous tree 7, the space of
martingales {¢} on T and the space of distributions {v} on the boundary of 7,
given by

(13) mw=&%0@_5wﬂ’mw#e
(e)

f forv=e
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v

|
LS @) + g7 Mpe) for v #e
1

OERIEN-=
ple) forv=e
()
vl = 22,
ol
f =Pv,
where v (j = 1,...,|v|) is the ancestor of v of length j. We recall that ¢y = 1 and

cn=(q+1g" " forn>1.

Notice that formula (12) is the same as the above without explicit reference
to . In this section, we introduce the concept of polymartingale of order n by
replacing M with M", for n > 2, and give 1-1 correspondences among the space
of n-polyharmonic functions {f}, the space {¢} of polymartingales of order n and
the space of n-tuples of distributions {vy,...,v,—1}. The equivalence between
the first and the third spaces was described in Theorem 4.1.

Definition 5.2. A function ¢ on T is a polymartingale of order n or an n-
polymartingale if M" is identically 0. A second-order martingale is also called
a bimartingale.

For some questions, polymartingales are more natural than polyharmonic
functions. The tree version of Almansi’s Theorem for polyharmonic functions
(Theorem 4.1) is not as similar to the original as is the following, which is one
of the main results of this section.

THEOREM 5.1. If @ is a polymartingale of order n, then there exist unique
n—1
martingales ©q, 1, . . ., on_1 suchthat p = S hkpy, where h is the length function.
k=0
That is, forall v € T,

n—1
o) = > [vf'er(v).

k=0

n—1
Conversely, if po, . . ., on—1 are martingales, then p = 3. hyy is a polymartin-
k=0

gale of order n.
For the proof we need the following lemma.
LeEmMA 5.1. For any nonnegative integer k and for any martingale o,

k—1 k .
MhFp = Z () Wo.

0
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Proof. For v # e we have

MhFp(v) é > Wow) — Ko(v)

wo=v

1
(|o] + 1)"5 S o) — o)

wT=v

= (lo| + DKM p0) + p(v)) — |v|fo(v)

_ iz_; (j‘) o¥ip(v) = (lil (k) h’so) (v)

J=0

For v = e, simply replace g with g + 1 and the same proof holds. O

| for j < i and zero

otherwise. Note that this matrix is lower triangular with nonzero diagonal en-
tries and hence invertible. Let (b, 1, .. .,b,,) be the bottom row of the inverse.

. . .. . i
Consider the n x n matrix whose (i, j)-entry is (j

n .
Reindexing the formula in Lemma 5.1 it follows that A"~ 'p =M S b, Wy or
j=1

k+1

(14) ho=M> bl e,
j=1

for any nonnegative integer k.

We are now ready to prove Theorem 5.1.

Proof. We use induction on n. The result is a tautology for n = 1. Assume
that the result holds for some n > 1, and let ¢ be a polymartingale of order n+1.
Then M is a polymartingale of order n so there exist martingales Qo, . . ., Pn—1

n—1
such that My = 3 hk@,. By (14), we have
k=0
k+1

ngr =M Z b1 /7 G
j=1

n—1k+1 .
Thus M <(p - > > bk+1Jfl/(,5k> =0. Let

k=0 j=1
n—1 k+l1 _
o =¢— > > bl and
k=0 j=1
n—1
®Yj = Z bk+l,/'85k forj: 1,...,1’1.

k=j—1
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no.
Then ¢y, ..., p, are martingales and ¢ = ) W ;. To prove the uniqueness, ob-
j=0
n . n .
serve that if 3 W ; is zero, then so is M"~!' 3" I ;, which is a nonzero multiple
=0 j=0
n—1
of ¢,. So ¢, =0. By induction, ) #¢; =0 implies ¢; = 0 for all j. O
j=0

We now generalize (13) to the biharmonic case. Later we shall do the same
for the polyharmonic case.

THEOREM 5.2. There exist 1-1 correspondences among the space of biharmonic
Sfunctions {f}, the space of bimartingales {©} and the space of pairs of distributions

{vo,v1} given by

(15) p = Af, f=Pyw+kPv), and
1 2 M
it = - [t = (75 + 1ol ) e oty = 222,
o] g —1 o]
where

L@@+ 4 (fo) - @) il =1

(16 Af(v)= ,
@+ /e ffo=e.

For the proof we need the following:

LeEMMA 5.2. The operator A satisfies the following properties:
(a) If f is biharmonic, then

+1
MAf = 17" Anf.
qg—1

Cly| ifwel,

(b) For each w € Q, AP, = Q,,, where Q,,(v) =
¢ ¢ {O ifwél,.

(c) For each w € Q, A(k,P,) = <h + q2_2_1) O
Proof. For any function g on T and for |¢| > 1, we have

1 1
a7 Mgw=ﬁgﬂaw+;awfgww>

and

(18) Mg~ (v)=g(v) — g (v).
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Since f is biharmonic, Af is harmonic and so
q 1 _
asro =1 (5w - @ ).
q—1 q

Now for |¢]| > 1, using (16), (18) and (17), we obtain

qg+1

1
MAf(v) = " l)zM(Af) (y)+ (Mf(v)— 5Mf‘(v)>
- = 1)2 (Bf(0) — (A (@)
1
- (%Af( 0+ O~ @)= (0~ @))
1
= BLES 80 - s en 0 = Easo)
Moreover
MAf(e) = ZAf(v) Af(e)
U| 1
1
Tog+l lo=1 (q )2 M+ (f(v)_ _f(e))]
2
— mAf(e) —f(e)
1
= ( )2 Af(e )+ 1mf(e)— —/©
2 g+l
_ WAf(e) —fle) = quf(e)

Hence, for any biharmonic function f, MAf = %AAf , proving (a).
To prove (b) observe that AP, (e) = 1 = Q,(e). For [v| =n > 1,

AP, ()= — 1 (Pw(v) - le(z))) ,
qg—1 q

since AP, =0. Forw ¢ I,,, P,,(v™) = gP_(v) so AP, (v) =0 = Q,(v). Forw € I,

1
AP, ()= — L (q” - —q”l) = ¢y = 0u(0).
qg—1 q
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Next notice that by (9),

2 g-—1
(@—1?*q+1
2 2
q2 _ 1 = (h(e) + qz _ 1) Qw(e)-

A(ky,Py)(e) P(e)+0-Pye)

For |v| =n > 0, we have
g+1 g—1
(g—1D*q+1

s (Re0Put0) = kP )

(19) Ak, Pu)(v) = Pu(v)

+

For w ¢ I, letting k,,(v) = k, the right hand side of (19) becomes

1 1
gy 1 (qu — ~(k+ 1>q"+‘) =0=0,(v).
qg—1 qg—1 q

For w € I,, the right-hand side of (19) becomes

1
qn—1+ q (I’lqn——(l’l—l)qn_l>
qg—1 qg—1 q

2
l’l+ﬁ Cp

(4 5= ) 0uto

q* —1
completing the proof of (c). O

Proof of Theorem 5.2. Using part (a) of Lemma 5.2, we get that if f is
biharmonic, then

+1 +1\2
q q 1) AA2f=0,

M?Af = 1Mmy=(q_

proving that Af is a bimartingale.

Next, assume that ¢ is a bimartingale. Define v, v; as in (15). Since My is
a martingale and by Lemma 5.1 applied to M with k = 1, the function ¢ — hM¢
is also, by (13) it follows that vy and v are distributions. Define f = Pvy + kPvy,
a biharmonic function. Then by Lemma 5.2 (b) and (c), recalling Notation 4.2,
we have

Af

2
APvy + AkPv) = Qv + <h +— 1> My
q p—

2 2
Y - A Y h Mo = .
’ <flﬂ_) ¢+< +f1> L
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Thus A is onto. To prove that A is 1-1, write f = Pyg + kPv; so that

Af:QVQ+<h+ 22 )QV]ZQ(I/0+ 22 V1>+hQV1.
qg-— 1 qg-— 1

But by the uniqueness result in Theorem 5.1, if Af = 0 then v; = 0 and
Vo + ﬁl/l = 0. Thus vy is also 0, whence f is identically 0. O

COROLLARY 5.1. Given a bimartingale @, then

2
20) ATl p(e) = @) — 7 Mple). and

_ —1 & _
A () = qTZq "Dio(1) + g "p(e)
1
g—1 o 2+n(q2—1)
- (n—pPgMp(y) — ———————Mp(e),
<WIZ; PEMED == aia =1y M¥
for|v| =n > 1, where [e, v] = [, . . ., ty].

In the special case when f is a harmonic function and ¢ is a martingale,
formulas (16) and (20) reduce to those found in [27].
In order to prove the corollary, we shall use a general result on integration.

LemMA 5.3. Assume that for w € Q, K, is a kernel satisfying the condition
that K, (v) only depends on k., (v) for each v € T. Set K,,(v) = oy for k,(v) = k. If

f=KV=/QKwdu(w),

then f(e) = apv(Q) and, for |v|=n > 1,

@)= a_ Q)+ (agjn — agjn2)v(y).
j=1

Proof. For a fixed vertex v of length n

k(o) n ifwel,
V) =
“ 2%—n ifwel,—1I,

410
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Then

n—1
f(v) = Z azj_ny(lyj — IUj+1) + a,v(ly,)

j=0
n—1 n
= Z @jnv(ly) — Z j—n—2v(ly) + anv(ly,)
J=0 J=1
n—1
= a_ )+ Y (jn — agjn2)Vy) + (0 — ap-2)vy,),
j=1
proving the lemma. O

OBSERVATION 5.1. Let f = |, K., dv(w), where

« orw €1
Kw(U) _ |9 f v
0 forwé¢l,.

It is immediate that f(v) = o, V(Ip), forall v € T.

Proof of Corollary 5.1. Corresponding to the bimartingale ¢, let vy and v be
the distributions defined in (15) and set f = A_lnp. Then f = Pyy + kPv; so that

2
f(e) =1p(Q) = p(e) — . [ Mep(e)

and by Lemma 5.3 applied to the kernels P,, and k., P, for v € T with [v| =n > 1,

g ")+ (@7 = 7" Pwy)
j=1

f(@)

+ (=g " @+ Y12 —mg¥ " = 2 —n = 2)¢¥ " i)
j=1

2 n
—n —1 j—n —n
g "vo@ + L= 3" () — ng (@)
¢ o

+> 12 —mg? " = Q2 —n—2)g7 " Inlly) = g "ele)
Jj=1

2g7" -1 ., . 2
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=g "M@+ 3 D10~ = == D¢ M)
j=1
-1 .
= LS D) + 7"l
q j=1

2+n(g®> — 1)
q(q> — 1)

-1 ;
~ LN (- HdMe(y) —
q j=1

Mop(e). O

The correspondence f — Af is not the only one between the space of bihar-
monic functions and the space of bimartingales. For example, given «, § € C,
a # 0, the map f — aAf+BAASf is also an isomorphism between these spaces. We
shall now describe another isomorphism which turns out to be useful in allowing
us to generalize Theorem 5.2 to n-polyharmonic functions and n-polymartingales.

First recall the elementary harmonic functions P, for any w € Q, where
P, (v) = ¢ Then the elementary martingales are given by Q. = AP,,. Let us
recall that any martingale ¢ yields the distribution v, where v(I,) = 5‘6’%) Thus
we have the integral representation ¢ = Qv, since by Observation 5.1

[ Qv = [ advw) =it = o),
Q I,

We call Q the martingale kernel. It follows from (13) that v — Qv is a 1-1
correspondence between distributions and martingales.

n—1
Using Theorem 4.1, let f = > k™ Pv,, be an n-polyharmonic function. Define

m=0
n—1

Bf = h"Qupy.
m=0

Then Bf is an n-polymartingale and conversely, any n-polymartingale is of this
form, by identifying ¢, in Theorem 5.1 with Qu,,.

THEOREM 5.3. Bisa I-1 correspondence between the space of n-polyharmonic
Sfunctions and the space of n-polymartingales.

Notice that if f = Pv is any harmonic function, then Bf = Qv = Af, so
that B also generalizes the 1-1 correspondence between harmonic functions and
martingales given in [27].

Let us look at the special case of n = 2. For f biharmonic, f = Pvg + kPvy,
and Bf = Qup + hQv, is a bimartingale. For any bimartingale ¢, let us find
explicitly the distributions v9 and I/A}I such that ¢ = Qug + hQv;. Since My is

a martingale, we may let v({,) = %f‘”), a distribution. Thus Qv; = M. The
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function 1 = ¢ — hQv is a martingale because
My = Mg — MhQuy = Mg — Qui =0,
by Lemma 5.1. So, we may define the distribution vy by

() _ () — IUIMw(v).

€] €lo]

voly) =

That is, Qug = — hM .

This description of Bf — (vp,v1) is much simpler than that given earlier of
Af +— (vo,v1). On the other hand, we do not get as simple a description of Bf as
a function of ». One advantage of this method, however, is that this operator is
defined for polyharmonic functions of all orders.

THEOREM 5.4. (a) If f is a biharmonic function on T, then

Bf(v) = AT = AW+ 5y (F@) = 4fwD) v e,
fe oee

(b) If ¢ is a bimartingale and v is a vertex of length n, then

o oty Z ¢ o)+ (j—n+pi7) Mew)]
1 _
B QO(U) - l:fl’l > 0

w(e) ifn=0

Proof. Assume f = Pvy+ kPv; so that Bf = Qug +hQvy. Using (b) and (c) of
Lemma 5.2, we obtain
— 1> Quy.

Thus Bf = Af — 1Q1/1 But Af = " Pyl, so that AAf = q+1 Qv. Hence

Af:QV()+<h+

2 ov - 2Ag+ 1) A =

2
= — —AAf.
proy L e s sl st
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So Bf = Af — 1)ZAAf Consequently, for v # e

Bf (v) = 1)ZAf( v+ <f(v)——f(v ))

2q =) L q+1 2 _
(Af(”)_ Pl )) = ((q— A 1>3)Af(” )

g1
2q q Lo -
- s+ (0 - 2p0).

proving (a) for v # e. Furthermore

2
Bf(e) = Af(e) — AAf (e) =f(e),

completing the proof of (a).
Next, let ¢ = Qg + hQuy, and set f = B_lgo = Pyy + kPv;. It is clear that

f(e) = p(e). By Lemma 5.3, for |¢| =n > 0 we have

f@) = g7"v@)+ Y q7 " g — Doy,) — ng"ni(Q)
j=1

n

+> 12— mg? " = Q2 —n—2g7 " Indy,) = g "p(e)
j=1

DS g2 (p(y) — Cchp(zzj-)) g "M(e)
j=1 J

u . M M
+Y Qj—n—2g7 " g — 1) i(vj Z 247" Me(y)
] Jj=1 J

=1
=g "p(e)+(q— 1> ¢ () — jMp(1y) — ng"Mp(e)

=

+q-DY |G -n-2g "+ W(ﬂ"ﬂ M(s)

J=1

= g "(p(e) —nMp(e) + (g — 1Y ¢ (1)

=

_ 2
+ (J—n+q2 — 1>Ms0(vj)],

proving (b).
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6. Boundary behavior of polyharmonic functions. Let 7 be a homoge-
neous tree of degree g + 1. We recall that u° denotes the probability measure
corresponding to the constant harmonic function 1 and the constant martingale
1. Thus p¢(,) = ‘%I’ for each v € T. We claim that for all vertices v,

2q(1 — g~

1) kPu‘(v) = |o| — 21

To see this, let f(v) = |v]| — %M Then Af is the constant +1 , 80 fis
biharmonic. A straightforward calculation shows that Bf = k. On the other hand,
h=hQu® = BkPuf. Since B is 1-1, f = kPu®.

It follows that the function v — %(U) tends uniformly to 1 as v approaches
any boundary point. This suggests that for a distribution v on Q it is the boundary

behavior of kP Y that should be studied. More generally, we shall discuss the

K'P.
hil ]

the boundary behavior of h" —— for an n-polyharmonic function f.

We first observe that we cannot expect favorable boundary behavior results
for k’;{,’” if we do not assume some restriction on v. Indeed, we now construct a
& Py (w))
Lol 21

boundary behav1or of

for any nonnegative integer n with the aim of studying

distribution v such that lim sup
Jj—00
where [wp, wi,wy, .. .) is the path starting at e in the class w.

= oo for every w € Q and for any n > 0,

Example 6.1. We define a distribution v by describing its value at each I,
inductively on |v|. Let v(I,) = 0. Then, given the value of v(I,) with v = w™,
define v(1,,) as follows:

(1) if v({,) =0, then v(I,) = 1 for g—1 of the children w of v and v(I,,)) = 1—¢q
for the remaining child w of v;

(2) if v(1,) =1, then v(l,,) = 0 for ¢ — 1 of the children w of v and v(l,,) =1
for the remaining child w of v;

3) if v(d,) = 1 — g, then v(l,,) = 0 for g — 1 of the children w of v and
v(l,) = 1 — g for the remaining child w of v.

Note that for every w € Q, either V(ij) =1or V(ij) = 1 — g for infinitely
many j. Also for any v # e, v) — v(I,-)| < g — 1. Thus, denoting [e, v] by

[0, v1,. .., U], Wwe have
m—1 5 q2m -1
Y@y —vly,)| < (- Dg "
/=0 ¢ -1

IN
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It follows from (11) that for any v € T for which v(I,) equals 1 or 1 — g,

o]
P > gVl — 4
|Pv(v)| > " [v(1,)] e

Therefore lim sup |Pv(wj)| = oo for every w € €. A similar analysis shows that
Jj—00
. k"PV(wj)
the same conclusion holds for I for n € N.
In light of Example 6.1, we are going to restrict ourselves to distributions

satisfying certain growth conditions.

Definition 6.1. Let w € Q. We call a subset S of T an approach region to w
if for every n € N there exists s € S such that w,, <'s.

Definition 6.2. A subset S of T is said to be starlike with respect tou € T if
for all v € S, the path [u, ¢] is contained in S.

Examples of approach regions which are starlike with respect to e are given
by the sets defined in the following.

Definition 6.3. Let w € Q, 7 > 1 and 0 < a < oo. Define the approach
region of w by

Sraw)y={veT: |v|<7lvAw|+a}.

Note that S o(w) =T for any 7. If a is finite, we call S}, the nontangential
approach region to w of aperture a. If 7 > 1, we call S;,(w) the tangential
approach region to w of aperture a and tangency 7. We denote by S (w) the
approach region S; o(w).

Remark 6.1. We can define a distance p on T by

o) g 1M for u # v
p(u, v) = .
0 foru=vo

The completion of T with respect to p is exactly 7 U Q. Observe that the p-balls
in Q are exactly the sets 1, for v € T, and I, has p-radius ¢~!*l. For 7 > 1,
Sra(w) is tangential in the sense that there exists a constant ¢ (¢ = ¢g“) such that
for any v € S; 4(w),

p(v,w)" < cp(v, Q).

This is the precise analogue of the classical tangential approach region to a
boundary point in the upper half plane, where p represents Euclidean distance.
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Definition 6.4. Let S be an approach region of w € Q. Let [e,w) = [wg, wi, . . .)
as above. A function f: T — C is said to have S-limit L at w if for all € > 0 there
exists m € N such that | f(v) — L| < € for all v € § with v > w,,. We denote this
limit by lim f. If lim f exists we say that f has an unrestricted limit at w. If for

some T > 1 hm f ex1sts for § = S, 4(w) for all a < oo (necessarily independent

of a), then We call this limit the 7-limit of f at w and we denote it by 7- hm f.
1-limits are also referred to as nontangential limits.

The following proposition will allow us to deduce boundary behavior results
for n-polyharmonic functions from boundary behavior results for martingales.

PROPOSITION 6.1. Let u be a distribution on L and let S be an approach region
to w € Q which is starlike with respect to e. Suppose that Qu has S-limit L at w.
Then * hl,f“ also has S-limit L at w for each nonnegative integer n.

Proof. Fix n > 0 and let 0 < € < 1/3. Since Qu has S-limit L at w, there
exists N € N such that |¢,ju(l,) — L| < ¢ for all v € S, with v > wy. Let

M = max{|L| + €, ¢j|p(l)].j=1,....N}.

For m > %, let J,, = [m(1 — €)| so that J,, > N. Fix v > wy. Setting [e, v] =

[¢, ..., Un] as usual, let /; denote Ivj, which is ij for j < N. By Lemma 5.3, we
have
k” _ g7 2j—m-—=2)"
oy = (~ g+ 3L e —m)"—’T] D)

j=1

2
= (- 1)q _mu(9)+2q2’ nd 1 — <Jm > e

J=1 q
n—1 m . k n—k
-y (") Zqufm(ZJ —m) (2—2) u(l))
=0 \k/ im0 mq

Im—1

—1 2j — n
EEECACIDY g ()

“qg—-1 (2 —m\"
+Zq q m(]7> ¢jpdl))

et 4
n—1
n—k m m)
g() 2) ZQ‘I mn (q+1)J(J)
g1 o () (=2t
= ~— = v
Ty T ;@ gq+n ¢
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We shall show that 7, /1, and each 1V approach 0 and III approaches L as m — c0.
It is clear that I goes to 0. Using the three facts that |c;u(l;)| < M for all j,

m i i—m)k . .
SNgTm < q%l and ’(zjm—n’")‘ < m* " for j = 1,...,m, it follows that for each
=

k=0,...,n—1,
2M
Vi < —Lomkrm < =2
qg—1 m
and thus IV; — 0 as m — oco. Moreover
Jm—1 ) q./mfm
| < > ¢7"M < M.
j=1 B

Observing that J,, — m < —me, we see that Il — 0 as m — oco. Next we look at
I — L.

m _1 .
-1 < S 4" g
J=Im

m q-— 1 .
+|L|> —¢
w4

2 —m|*
T2 ety - 1)

2j —m\"
) -
m
m

St St ()

- ‘ m me
j=0 j=Im 1

m

+[L]

m C]—l .
SOt
=i 4

Notice that since J,, <j<m, 2j —m > 2J,, —m > m — 2me — 2, S0

2j — 2
AL N PR A P
m m

for m large. Thus

2% — m\"
1—(J m> <1—(1-36"< 3ne.
m

Hence |IIl — L| < e+ |L|3ne + |L|g~™¢. Thus
’nll_{réo |l — L| < e(1 +3n|L|).
But this is true for all € € (0,1/3), and thus /Il — L as m — oc. O
Let 1 be a complex Borel measure on € and let ¢ = Qu be the corresponding

martingale. It is known that ¢ has a nontangential limit at ;°-a.e. boundary point.
Suppose in addition that p is u°-absolutely continuous with density function g.
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It is also known that if g is continuous at w € Q, then ¢ has an unrestricted
limit at w. For a discussion of these results see [27]. Combining these facts with
Proposition 6.1 we deduce:

THEOREM 6.1. Let f be n-polyharmonic on T. Let vy, . ..,V,—1 be the corre-
sponding distributions of Theorem 4.1.

(a) If v, . .., v,—1 are complex Borel measures, then h,{l—_, has a nontangential
limit at u®-a.e. boundary point of €.

(b) Suppose that vy, . ..,v,—1 are uc-absolutely continuous measures whose

density functions are continuous at w € €, then h,f—,l has an unrestricted limit at w.

We now consider boundary behavior results of n-polyharmonic functions
which include both nontangential and tangential approach regions as well as
exceptional sets which are thinner than those of p°-measure zero. In order to
describe these exceptional sets, we recall the definition of the Hausdorff measures.

Definition 6.5. Let E be a subset of Q. Let 0 < § < 1. We define

Hg(E) =sup inf { > p(0, )" EC |1, p(A, Q) <6 ¢.
§>04CT | 24 vEA

We call Hg(E) the (3-dimensional Hausdorff measure of E. We say that a property
holds 3-a.e. if it holds for all w except for those in a subset of Q having Hg
measure 0.

The following two lemmas, the second of which is of Frostman type, were
proved in [19].

LeEMMA 6.1. A Borel subset of Q2 has Hg measure 0 if and only if every compact
subset of it has Hg measure 0.

LEMMA 6.2. Let K be a compact subset of Q having positive Hg measure. Then
there exists a measure v on L supported on K such that 0 < v(K) < oo and for
everyveT, v(l,) < q_m”'.

The following space of functions is fundamental in our study of boundary
behavior.

Definition 6.6. For o > 0, let A, be the space consisting of all complex-
valued functions f on T satisfying the condition

ST F)g M < 0.

veT

Throughout the remainder of this section we fix once and for all constants o
and 7 where 0 < a<land 1 <7 <1/(1 — ).
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The letter ¢ will be used to represent a constant value which, though possibly
different with each occurrence, does not depend on the parameters of interest.

The following lemma will be used to derive a general boundary behavior
result.

LEMMA 6.3. Letf € A,. Fixa € [0, 00) and define F: Q — [0, ], by

Fw= Y. |fol

UESTA,a(‘U)
Then F(w) is finite T(1 — «)-a.e.

Proof. Without loss of generality, we may assume that f is a nonnegative
(real-valued) function. Define the sequence {F),}:2, of functions on Q by

Fyw)y= Y f).

v>wnp
|v|<nt+a

(o)
Note that F(w) < > F,(w) for all w € Q. Moreover, each F, is locally con-
n=0

oo
stant hence continuous. Thus > Fj,(w) is Borel measurable. We shall prove that
n=0

o0
> Fp(w) is finite 7(1 — «)-a.e. Arguing by contradiction, assume that the set
n=0

{w e Q: ZF,,(w) = oo}

n=0

has positive Hg measure. Then by Lemma 6.1, there is a compact subset K of
positive Hg measure. So by Lemma 6.2, we can find a Borel measure v that is
supported on K and satisfies the condition

v, < g =71 forall v € T.

We then get a contradiction if we show that

/ > Fyw)dr(w) < .
Q n=0

Since each F), is nonnegative, we can interchange the order of integration
and summation and obtain

/ > Fu(w)dv(w)
Q n=0

,,Z:O /Q Fp(w) dv(w)
Y3 [ Fuw)dv(w)

n=0 |W‘:n Iy
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< Z Z Z f(v)q—’r(l—oz)n

n=0 wl=n v2w

|v|<nT+a
— Z Z f(v)qf(lfa)7'|w|
weT  v=2w
o] <T|w|+a
— Zf(v) Z q—(l—a)7'|w|
veT w<v

Iwl>(le]—a)/T

<> fw Y, gt
veTl n>(jv|—a)/T
<ec Zf(U)q_(l_a)T‘Ul/T
veT
- ¢ Zf(v)q—(l—a)lﬂ\’
veT
which is finite. This completes the proof. O

Definition 6.7. Let ¢ be a complex-valued function on 7. Define

_Je) —p(v™) forv#e
Delv) = {0 for v =e.

We call Dy(v) the inner normal derivative of ¢ at v if v # e.

COROLLARY 6.1. Let o be any function on T such that Dy € A,. Then ¢ has
T-limits T(1 — a)-a.e.

Proof. Fix a > 0. Then by Lemma 6.3, we have
Y IDp(v)] < o0

vEST a(w)

7(l — a)-a.e. Let w be any point for which this sum is finite. Let ¢ > 0 and
choose a positive integer N so that

Y D) <.

V€S a(w),|v|>N

Let u;, up be any two vertices in Sr 4(w) of length greater than or equal to 7N +a.
This implies that [u),u] C{v € S;4(w): |v| > N}. Let [uy, ual=[w, v1,- - ., ty].
Then

1) — )| < D [Dp(v)]
i=1

< Y D)

veST a(w)
0|=N

< €.
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Thus if {u;} is any sequence approaching w in S; 4(w), then {¢(u;)} is a Cauchy
sequence. Thus lim ¢(u;) exists and is finite. O
Jj—oo

PROPOSITION 6.2. Let v be a distribution on Q. Let f = Pv be the corresponding
harmonic function on T and let ¢ = Qu be the corresponding martingale. Then the
following conditions are equivalent:

@ X |vdy) — bvl,)| g1 < oo;
v#e

(b) Df € Aus
(c) Dp € A,.

Proof. First observe that (a) is equivalent to (c) since p(v) = o vy) for all
v eT, so that

S 1Dp@)g N = 3 ey pldy) = epy—vd,- g O
vie vie
qg+1

g >

v#e

L) — o1, )| g,
q

Using (13) we deduce

@ Df(w)— ;Df(v7)
g*—1 q'"!

V(IU)_EV(ny): ’Ui #ea
q

showing that (b) implies (a).
To complete the proof we show that (c) implies (b). Let v € T be such that
|v| =n > 1. Again using (13) we derive the relation

-1 .
Df(v) = "T > a " Dy(1y).

J=1

Thus

> IDf@lg= = 303 Dfwlg e

veT n=1 ‘y|=n
o n )
<D D> a " Deplg
n=1 ‘U|=n j=1

> IDplg~ T

J= Jol=j nj
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q —(1—w)j
=Z§:WﬂM__41m
J=1 ol
—(1=a)|v|
q
= ) Do) .
-G !
v#e 1 q “
completing the proof. O

Definition 6.8. Let B, be the space of distributions v on Q satisfying the
condition

1
> — ~vd,-)| ¢ < 0.
v#e q

Let H}, be the space of n-polyharmonic functions such that the corresponding
distributions of Theorem 4.1 are in B,,.

Remark 6.2. The space B, is precisely the Besov-Lipschitz space BY'| defined
in [13]. In light of Proposition 6.2, this Besov—Lipschitz space can be identified
with the space of all harmonic functions in 7, or equivalently, the space of
martingales whose inner normal derivative is in A,,.

We now deduce our main boundary behavior result for n-polyharmonic func-
tions.

THEOREM 6.2. Let0 < a < 1,1 <7 < 1/(1 — ). Letf be n-polyharmonic on
T and let vy, . . ., vy—1 be the corresponding distributions of Theorem 4.1. Suppose
f € H}. Then hnf—,l
7-limits of Pv,,_1.

has T-limits T(1 — «)-a.e. and these limits are equal to the

Proof. Using Proposition 6.2, we may apply Corollary 6.1 to each martingale
©j = Qvj;. The conclusion now follows easily from Proposition 6.1. O

Remark 6.3. Let v be a distribution in B, and let f be the corresponding
harmonic function Pv. Despite the fact that 1% has 7-limits 7(1 — «a)-a.e., it is
not in general true that the inner normal derivative of k’% is in A,. Indeed, from
(21) for |v| > 2 we obtain

‘D <kPue(v)>‘ 2 |1—q"—nqg"g—1)
ol )1 -1 n(n — 1) '

Thus

1—qg™"

—n

kaﬁ(y))’ -] oo pgon

D =

( ERVAK Z_ n(n— 1)
n=2
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which is divergent. Thus, there appears to be no simpler description of the
space H..

We now show that the exceptional set and the size of the approach region in
Theorem 6.2 are the best possible.

THEOREM 6.3. (a) Let0 < a < land 1 <7 < 1/(1 — ). Let E be a subset of
Q such that Hr(1—q)(E) = 0. Then there is a harmonic function f € H}l such that

forallw € E, limsup f = co.
Sr(w)

(b) Let 0 < a < 1 and 7 > 1/(1 — «). Then there is a harmonic function

f € H! such that limsupf = oo for all w € Q.
Sr(w)

Proof. (a) For each positive integer i there exists a sequence of vertices {¢;;};
such that |U,j| >1i, EC Ulvi/. and Zq_T(l_O‘)“’U‘ < 27! For each vertex vj we
J J
associate a vertex u; > v; such that |u;| = |7|u;||. Let My = ig~ 71, Let v be
the positive distributions defined as follows: for each v € T

0 if 7, N1, =0
vily) = < gl =1y if v > wy
M;; if v < Ujj.

From the definitions we see that ) v;;(I,) converges for all vertices v. So, letting
ij
v =3V it follows that v is a positive distribution. Let f = Pv, a harmonic

function. Note that

Juaj5]
1 y
Vij(]y) — qV,'j(IU—)‘ qa|u\ < CM,:/' E qo‘" <c Mijqa‘ulll.
n=0

>

lo]>1

Thus

qa\v|

>

[v]>1

IN

XMy < ¢Sy
ij ij

. (- y i
CZZC] ( OOT'“U‘<CZ§<OO,
ij i

v(ly) — lV(lm)
q

so by Proposition 6.2, 3,7 |Df(v)|g~1 1% is finite. Also

) 1 1,
fluy) = Po(ug) > q"ilvy(lL,) > p il M = 7"
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Since for any w € E there are integers i and j with i arbitrarily large such that
ujj € Sr(1—ay(w), we are done.
(b) Choose € such that 0 < ¢ < 7(1 — «) — 1. Define

MU — qf(CMT+1+E)l' for eachj = l, e, (q + l)qlfl.

Let {v;}; be the collection of all the vertices of length i. Let u; be any vertex
of length |7i] such that u;; > v;;. Define vjj, v and f as in the proof of part (a).
Then

1 > S s .
Z v(,) — —Z/(IU)’ qa|v| < Czq—(a7'+1+e)tqom'ql — Czq—ez
=1 q =0 i=0

which is finite, and

PV(Mz'j) > q—(a’r+l+6)iq|u,‘j\ > Cq—(a7+l+e)iq7i

ir—ar=l=¢ _ ¢ fiT0=e)=1-9 _,  asi— 0. O
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