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1. Math 83 Linear Algebra Notes: October 2, 1998

The following notes on linear algebra are taken from Dan Anderson’s class notes from UNC
Math 83 taught in the spring of 1998. Three main references have been used: Rabenstein!,
Roberts? and Strang3. Material taken from these references includes theorems, definitions
and examples.

2. Systems of Linear Equations

Suppose we have one linear equation

In terms of the z;—z5 plane, solutions to this equation correspond to points along a line.
Suppose now that we have two linear equations

2.’171 + Ty — 5 = 0, (22&)

We refer to this as a system of two linear equations. If we want to know the solution to
this system of equations we can find it graphically by plotting the two lines and finding the
point of intersection. In this particular case, there is a unique solution z; = %, To = % With
this geometrical interpretation in mind, however, it is not hard to imagine that a system
of two linear equations could have no solutions, one solution, or infinitely many solutions.
Geometrically a system of two linear equations with no solutions would correspond to two
parallel lines. An example is

21131 —+ Ty — 5 = 0, (23&)
2.’131 + Ty — 6 = 0. (23b)

A system of two linear equations that has infinitely many solutions corresponds to two lines
that coincide at every point. An example is

201+ 22 —5 = 0, (2.4a)
42y + 25— 10 = 0. (2.4b)

This geometrical view of systems of linear equations can be extended to systems with
three equations and three unknowns. The equation

T1+ T+ T3 = 5, (25)

has a solution which corresponds to a plane in three dimensional space. If we have an
additional equation we may have, in geometrical terms, two planes intersecting at a line,



two planes that are coincident, or two parallel planes which do not intersect. One can also
imagine three planes intersecting a single point, a line, not at all, etc.
A general linear system with m equations and n unknowns can be expressed as

a1171 + 1279 4+ ...+ AipnTy, = bl,
(21%1 + G20%2 + . .. + GopTy, = bo,

, (26)
Am1T1 + A2l + ... + App Ty, = bma

where a;; and b; are given constants and z; are the unknowns. This linear system has either
zero, one, or infinitely many solutions.

In contrast to linear equations, nonlinear equations involve nonlinear combinations of the
unknowns. Examples of nonlinear equations are

T +25 = 4, (2.7a)
TTy + 1 = 7, (2.7b)
x1 +4sinzs = 0. (2.7¢)

The first is nonlinear because of the second term on the left-hand side. The second is

nonlinear because of either term on the left-hand side. The third is nonlinear because of the

second term on the left-hand side. Our main focus here will be on linear equations.
SOLVING LINEAR SYSTEMS: We now outline a systematic approach to finding

solutions to linear equations. This approach applies in principal to systems of linear equations

of any size. Realistically, it is viable approach only for small systems. Large systems, in

practice, are much more efficiently treated with a variety of computational methods.
Suppose we have the following linear system

x1+ 3 —1x3 = 1, (2.8a)
3.’L‘1 + 6.’132 + 2.733 = —3, (28b)
3ry + 4y — 4z = T. (2.8¢)

We wish to have a systematic way to solve this and similar linear systems. In order to do so
we define the following Elementary Operations.

1. Interchange any two equations.

2. Multiply any equation by a nonzero constant.

3. Replace any equation with the sum of that equation and a multiple of another
equation.

Applying these operations to the system of linear equations will not change the solution of
the system. The idea is to simplify the system of equations, systematically by using the



elementary operations, to a point where the solution is easily identified. We outline two such
procedures below.
The first method is known as Row Echelon Reduction or the Row Echelon Method. The

general idea of this approach is to eliminate the variables z;, x5 and z3 in as many places

as possible. Our first step is to multiply Eq. (2.8a) by —3 and add the resulting equation
to Eq. (2.8b). Replace Eq. (2.8b) by the result. Here we have used the third elementary
operation. The next step is to multiply Eq. (2.8a) by —3 and add the resulting equation to
Eq. (2.8¢c). Replace Eq. (2.8c) by the result. This gives

1+ 311)2 — Ty = 1, (29&)
—3zy+5x3 = —6, [-3 x ROW1 + ROW2) (2.9b)
— 51y —x3 = 4. [-3 x ROW1 + ROWS3] (2.9¢)

In the brackets above we write the steps used in simplying the system. By performing these
steps, we have eliminated the variable z; in all but the first equation. Our next task is to try
to eliminate the variable x5 in all but the second equation, using the elementary operations.
To do this, we replace Eq. (2.9a) by the sum of Egs. (2.9a) and (2.9b). We then replace
Eq. (2.9¢c) by —5/3 times Eq. (2.9b) plus Eq. (2.9¢). These operations results in the system

51 44wy = -5 [ROW2 + ROWI] (2.10a)
— 3.’L‘2 + 51}3 = —6, (210b)
- ?m = 14 [=5/3 x ROW2 + ROWS3]. (2.100)

We have now eliminated the variable x5 in all but the second equation. Before attempting to
eliminate the variable z3 in all but the third equation, we simplify the system by multiplying
Eq. (2.10b) by —1/3 and Eq. (2.10c) by —3/28. This gives

) +4zy = -5, (2.11a)
2o — (5/3)z5 = 2, [-1/3 x ROW2] (2.11b)
r3 = —3/2. [-3/28 x ROW3] (2.11c)

We now eliminate the variable x5 everywhere but in Eq. (2.11c). We replace Eq. (2.11a) by
—4 times Eq. (2.11c) plus Eq. (2.11a). We replace Eq. (2.11b) by 5/3 times Eq. (2.11¢) plus
Eq. (2.11b). The result is the system

Ty = 1, [—4 x ROW3 + ROW1] (2.12a)
Ty = —1/2, [5/3 x ROW3 + ROW?2] (2.12b)
ry = —3/2. (2.12¢)

The solution of the original system of equations is therefore just (zi, zs, z3) = (1, —%, —%),

which can be checked by substituting these values back into the original equation. This
approach is the basic idea of the Row Echelon Method.
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A similar approach called Gaussian Elimination uses the same Elementary Operations
but simplifies the original system of equations given by Eq. (2.8) to the form

r1 + 3.%'2 — T3 = 1, (2138,)

—3zy+bzs = —6, (2.13b)
28

-G = 1 (2.13¢)

That is, one equation involves just x3, another involves just x5 and x3, and the third equation
involves all three variables. The solution is then obtained by first solving for x3 using
equation (2.13c), then substituting it into equation (2.13b) and solving for zs and then
substituting the results for both z3 and x5 into equation (2.13a) and solving for z1; a method
referred to as back substitution.

3. Homogeneous Systems

The systems considered in the previous section were nonhomogeneous (the system has at
least one nonzero constant term). That is, if we examine the system given by Eq. (2.6), the
system is nonhomogeneous if any one (or more) of the terms b; is nonzero. A homogeneous

system is one in which all of the constant terms b; are equal to zero. An example of a
homogeneous system is the system

1+ 319 — T3 0, (3.1a)
3.’131 -+ 6.’132 + 2.’E3 = 0, (31b)
3551 + 41‘2 — 4:53 = 0. (31C)

We note that one solution to this equation is ;1 = x5 = x3 = 0, which is referred to as the
trivial solution (a solution in which all of the unknowns are identically zero). In fact, the

following is always true:
A homogeneous system always has the trivial solution.

On the other hand, a homogeneous system may or may not have nontrivial solutions (a
nontrivial solution is one in which the unknowns are not all zero). We will return to this

issue later, but for now we demonstrate this by considering specific examples.
In the case of the system (3.1), we can apply elementary operations to simplify it to

1+ 319 — 23 = 0, (3.2a)
—3zy + 523 = 0, (3.2b)
zs = 0. (3.2¢)

This system is solved only for £; = x5 = x3 = 0. Therefore, this particular example has only
the trivial solution.



Let us consider the following example.

.’E1+5ZE2+.’L'3 = 0,

2.1‘1 + Ty —x3 = 0. 33b)

This is a homogeneous system and therefore has as one solution the trivial solution. Notice
that this system has three unknowns and two equations. We can apply elementary operations
to this system to obtain

T1+ 5T +1x3 = 0, (3.4a)

—9.7,'2—3.7)3 = 0.

The second equation is solved whenever x5, = —(1/3)x3 and the first is then solved whenever

z1 = (2/3)xs. Therefore, if we choose z3 to be any constant, a, a solution of the following

%a, —%a, a). In particular we note that both zero and

nonzero values of a are allowed. Therefore, the system (3.3) has both trivial and nontrivial

form can be found (z1,z2,73) = (

solutions. In fact, since a can be any number, there are an infinite number of nontrivial
solutions.

THEOREM 3. (Rabenstein', Thm. 2.1) A system of linear homogeneous equations in which
the number of variables (unknowns) exceeds the number of equations always has an infinite
number of nontrivial solutions.

EXAMPLE 31 (Rabenstein', section 2.1, problem 5) Find the solution(s) to the following
system using elementary operations.

3z, —x2 = 4, (3.5a)
656'1 — 2.1'2 = 8, (35b)
-9z + 3z, = —12. (3.5¢)

Note that geometrically these equations correspond to three coincident lines. Using elemen-
tary operations we obtain

3.1‘1 — Ty = 4, (36&)
0 = 0, [-2x ROWI1+ ROW?2] (3.6b)
0 = 0. [3x ROW1 + ROWS3] (3.6¢)

The solutions are given by (z1,z2) = (5(4 + a),a) where a is a constant. Another way to
express the solution is just

4 1

There are an infinite number of nontrivial solutions to this system of equations.



4. Matrices and Vectors

Writing many equations with subscripts, etc. is tedious. One way to simplify things is to
use matrix and vector notation. Consider the system of linear equations

201 — 3xo + 223 + 214 = 3, (4.1a)
3.7)1 - 5.’132 + r3 + 33?4 = —2, (41b)
4y — 319 + 23 + 224 = 2. (4.1¢)

We define the coefficient matriz (or just matrix) A for the above system by

2 -3 2 2
A=|3 -5 1 3 (4.2)
4 -3 1 2

This is a 3 x 4 matrix; it has 3 rows and 4 columns. One can think of the matrix as being
made up of column vectors

2 -3 2 2
30,1 =51],111,|3 (4.3)
4 -3 1 2

which by themselves can also be thought of as 3 x 1 matrices, or as made up of row vectors

[2 -3 2 2],
[3 -5 1 3],
[4 -3 1 2], (4.4)

which can also be thought of as 1 x 4 matrices. We define the vectors

3 1

b=| -2, #= iz , (4.5)
) 3
Ty

where we refer to b as a three-dimensional vector and 7 as a four-dimensional vector and
write the above system (4.1) in matriz—vector notation as

A =b. (4.6)

In order to do this, we need to understand how to muliply a matrix and a vector. That is,
we need to know what AZ means. We have

2 =3 2 2 2331 — 3.%’2 + 2333 + 2334
Ai=|3 -5 1 3 = | 321 —bro+zs+3zy |- (4.7)
4 -3 1 2 4.’1,'1 — 31’2 + T3+ 2.’E4



Notice that A is a 3 X 4 matrix, # is 4 X 1 and the product Az is 3 X 1. The idea of
matrix—vector multiplication is that one starts with the first row of the matrix, takes the
sum of the products of the terms in that row and the corresponding terms in the vector
Z; the result is the first entry in the resulting vector. One performs these steps for each
row of the matrix. When one equates the final result in Eq. (4.7) with the right-hand side
of the original equation b one gets the original system back. Another way to think of this
multiplication is as

x

2 =32 27| 2 -3 2 2
A7=|3 -5 1 3 x2 =21 | 3 | +@| =5 | +as| 1 |4+as|3]|. (48)
4 -3 1 2 x3 4 -3 1 2
4

To solve a system in matrix—vector notation one applies the Elementary Operations to
the rows of the augmented matriz

- N

—3 2 2
-5 13 | -2/, (4.9)
312 | 2
where the last column in this matrix represents the right-hand side of Eq. (4.1). The same
rules of Gaussian Elimination or Row Echelon reduction apply, only the notation is simplified
somewhat.

MATRIX-VECTOR MULTIPLICATION: Not all matrices and vectors can be

multiplied together. The dimension of each must be appropriate. Examples are given below
that make use of the following matrices and vectors.

b1 bz bis
A= l a11 Qa2 ] : B = by by bos ’ C — [ C11 Ci2 C13 ]
a21 Q99 Co1 Ca2 Ca23
bs1 b3z bss
I
F=|mz |, 7= lyl ] . (4.10)
T3 Y2

Based on the above matrices and vectors the following matrix—vector products

Ay, BZ#, CZ, are all defined, (4.11)
while the following matrix—vector products

Az, By, C%, are not defined. (4.12)

MATRIX-MATRIX MULTIPLICATION: Matrices can also be multiplied together
if their dimensions are appropriate. For example, using the matrices defined in Eq. (4.10),



we have that
AC = ail a2 €11 C12 (13
A21 Q22 Co1 Ca2 Ca3
[ (a11¢11 + a12021) (@11¢12 + @12¢22)  (@11¢13 + A12C23) (4.13)

(@g1c11 + a22021)  (@21C19 + A22C22)  (a21C13 + A22Ca3)

so that the matrix product AC is a 2 x 3 matrix. In a similar fashion, one can define the
matrix product CB. We note, however, that CA, AB, BA, and BC are not defined. In
general, matrix-matrix multiplication is not commutative. In fact, as we see in the above
examples, AC can be defined while C' A is not!

EXAMPLE 41 Find the following matriz—matriz product.

R e R e vt A (A Y

SOME MATRIX PROPERTIES: Suppose we are given the following 2 X 2 matrices

A:lan 012]’ B:lbn 512]‘ (4‘15)

a21 A22 ba1  bao

The two matrices are equal to each other, A = B, if a;; = b11, a12 = b2, etc.
We can add and subtract matrices of the same size

A=l i) (19
We can multiply any matrix by a scalar r
rA = [ o T ] | (4.17)
Also, as noted previously, matrix multiplication is not commutative in general
AB # BA, (4.18)
but it is associative
(AB)C = A(BC), (4.19)

as long as each matrix multiplication is defined.
SPECIAL MATRICES: The identity matriz is a square matrix (that is, n x n) given
by (for the 3 x 3 case)

100
I=[010 (4.20)
00 1



In general, it has the entry 1 along its diagonal and 0 everywhere else. The identity matrix
has the properties that
Al =TA=A, (4.21a)
bI = Ib=b. (4.21b)
The matrix

a1 G122 013
A= 21 Q29 (A23 y (422)
a31 (32 0Qs3
is symmetric if a1o = as1, a13 = az; and a3 = ass.
The transpose of a matriz (referring to the above matrix A) is

a1 Q21 Azt
AT = | 415 as as |. (4.23)
Q13 Q23 0433
That is, it has its elements “flipped” about the diagonal. We also have that (A")T = A,
(A+ B)T = A" + B" and (AB)” = BT A”. Note that if A is symmetric then A" = A.
A diagonal matriz has all of its off-diagonal entries equal to zero, e.g.

a1 0 0
A= 0 (453 0 . (424)
0 0 ass

INVERSE OF A MATRIX: Another special matrix is the inverse matrix. Suppose
we have the linear system
AZ=b, (4.25)
where A is an n x n matrix and # and b are n-dimensional vectors. If n = 1, so the system
is just the single equation, then what we really have is
ax = b. (4.26)

In this case, the way we solve for x is to divide both sides by a, or equivalently multiply
both sides by 1/a. Then the solution is z = b/a. This works as long as a # 0. Is there an
analogous operation for a general n x n matrix A? The answer is sometimes. For those cases
when the answer is yes, it involves the inverse of the matrix.

We say that a matrix A is invertible if there exists a matrix B such that BA = I and
AB = I. There is at most one such, B, called the inverse of A and is denoted by A™1
(note that if A is n x n then so is A™'). So if A is invertible, then

AV (AZ) = A7,
(ArA)7 = A%,
I = A%,
A7, (4.27)

81
I
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where the bottom line represents the solution to our system of linear equations. That is, &
can be obtained by a matrix-vector multiplication of A * and b. For future reference we say
that A is invertible iff it is nonsingular and A is not invertible iff it is singular.

The next question we ask is that if A is invertible, how do we find A *? To address the
above question, suppose we have the 2 x 2 matrix

1 2
2] -
The inverse has the property that AA™' = I. Think of A~ as made up of column vectors
T 1
Alt=1¢ & |. (4.29)
L
Now imagine the equation AA™ =T as
1 2 _T, _T. 10
3 4 C1 Co = 0 1 . (430)
Lol

One column at a time this is

il

12]a= 1], ata

[12]a= 2] sy

where we would like to solve for ¢; and ¢;. We can do so by using the following technique.
First form the extended matrix

léi}éﬂ (4.32)

Next, use elementary operations on the rows of this matrix to reduce the left two columns
to be the identity matrix, if possible. That is, form the matrix

10 | i i
. . , 4.33
[0 1 | 121 222] ( )

where 911, 12, 121, %00 are determined as the elementary row operatrions are performed. It
turns out, then, that

Al = l 1 b ] (4.34)

121 122

11



So for the above example, we have

12 10]

3401}
(1 2 | 1 0]
|0 -2 | =3 1> [-3 x ROWI + ROW2)
(1 0 | —2 1] [ROW2 + ROW1]
0 -2 | =3 1)’
(10 | -2 1 ]
01 &2 1l -1 x ROW2) (4.35)

The claim is now that
Al=l_32 11]. (4.36)
2 T2

We can check this result by noting that

R Y B ) S

This method works, at least in principle, for any invertible n X n matrix. A general result
for the inverse of a 2 x 2 matrix is given as follows:

THEOREM 4.1

_la b oy 1 d —b
If A—[C d] then A _ad—bc[—c a]’

as long as ad — be # 0.

The number ad — bc is actually the determinant of this 2 x 2 matrix. As we shall see in
the next section, the value of the determinant tells us whether or not a general n x n matrix
has an inverse. If we now go back to the simplest case in which we are solving the equation
ax = b, we notice that the matrix analog of a = 0 (the inverse 1/a is not defined) is that the
determinant of the matrix A is equal to zero (the inverse matrix A~" does not exist).

EXAMPLE 4.2 Find the inverse of the matriz

1 0 2
2 -3 4 (4.38)
0 2 1
Start by forming the extended matrix
1 0 2] 100
2 =34 1] 010/, (4.39)
0 2 1] 001

12



and simplify using elementary (row) operations,

1 0 2] 1 00
0 -30 | -2 10/, [-2x ROW1 + ROW2]
0 2 1] 0 01
1 0 2] 1 0 0
0 -30] -2 1 0],
0 0 1| —4/3 2/3 1| [2/3 x ROW2 + ROW3]
100 | 11/3 —4/3 —27 [-2 x ROW3 + ROWI]
010] 2/3 —-1/3 0|, [-1/3x ROW2]
001 | —4/3 2/3 1

SO
11/3 —4/3 —2

Alt=1| 2/3 -1/3 0 |. (4.40)
—4/3 2/3 1

This result can be checked by confirming that A *A = 1I.

5. Determinants

The determinant is a property of an n x n matrix A. It is denoted by detA. Before we
describe how det A can be calculated, we will state why it is worth calculating!

THEOREM 5.1 (Rabenstein', Thm. 2.10) If detA # 0, then the matriz A has an inverse;
that is, A is nonsingular. Furthermore, the n X n system of equations AZ = b has a unique
solution.

THEOREM 5.2 (Rabenstein', Thm. 2.12) The homogeneous linear system of equations AT =
0 has nontrivial solutions if and only if detA = 0. When detA =0, A is singular, and the
matriz A does not have an inverse.

Determinants play key roles in numerous situations that arise in the context of linear
algebra and differential equations. As can be seen from the above two theorems, the de-
terminant of a matrix provides information about a system of linear equations before one
actually tries to solve the system. We now focus on how to calculate detA.

We will start by giving an operational definition of the determinant of 2 x 2 and 3 x 3
systems before stating a general method for finding det A for n x n systems.

o If Aisa 2 x 2 matrix

A:[‘Z Z] (5.1)

13



then

detA =

o

e If A is a 3 x 3 matrix

a11 Q12 a13
A= | axn axp as |, (5-3)
a31 32 (33

then

detA = a;1 My — a1oMis + a13Mis

Q22 Q23
a3z (33

a21 Q22
a31 (32

a1 Q23
= a11 — 012 + a3
a31 (33

= a11(a22a33 — A32023) — G12(A21033 — A31a23) + a13(a21a32 — as1a22).  (5.4)

Here M;; is called the minor of element a;;. It is the determinant of the (n — 1) x (n — 1)
submatrix obtained from A by deleting the i row and the ;% column (i.e. the row and
column occupied by the element a;;). In the above formula we chose to expand in minors by
going across the top row. The above formula is equivalent to that obtained by expanding
down any column or across any row. Examples include

detA = a11M11 — a21M21 + 0,31M31, (55&)
detA = —a21M21 =+ a22M22 — 0,23M23. (55b)

Hopefully now you will have noticed that there are in some cases plus signs and other cases
minus signs in these formulas. We can see where these come from by considering the general
n X m case.

e Consider the general case where A is an n X n matrix,

ail; a2 ai13 ... Qip
a21 QA22 Q23 ... Q2
A= | a3 azp as ... a3 |, (5.6)
L An1 Ap2 Ap3 ... Qapp i

Next imagine that each entry has associated with it a plus or minus sign in the following

way
[+ — + (=t
— + Y G U5
+ - + (=)™t (5.7)
| ()~ (e v




which is essentially a checkerboard pattern starting with a plus sign in the upper left corner.
Now, to write down the determinant for this general case, we again start by choosing any
row or any column (as we’ll see, it is often advantageous to choose a row or column with
lots or zeros in it, if such a row or column is present). If we choose the first row, say, the
determinant is given by

detA = a11M11 — a12M12 + a13M13 4+ ...+ (—1)”+1a1nM1n, (58)

where My, through Mj, are minors (e.g. Mj; is the determinant of the submatrix formed
by deleting row 1 and column 1 from the original matrix, while Mj,, is the determinant of
the submatrix formed by deleting row 1 and column n of the original matrix). This is a
recursive formula. That is, the M;; that appear in this formula are themselves determinants
of smaller matrices, which can be expressed by formulas similar to equation (5.8). The
following definition and theorem state this result.

DEFINITION 5.1 The cofactor of element a;; is (—1)"7 M;;,

the submatriz formed by deleting the row and column occupied by the element a;;.

where M;; is the determinant of

THEOREM 5.3 (Rabenstein', Thm 2.8) If A is an n X n matriz, detA may be found by
choosing any row or column wvector of A, multiplying each component by its cofactor and
adding these products.

It is worth pointing out that this method in principal allows one to hand calculate the
determinant of any n X m matrix. In reality, however, most matrices larger than 3 x 3,
depending on the exact nature of the matrix, should probably be calculated using software
such as Matlab or Mathematica. Huge matrices, which appear frequently in applications,
almost always require computational tools.

EXAMPLE 51 (Rabenstein' section 2.10, problem 2a) Find detA of
1 2 -1
A=|41 2 | (5.9)
11 -3

Here we choose the first row to expand with cofactors.

detA — <1)“ _23‘—@)!‘1‘ _23‘+(—1)"11 H
= —5—2(—14) — (3) = 20. (5.10)

Since the determinant is nonzero, the matrix A is nonsingular and has an inverse.

15



EXAMPLE 52 Find detA of
1 0 -1
A=[40 2 |. (5.11)
1 1 -3

Here we choose the second column since it has two zeros.

detA = —(1)‘ ‘:—6. (5.12)

4 2

Again since the determinant is nonzero, the matrix A is nonsingular and has an inverse.

EXAMPLE 83 Find detA of

101 0
012 -1
A= 041 2 (5.13)
111 -3
Here we choose the first row since it has two zeros (the first column also would be a good
choice).
1 2 -1 01 -1
detA = (1)]4 1 2 |+(1)|0 4 2
11 -3 11 -3
1 -1
= 20+(1)‘ 4 9 ‘=20+6:26. (5.14)

The first 3 x 3 determinant appearing here we recognize from example 51.

SOME PROPERTIES OF DETERMINANTS:

e If A is diagonal then detA = ajjasass - - - any, (i-e. the determinant is the product of
the diagonal elements).

e If A has a row (or column) with all zero entries, then detA = 0.

e If two rows (or two columns) of A are interchanged, then the determinant of the
resulting matrix is —det A.

o If two rows (or two columns) of A are identical, then detA = 0.

As an exercise, write down some 2 x 2, 3 x 3 and 4 x 4 matrices and convince yourself of
the above properties.

6. Vector Spaces

We have looked at linear systems, how to solve them, how to write them using matrices and
vectors, and we have identified some properties of the systems by computing determinants.
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In the following section we shall describe the “space” in which the solutions to these problems
reside.

Two of the most familiar “spaces” are 2 and R3. One can think of ®? mathematically as
the set of ordered pairs (z, y), or geometrically as the space defined by the x — y plane. Here
we can define vectors 73 = (71,%1) and To = (x2,ys) which “reside” in R2. Two important
points to notice about 2 are that if #; and #5 are elements in this space, then

e their sum #; + Z» is also a member of this space (Closure Under Addition), and

e any scalar multiple 77 is also a member of this space (Closure Under Multiplication).
This is saying that if two vectors in 2 are added together, or if a vector in 2 is multiplied
by a scalar, the result is still a vector in 2.

The situation is similar if we consider the three-dimensional space R3. Here we have
vectors 71 = (1, Y1, 21), To = (Ta, Yo, 22), etc. Again, #; + T is in R and rz; is in R3. The
same arguments extend to vectors in R", although the familiar geometrical view begins to
break down when n > 3.

R, N2 N3, ..., R are examples of vector spaces. As we shall see below in the following
formal definition, a vector space is defined not so much by the nature of its elements, but
rather by the nature of the operations applied to its elements.

DEFINITION 6.1 Vector Space (from Roberts®) Let V be a nonempty collection of elements
that can be added together or multiplied by scalars. V is a vector space (or linear space) if
for arbitrary elements u, v, W in V and arbitrary scalars a, b, c the following properties are
satisfied:

@+ 7 isinV (closure under addition)

ail is in 'V (closure under multiplication)

@+ 7 =0+1u (commutative property)

(€ + )+ = @+ (0+ W) (associative property)

There is a zero element 0 in' V such that @+ 0 = @

For every @ in'V there is another element —i in 'V such that @ + (—@) =0

© 0 NS o~

If you go through this list with &2, R3 or in general " in mind, for example, you should
be able to convince yourself that each of the ten properties hold.

The notion of a vector space is not limited to sets whose elements are geometrical vectors
(in the usual way of thinking of vectors). The following examples show some other collections
of elements which are vector spaces and some collections of elements which are not.

EXAMPLE 61 The set of all polynomials forms a vector space. Examples of elements in the
set of all polynomials are

u(z) = 7—3z+1°
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w(r) = bz —z°+ 22> +1°.

If we add any two polynomials together we get another polynomial (so point 1 is satisfied).
If we multiply any polynomial by a scalar we get a polynomial (so point 2 is satisfied). The
commutative and associative properties hold for polynomials (points 3 and 4). There is a
zero element, namely 0 (point 5). Taking the negative of a polynomial is a polynomial and
adding these together gives 0 (point 6). Properties 7 through 10 can also be confirmed for
polynomials.

EXAMPLE 6.2 The set of all real-valued functions that are defined and have a continuous
derivative on an interval (a,b) forms a vector space. Here we think of the elements @, ¥ and
W as representing the functions f(x), g(x) and h(x), for ezample. Again, a mental check
confirms the above 10 conditions.

EXAMPLE 6.3 The set of odd integers does not form a vector space. To see this note that 1
and 3 are both odd integers, but their sum 1 4+ 3 = 4 is not an odd integer. This set is not
closed under addition and is therefore not a vector space.

Why do we worry about vector spaces? They can be used to describe the space where
solutions to linear systems (algebraic or differential systems) reside. In the case of algebraic
systems, if we know that the solution to a problem resides in 2 (the solutions are vectors
in a plane) then we know not to look for solutions in %* (which include vectors that can
point out of the above plane). In the case of differential equations, knowing the “size” or
dimension of a vector space essentially tells us when we can stop looking for solutions (i.e.
when we have found all that exist). Often solving differential equations involves making
good guesses about the solution so it is advantageous to have all the clues we can get.

7. Subspaces

Basically, subspaces are vector spaces, only smaller.

DEFINITION 71 (Roberts®) A nonempty subcollection U of elements in a vector space V is
called a subspace of V' if the elements of U are themselves a vector space.

While this is a formal definition of a subspace, it turns out that all one really needs to
show is closure under addition and closure under multiplication for the elements in U. Note
that it is required that the elements already be elements of a known vector space V. If @, v
and o are in U, then properties 3,4,7-10 in the definition of vector space hold automatically
(since 4, ¥ and & are also in V). Further, once the properties of closure under addition and
multiplication are shown, properties 5 and 6 in the definition of vector space follow. We can

state this as a theorem.
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THEOREM 7.1 (Rabenstein', Thm. 3.1) If U is a nonempty subcollection of elements of a
vector space V, then U is a subspace of V if and only if U s closed under addition and
multiplication. That is,

e if iy and i are in U, then so is Uy + U, and

o if 4 is in U, then so is ri.

EXAMPLE 7.1 Show that the set of polynomials of degree 2 or less forms a subspace of the
vector space of all polynomials. Note that the set of all polynomials is a vector space and
the set of polynomials of degree 2 or less are included in that vector space.

e Closure under addition: We first identify two general elements in the subcollection as

u(z) = azx? + a1w + ag, v(x) = box® + byx + by.
Now note that if we add these together
u(z) +v(z) = (az + b2)z” + (a1 + b))z + (ag + bo)-

we end up with a polynomial that is degree two or less (it could be a polynomial of degree
one, for example, if as + by = 0). Therefore this subcollection is closed under addition.

e Closure under multiplication (by a scalar): Suppose we take the element u(z) and multiply
it by the scalar r

ru(z) = (rag)z® + (ray)z + (rag),

which is also a polynomial of degree two or less. Therefore this subcollection is closed under
multiplication. We then conclude that the set of polynomials of degree 2 or less forms a
subspace of the vector space of all polynomials.

EXAMPLE 7.2 (Rabenstein', section 3.2, problem 2) Show that the set of all elements of R?
of the form (1, a), where a is any constant, is not a subspace of R
e Closure under addition: We first identify two general elements in the subcollection as

’17:1 = (1,a1), 17:2 = (1,0,2).
If we add these together we find that
17:1 + ’l—l:z = (2,0,1 + ag). (71)

While the second component of this vector is a scalar (like a), the first component is not
equal to 1 and therefore this subcollection is not closed under addition and therefore is not
a subspace of R2.
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EXAMPLE 7.3 Let F? be the vector space of all twice differentiable functions defined on the
interval [a,b]. Show that the set of all functions satisfying

F(@) +2f () = 0, (7.2)

is a subspace of F>.
e Closure under addition: We first identify two general elements in the subcollection as f;(z)
and fo(z) where

T(x)+2fi(z) = 0, .
> (1) +2f2(z) = 0. (7.3b)

We need to first determine if f; + f is in this subcollection. If we add the two equations in
Eq. (7.3) we find that

J(x) +2f1(z) + £ (z) + 2fe(z) = 0,
1 (z) + f3 (@) + 2fi(z) + 2fo(2)
[f1(z) + f2(2)])" + 2[fi(z) + fo(z)] = O. (7.4)

This shows that the new function f; + fo satisfies Eq. (7.2) so this subcollection is closed
under addition.

~— ——

e Closure under multiplication: We need to determine whether the function rf; satisfies
Eq. (7.2). Note
rfi(z) +2f(2)] = O,
[rfi(@)]" +2[rfi(@)] = o
The second equation shows that the function r f; satisfies Eq. (7.2). Therefore the subcollec-

tion is closed under multiplication. We have therefore shown that the subcollection described
above is a subspace of F2.

8. Span of a Set, Linear Combination

Consider the set {i, s, ..., i} made up of any k elements of a vector space V. This could
be a set of vectors, a set of functions, a set of polynomials, etc. A [linear combination of

these elements is defined as
cry + colly + . .. + ¢y, (81)

where cq,...c; are constants. Now consider the set of all linear combinations of these ele-
ments (that is, the set of all elements of the form given by equation (8.1)). If we take two such
linear combinations ll = alﬂl +agﬁ2+. . .+akﬁk and 12 = blﬁl +b2ﬁ2+ . +bk11'k and add them
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together we get another linear combination Iy +1s = (a1 +b1)d1 + (ag+be)da+. . .+ (ag + by ) Uy.
If we take the first linear combination, say, and multiply it by a scalar r we get another linear
combination rly = (ray)@; + (raz)is + ...+ (rag)dy. Therefore, the set of all linear combi-
nations of these elements is closed under addition and multiplication; it is a subspace U of
V. This subspace U, which is made up of all linear combinations of the elements iy, s, ...,
Uy, is said to be spanned by iy, Uy, ..., Uy. That is, the elements iy, s, ..., U, span the
subspace U.

An equivalent way of thinking about the span of a set of elements is the following. If the
set {1, Uy, ..., Uy} spans U, then any element of U can be written as a linear combination
of the elements ., s, ..., ;. Note that there could be an infinite number of elements in

U (which are all linear combinations of @, @, ..., i;). For example, if two functions y; ()
and ys(z) span the set of all solutions to the second order homogeneous linear differential
equation y"+p(x)y’ +q(z)y = 0, then any solution to this differential equation can be written
as a linear combination of y;(z) and ys(z).

The idea here is that if you know that a solution you are seeking (to a differential equation
or a linear algebraic equation) resides in a vector space and that you have a set of vectors (or
elements) that span that vector space (or subspace), then, you can stop looking for solutions
since all other solutions are linear combinations of the spanning vectors.

The above description tells how the concept of the span of a set of elements is related to

linear combinations of those elements. In the sections that follow the notion of the span of
a set will also be related to notions of dimension, basis and linear dependence. For now, we

shall consider several examples based on the above definitions of a linear combination and
the span of a set.

EXAMPLE 81 (Rabenstein', section 3.2, problem 5) Let U be the subspace of R® (a vector
space) that is spanned by the vectors (—2,1,1) and (1,—1,3). Interpret this subspace ge-
ometrically. Since these two vectors span the subspace, any element of U must have the
form

i=a| 1 |+b| —=1]. (8.2)

You should be able to confirm for yourself that such elements do, in fact, form a subspace
(i.e. show closure under addition and multiplication). The geometric interpretation of this
subspace is a plane passing through the origin and the points (—2,1,1) and (1,—1,3) (i.e.
their x,y, z coordinates). The parametric representation of the plane is

r = —2a+b,
Yy = a_ba
= a+ 3b,
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where a and b are the “parameters” of the plane (once given, they determine z,vy, z). The
equation for the plane can also be represented by

z+4x + Ty = 0.

EXAMPLE 82 (Rabensteint, section 3.2, problem 4) Let U be the subspace of R (a vector
space) that is spanned by the vector (1,3, —2). Interpret this subspace geometrically. Since
the vector spans the subspace, any element of U must have the form

t=al| 3 |. (8.3)

The geometric interpretation of this subspace is a line passing through the origin and the
point (1,3, —2) in 3D. The parametric representation of the line is

EXAMPLE 83 (Rabensteint, section 2.5, problem 20) Suppose we have a vector ¥. This
vector is a linear combination of the vectors vy, Vs, ..., Uy, if there are numbers ci,co, . .., Cp,
(not all zero) such that

U= 01171 + 02’172 + ...+ Cmﬁm. (84)

Now consider the linear system AZ = b where A is an m X n matriz, ¥ is an n-dimensional
vector and b is an m-dimensional vector.

x1

(O N N o .
AZ= | dy dy ... a, . = x101 + Tols + ... + x,0, = b. (85)
L N

o If A¥ = b has a solution T then b is a linear combination of the column vectors of the
matriz A.

° Ifgz C1@1 + ol + . .. + Cpdy, then Ty = ¢, Ta = Ca, ..., Ty = ¢y, (1.6. T = C) is a solution
(see Theorem 2.4 in Rabenstein®).
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9. Linear Dependence

We’ve been describing sets of “vectors” and that if one takes all linear combinations of a set
of vectors in a vector space one gets a subspace spanned by those vectors.
Consider the following situation. Let U be the subspace of 3 that is spanned by the

vectors
0 0 0
O, 17],]111. (9.1)
1 0 1

Therefore, any element of U must have the form

0 0 0 0 0
t=a|0|+b|1l|+c|1l|=|b+c]|=]0 (9.2)
1 0 1 a—+c c

In geometrical terms, this is a plane in (x,y, z) space with = 0. So apparently, these three
vectors span this plane.
Now consider the subspace of ®* spanned by the vectors

0 0
ol,[1]. (9.3)
1 0

We can show, as in the above case that these two vectors span the same geometrical space
as the previous three vectors spanned. Somehow the vectors in Eq. (9.3) more efficiently
describes the plane with z = 0 than do the vectors in Eq. (9.1). The reason for this greater
efficiency has to do with the notion of linear dependence. This is also closely related to
dimension _and basis which we shall discuss in section 11.

DEFINITION 9.1 A finite set of elements {¥1,0s,..., U} of a vector space V is linearly
dependent if there exist numbers ci,ca, ..., cp (not all zero) such that
61’171 + 62172 + ...+ Cmﬁm =0. (94)

The set or the elements themselves are referred to as linearly dependent. If the only way
to satisfy this equation is with ¢, = ¢y = ... = ¢, = 0 then the elements (or the set) are

linearly independent.

EXAMPLE 9.1 So if we consider the previous case of the three vectors in Eq. (9.1) and try
to satisfy

0 0 0 0
C1 0 + co 1 + c3 1 = 0 y (95)
1 0 1 0
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we find that we can do this by taking the nonzero values ¢; = 1, co = 1 and c3 = —1 (this
is just one possible choice). Therefore, the vectors given in Eq. (9.1) are linearly dependent.
The two vectors given in Eq. (9.3) are linearly independent since the only solution of

0 0 0
C1 0 + Co 1 = 0 y (96)
1 0 0

18 cp = ¢y = 0.
Another way to think of this result is described in following theorem.

THEOREM 91 (Rabenstein', Thm. 8.3) The set of elements {v1, Vs, ..., Uy} is linearly
dependent if and only if at least one of the elements in this set is a linear combination
of the others.

The basic idea behind this theorem is that for a linearly dependent set of vectors, one of
the vectors must be redundant.

Now consider n vectors 1, ¥, . . ., U, in &™. Each vector has m components, for example
V31

B=| o 9.7)
Vam

The linear dependence of these n vectors is determined by finding for which values of ¢; the
following equation holds

61’171 + (32172 + ...+ Cnﬁn = 0. (98)

If we rewrite this equation using slightly different notation we have

T T T
C1 ’171 + Co 172 +...4+c, ﬁn = 0, (99)
\J \J \:
which we can also express in matrix form as
L N N
L
or AZ =0 where A is an m x n matrix made up of the column vectors @, ¥, . . ., 7, and ¢ is
an n-dimensional vector made up of the elements ¢y, cs,...,c,. Recall that we are looking

for ¢ which satisfy this equation. In particular we want to know if there are any nontrivial
solutions (the trivial solution & = 0 satisfies this equation).
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Q: “When does AZ = 0 have nontrivial solutions?”

A: If n > m there is always a nontrivial solution since the number of unknowns n is
greater than the number of equations m (see Theorem 31). If n = m there exist nontrivial
solutions when detA = 0 (see Theorem 52). If n < m then there may or may not be
nontrivial solutions.

THEOREM 9.2 (Rabenstein', Thm. 3.4) Let ©,, s, ..., ¥, be elements of R™. If n. > m then
these elements are linearly dependent. If n = m then these elements are linearly dependent
iof and only of

Tt T 1
VLol

EXAMPLE 92 Determine if the following vectors are linearly dependent or linearly indepen-
dent.

0 1 1
_)1 = 1 ) 172: 0 3 173: 1 )
1 1 0

First evaluate the determinant
011
det |1 0 1 |=0—-(1)(-1)+(1)(1)=2+#0. (9.12)
110

Since this determinant is nonzero, these vectors are linearly independent. Note that if any

additional vector in R® was included in this list, those 4 vectors would automatically be
linearly dependent as a consequence of the first part of Theorem 92.

EXAMPLE 93 Are the following vectors linearly dependent?

1 2 —1
’171 = 0 ) ’172 = 6 , 173 == —12
-1 1 -5
To check, evaluate the determinant
1 2 -1
det| 0 6 —12 [ =(1)(—18) -0+ (-1)(—24+6) = 0. (9.13)
-1 1 =5

Therefore, since the determinant vanishes, these vectors are linearly dependent. This means
that

61171 + 62’172 + 03173 = O, (914)
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can be satisfied by values of ¢y, co, c3 that are not all zero. By setting up the system

1 2 -1 c
0 6 —12 || ¢ | =0 (9.15)
11 -5 cs

and using elementary operations on the rows, show that any vector ¢ = (c1, cs, c3) of the
form

¢ = (—3a,2a,a), (9.16)

where a is a constant, is a solution.

10. Wronskian

We have just described the linear dependence of vectors in #”. We now focus on the linear
dependence of functions. Consider the functions

f(z) =¢€", g(x) =e". (10.1)

These two functions are linearly independent if the equation

cre” +ce”" =0, (10.2)

holds only for ¢; = ¢o = 0. If there exist nonzero ¢; and ¢, such that this equation holds for
all , then the functions are linearly dependent. This statement follows directly from the
definition of linear dependence/independence given by Def. 91. Given the above Eq. (10.2)
it is also true that we can take its derivative to obtain

c1e’ —cee * =0. (10.3)

If we write Eqgs. (10.2) and (10.3) in matrix notation we have

l & ‘. ] l o ] =0, (10.4)
e’ —e 2

or AZ = (. This has nontrivial solutions € if and only if detA = 0 for all values of = (see
Thm. 52). However, we note that

et e
T —e

—X

detA = =—1-1=-2#0 forany z. (10.5)

—T

Therefore ¢; = ¢ = 0 is the only solution. Consequently, the functions e* and e™* are
linearly independent. Notice that in the above example, the matrix A is really

flx) gz
o1 ]
The determinant of A is, in general, a function of z and is called the Wronskian (this is the
2 x 2 case) of the functions f(z) and g(x) at the point z. This definition generalizes to any
number of functions.
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EXAMPLE 101 Are the functions f(x) = €*, g(x) = e™® and h(x) = €** linearly indepen-
dent? To check, consider the solutions ¢ of the equation

c16% + coe™% + 3% = 0. (10.7)

In a similar fashion to the previous discussion we can formulate two more equations by taking
derivatives of the above equation. In matrix-vector notation we obtain the system

T — 2z

(& (& (& C1
T e 2% e | =0, (10.8)
T et 46237 3

We next evaluate the Wronskian of the above 3 x 3 matrix (which is the determinant of this
matrix) and we find

x e~ eQaf:
W=|e* —e? 2% | =—6e*, (10.9)
e% e ® 4e2x

where W is the Wronskian. Since W # 0 for z = 1, say (or for any other value of z), then
c1 = ¢ = c3 = 0. Therefore, these functions are linearly independent.

DEFINITION 104 [In general if f1(x), fo(x), f3(z), ..., fm(z) are defined functions with at
least m — 1 derivatives on some interval, we define the Wronskian of these functions to be

h@ R @) fa()
_— fl@ fz@ fgga» fm@ | (10.10)
A" V(@) A" V@) £ ) .. frD ()

where the superscripts in parentheses in the last row indicate the (m — 1) derivative of the
function.

THEOREM 101 (Rabenstein', Thm. 3.6) Consider the functions fi(z), fa(z), f3(z), ...,
fm (). If these functions are linearly dependent on some interval, then the Wronskian is
zero for all values of x on that interval. THEREFORE, if W # 0 for at least one value of x
on the interval, then the functions are linearly independent on that interval.

CAUTION: If W = 0, it is not necessarily true that the functions are linearly dependent. As
an example, consider the two functions gi(x) = z* and g»(x) = z|z| which are defined for all
values of x. These have W = 0 but are linearly independent on the interval —oo < x < 00.

EXAMPLE 102 Show that the functions f(x) = x*, g(x) = 2, and h(z) = 2% are linearly
independent for all values of x. Evaluate the Wronskian

[ S
W =det | 42 322 2z | = —225. (10.11)
1222 6x 2

Since we can identify values of x for which W # 0, these functions are linearly independent.
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EXAMPLE 10.3 Determine the whether the functions f(r) = z? + 2z + 1, g(x) = z* — 3z,
and h(xz) = 5z + 1 are linearly independent or linearly dependent. Evaluate the Wronskian

22+2x+1 22—3x 5r+1
W = det 2z + 2 2z -3 5 = 0. (10.12)
2 2 0

Since W = 0 Theorem 101 does not apply. If we go back to our original definition of linear
independence we know that these functions will be linearly dependent if we can find ¢y, ¢
and cs not all zero such that

c1f(z) + cag(x) + csh(z) = 0, (10.13)

for all z. Notice that for the above functions, this equation is satisfied for ¢; = 1, ¢s = —1,
and c3 = —1; that is, g(z) + h(z) = f(x). Therefore, these functions are linearly dependent.

EXERCISE 101 (Rabenstein!, section 3.4, problem 1f) Determine whether or not the func-
tions x, e and xe® are linearly dependent or linearly independent.

11. Dimension, Basis

In the following section we describe a vector space by its size, or dimension. When we
first introduced the notions of vector space and subspace, we talked about a set of vectors
spanning that space. We also showed that it is possible for more than one set of vectors
to span the same space and that the larger spanning set was linearly dependent. There are
several other theorems and definitions which extend these ideas.

DEFINITION 111 Suppose that vy, Us, ..., U, are linearly independent elements of a vector

space V. If every set of more than n elements of V' is linearly dependent then V is a vector
space of dimension n. THE DIMENSION OF A VECTOR SPACE IS THE NUMBER OF
ELEMENTS IN THE LARGEST LINEARLY INDEPENDENT SET IN THAT SPACE.

DEFINITION 112 Suppose V' is a vector space of dimension n. Any set of n linearly inde-
pendent elements of V' is called a basis for V. A BASIS FORV IS A SET OF VECTORS
THAT SPANSV AND IS ALSO LINEARLY INDEPENDENT.

So one could also think of a basis as a mazimal independent set or a minimal spanning
set. In order to describe the elements of a vector space, all one really needs is a basis! Notice

that there is not just one basis for a vector space. For example, the two sets of vectors
{(1,0),(0,1)} and {(1,—1),(1,1)} are both bases for R.

THEOREM 111 (Rabenstein', Thm. 3.8) If there is a set of n linearly independent elements
of V that spans V (i.e. a basis with n elements) then V has dimension n.
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EXAMPLE 111 Use the above theorem to show that R* has dimension 3. Consider the set
of three vectors

1 0 0
0|, 11, 0]}, (11.1)
0 0 1

These vectors are linearly independent since

1 00
det | 0 1 0| =1+#0. (11.2)
0 01
Furthermore, since
1 0 0 a
alO0|4+b|1|+c|O0|=|0b], (11.3)
0 0 1 c

represents a general element of 13, these three vectors span R3. Therefore, by Theorem 11.
.1, R3 has dimension 3. Similar reasoning shows that ™ has dimension m.

EXAMPLE 112 Show that the vector space of all polynomials of degree two or less has di-
mension 3. Consider the set of elements

{1, =z, 2°} (11.4)

If we examine the Wronskian W (1, z, z?)

1 z 2°
W=det| 0 1 2z | =2#0, (11.5)
00 2

we can conclude that these three functions are linearly independent. Furthermore, as in the
above example, since

a(l) + b(z) + c(z®) = a + bx + cz?, (11.6)

characterizes all polynomials of degree two or less, these three functions span the vector
space. Therefore, the vector space of all polynomials of degree two or less has dimension 3.
Similar reasoning shows that the vector space of all polynomials of degree m — 1 or less has
dimension m.

THEOREM 112 (Rabenstein', Thm. 3.9) If V is a vector space of dimension n, then every
set of linearly independent elements that spans V' (i.e. every basis) has exactly n elements.
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EXAMPLE 113 (Roberts®, p. 180, problem 17) Can we find a set of three polynomials
{p1(z), p2(x), ps(x)} that will form a basis for the vector space of all polynomials of de-
gree three or less? No. One could argue as we did in the previous example that the vector
space of all polynomials of degree three or less has dimension 4. By Theorem 112 | in order
for a set to span this space, the set must contain exactly 4 elements. The proposed set
{p1(z), p2(x), p3(x)} has only 3 elements and therefore cannot form a basis for this space.

EXAMPLE 114 What is the dimension of the space spanned by
g1(z) =sinzx, 92(x) = cosz? (11.7)
Elements in this space look like
c18inx + ¢o Ccos &, (11.8)

where ¢; and ¢y are constants. If these elements are linearly independent (and since they
span this space) then by Theorem 111 the space would have dimension 2. So, consider the
Wronskian

W = det l SHLL oS T ] = —sin’z — cos’z = —1 # 0. (11.9)
cosx —sinz
Therefore these two functions are linearly independent. By Theorem 111 the space has

dimension 2.

It is also true that the set {1,z,z% z°, ...} forms a basis for the vector space of all
polynomials. This vector space has infinite dimension.

The following describes a method for finding a basis for a subspace spanned by a set of
vectors. Consider the subspace of ®* spanned by the vectors

1 1 1 1
_ 0 . 2 . 1 . —4
2 0 1 6
The first thing to notice is that
L I
det ’171 272 273 274 =0. (1111)
el

Therefore, based on Theorem 92, we know that these vectors are linearly dependent. Conse-
quently, these vectors do not form a basis; they are not linearly independent. A method for
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finding a basis starts by forming the matrix whose rows are made up of the above vectors,
namely

1 0 1 2
1 2 -1 0
L1 o 1l (11.12)
1 -4 5 6

and applying the elementary operations on the rows. So

1 0 1 27
0 2 -2 -2 [ -1 x ROW1 + ROW2)]
01 -1 -1 [—1 x ROW1 + ROW3]
0 -4 4 4 | [-1x ROWI + ROW4]
10 1 27
01 —1 -1 [1/2 x ROW?2]
00 0 0 [ -1 x ROW2 + ROW3]
00 0 0 | [4 x ROW2 + ROW4]

The above matrix is now as simplified as possible. If we extract the two remaining (nonzero)
row vectors we have

: o = (11.13)

1

N = O =
1
—_

These two vectors are linearly independent since cyw; + cows = 0 can only be satisfied by
¢1 = ¢ = 0. Furthermore, the vectors w; and s, span the same space as did the vectors vy,
Ua, U3 and ¥y; this result is the consequence of the following theorem.

THEOREM 113 (Rabenstein' Thm 3.10) Given an m X n matriz A. Let the matriz B be
the matrixz formed by performing a finite number of elementary operations on the rows of A.
Then the subspace of R™ that is spanned by the rows vectors of A is the same as the subspace
spanned by the row vectors of B.

Therefore, a basis for the space spanned by the vectors ¥, v, U5 and v is given by the
set {wy, Wa}. This subspace therefore has dimension 2.
12. Linear Transformations

A function y = f(z) can be thought of as a mapping that starts with a point z and maps
it into the point y. We write this as the mapping f : ®' — R!. The function f maps an
element of R! into an element in R'. Similarly,

y1 = fi(z1,72),  y2 = fa(z1, 72), (12.1)
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is a mapping from R? to R2. We say that the coordinate (z1,z2) is in the domain and the
coordinate (y1,¥2) is in the range of the mapping. Another mapping is the definite integral

/01 (@), (12.2)

which takes a function in F and maps it into ®!. Of particular interest are mappings that
take us from one vector space to another (it could be the same vector space or it could be a
different one).

Suppose we have two vector spaces and a mapping 7" : U — W. This mapping takes
elements from U and maps them into W (the range of T" is in W but may not be the whole
of W). Suppose that @ and ¢ are in U, then @ + ¢ and 74 are in U (since U is a vector
space). Then T'(@), T(¥), T (& + ¥) and T'(r#) are in the range of U (which is in W). Now,
since W is a vector space T'(#) + T'(¥) is in W and 7T (@) is in W. These are not, however,
necessarily in the range of 7T'.

DEFINITION 121 The mapping T : U — W s called a linear transformation (or linear

operator, or linear mapping) if for every vector @ and ¥ in U, and for every scalar r, we
have

S

T(r
T(u+

) = rT(a), (12.3a)
) = T'(a)+T(). (12.3b)

<y

ExXAMPLE 121 Is f : R' — R where f(x) = mx for constant m a linear transformation?
To answer this we need to see if (i) f(rz) = rf(z), and (ii) f(z1+z2) = f(x1) + f(x2). Part
(i) is satisfied since m(rz) = r(mx) and part (ii) is satisfied since m(z; + z2) = mx1 + mzs.
Therefore, this mapping is a linear transformation.

EXAMPLE 122 Is f : R' — R where f(x) = mx+b for constant m and b a linear transfor-
mation? To answer this we need to see if (i) f(rz) = rf(z), and (ii) f(z1+x2) = f(z1)+f(x2).
For part (i) we require m(rz) + b = r(ma + b) but this only works if b = b (so b = 0 or
r = 1). For part (ii) we require m(z; + z3) + b = (mx; + b) + (mxs + b), which again works
only if b = 0. Consequently since both of these requirements are not satisfied, this mapping
(with b # 0) is not a linear transformation.

EXERCISE 121 Show that the mapping f : R' — R' where f(z) = ax? is not a linear
transformation.

EXAMPLE 123 Is the transformation I : F — R, where

1) = [ fa)ds (12.4)
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a linear transformation? Here F represents the vector space of all functions defined on [0, 1].
The first thing we will do is to identify two elements of F, call them f(x) and g(x). We first
ask (i) Does I(f +g) = I(f)+1(9)?

5+9) = [ @) +g@]ds,
= /01 f(z)dz + /01 g(z)dz,
= 1(/)+ (o),

so the first required property holds. Next, we ask (ii) Does I(rf) = rI(f)?
105) = [ ris,
= 7“/01 f(x)dz,
= ri(f),

so the second required property holds. Therefore, this is a linear transformation.

Note that in Example 123 the functions f(z) and g(z) themselves may be nonlinear
functions of x (for example f(z) = 2?). A linear transformation reflects how the elements
of the domain appear; in this case the elements are f and g. The following example is not
a linear transformation.

EXAMPLE 124 Is the mapping I : F — R, where

1) = [ Payiz. (12.5)

a linear transformation? Suppose we take two elements of the domain like we did in the
previous example and ask (1) Does I(f +g) = I(f) +1(g)?

f+9) = [ (f@)+g(e) as,
= [ [P@r+ 2 @) + (@) d
= 1) +10)+ [ 2f@gla)d.

Since the integral appearing in the last line is not in general equal to zero, the first require-
ment for a linear transformation does not hold (the second does not either!). Therefore, this
mapping is not a linear transformation.

EXERCISE 122 Show that the mapping T : " — R™ defined by AX = ij, where A is an
m X n matriz, T is an n—dimensional vector and i is an m—dimensional vector is a linear
transformation. This m X n matrix takes an n—dimensional vector and maps it into an
m—dimensional vector.
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A related result, which we state as a theorem is

THEOREM 121 For any linear transformation T' : U — W, the zero element of U gets
mapped to the zero element of W.

It is also possible that other elements of a vector space, say R”, can get mapped to the
zero element of another vector space, say ™. An example would be a nontrivial solution
Z # 0 to the matrix equation AZ = 0. The set of all elements of U mapped to the zero
element of W forms a subspace of U. This subspace is called the kernel or nullspace of the
linear transformation.

EXAMPLE 125 (Rabenstein!, section 3.7, problem 8) Consider T : 2 — R? defined by
T(Z%) = AZ, where

A:l 2 _3]. (12.6)

Does ¥ = (1,2) belong to the kernel of T ? We note that

o[22 =3][1]_[-4 0
=[5 2L )=[5 ) 6] 2
and so the vector (1,2) is not in the kernel of 7. In fact, if we notice that detA # 0, then

we can conclude that there are no nontrivial solutions to AZ = 0 and hence only the trivial
solution (0, 0) is in the kernel of 7.

EXAMPLE 126 Describe the kernel of the linear transformation I : F — R

I(f) = /O ' (z)da. (12.8)

The kernel includes any function whose area under the x—axis is equal to the area above the
r—axis between x = 0 and z = 1. One example would be f(z) = sin(27z).

EXAMPLE 12.7 The linear transformation

1) = [ f(wat (129)

maps a function into a function I : F — F. Compare this with the previous example.

PROPERTIES OF LINEAR TRANSFORMATIONS: There are two properties
of linear transformations which we shall point out. They involve sums and products of linear
transformations.

e If 77 and T are linear transformations from V to W we define the operator 77 + T5

34



For example, we can add two matrices A and B if they are the same size,
(A+ B)7 = A7 + BZ. (12.11)

So if

then
. 2 -3 1 1 S 3 =2 |, | 3% — 21
arme=([ 5 3]+ [o 4 ])e=[ 4 7)o

while

- . 2 -3 - 1 1 5 2331 - 3$2 1+ o - 3.’131 - 2.’1)2
il B o Y S i Y g B e
Another example is given by the tranformations I; and I where f is assumed to be defined

on [—1,1].
L(f) :/01f(x)dx, L(f) :/Olf(x)dx.

We then have
1

(I1+Iz)f=h(f)+lz(f):/ f(z)dz.

-1

oeIfT1:U —V and Ty : V — W are linear transformations we define the operator 7577,
(TQTl)ﬁ = T2 (T]_’lj)

Note that unless the vector space W is equivalent to the vector space V, we cannot define
the operator 7175 (this operator requires that the range of 75 be in the domain of 77). For
example, consider the linear transformation T} : 2 — R2 given by

1 2
=[5 3]
and the linear transformation 75 : 2 — %3 given by
1 -1
B=|0 2 |.
3 1
We can define, for any 2—dimensional vector (lets say & = (1,1)),
1 3 i
T,T1i= (BA)Z=B (A -B = 14 |. (12.12)
1 7 16
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However, for the case of these two matrices, the operator 7775, which is the same as the
matrix multiplication AB, is not defined.
Another example of a linear transformation is a differential operator. Suppose we have

the n'® order linear differential equation

dn—ly
dz™

d™y
dzm

d
+...+an_1(w)£ + an(2)y = 0. (12.13)

We then define a derivative operator D = d/dx where we also use the notation that D" =

ao(x) + a1 (x)

d"/dz". This allows us to define the general n'* order differential operator
L =ay(x)D" + a;(z)D" " + ...+ ay 1(2)D + a,(z), (12.14)

so that the above differential equation (12.13) can be represented simply by Ly = 0. This
differential operator L maps an element from the vector space of functions that have at least
n derivatives to an element in the vector space of functions, L : F* — F.

13. Eigenvalues and Eigenvectors

Eigenvalues are an important issue in linear algebra. They will also play a key role in the
study of linear systems of differential equations.
Consider the matrix/vector system

AT = A7, (13.1)

where A is an n X n matrix and A is an unknown constant. In order to solve this problem,
we need to find a vector Z such that when it gets multiplied by A it equals a constant times
that vector.

In order to solve this problem, notice that the system can be rewritten as

A = M\ =)\IZ,
AZ — \IZ 0,
(A= XD = 0. (13.2)
The last line represents a homogeneous linear system with a matrix A — AI. This matrix is
modified from the original matrix A by subtracting A from each of the diagonal elements.
We know from Theorem 52 that if det(A — AI') = 0 then this homogeneous problem has
nontrivial solutions — notice that Eq. (13.1) is satisfied by the trivial solution # = 0.

Now, since we assume that A is a given matrix, the idea is that we wish to choose A such
that det(A — AI) = 0. Such a value is called an eigenvalue of A (also called a characteristic
value). The point of choosing such a value of A is that then we know that the homogeneous
problem has a nontrivial solution. We call such solutions eigenvectors (or characteristic

vectors).
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There are a wide variety of situations which arise when studying eigenvalue problems.
Many of these are described in Boyce and DiPrima®*. In these notes, we will treat only 2 x 2
matrices that have either real and distinct eigenvalues or complex eigenvalues. In each of
these cases, we can identify two linearly independent eigenvectors. Mainly, the methods will
be demonstrated by way of examples.

ExAMPLE 131 Consider the following system

4 =571, .
lQ _3155—)@, (13.3)

and find the eigenvalues and eigenvectors. We begin by finding the values of A that satisfy

det[4;)‘ _gf/\]zo. (13.4)
We find that
(4=X)(=3-=XN)+10 = 0,
A=2)(A+1) = 0. (13.5)

This equation is sometimes called the characteristic polynomial equation. Therefore, the
eigenvalues are \; = 2 and Ay = —1. Now, for each of these eigenvalues we want to find

the corresponding nontrivial solution, or eigenvector. We first consider the case A = A; = 2.
This gives us the system ((A — A\I)Z = 0)
2 5|, =
[ 9 _5 ] Z=0. (13.6)
This system represents two equations, each of which is 2z; — 5z5 = 0 (generally, the system

may need to be reduced using elementary operations on the rows of the matrix before writing
down the solution). Therefore, we have as a solution

.’fl = a1 l X ] ; (137)
2
where a; is an arbitrary, but nonzero, constant. This is the eigenvector Z; corresponding to
the eigenvalue A\; = 2. We next consider the case A = Ay = —1. This gives us the system
((A=XDZ = 0)
5 =5 |, =
[ 9 _o ] Z=0. (13.8)
This system represents two equations, each of which is z; — x5 = 0. Therefore, we have as a
solution
. 1
To = Q2 l 1 ] s (139)

where as is an arbitrary, but nonzero, constant. This is the eigenvector 5 corresponding to
the eigenvalue Ay = —1.
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EXAMPLE 132 Find the eigenvalues and eigenvectors for the following matrix

2 5
l_l 2y ] (13.10)
We begin by finding the values of A that satisfy

2-X 5
det[ . _2_A]_0. (13.11)

This gives

—-2=-XN2+N+5 = 0,
NX4+1 = 0. (13.12)

This equation has no real solutions but has complex solutions given by A; o = =£¢, where
the imaginary number 4 is defined by i = v/—1. These are the eigenvalues. The procedure
to find the corresponding eigenvectors is no different from the previous example, except for
the fact that the eigenvectors will in general be complex and we will need to use complex

arithmetic to obtain them. Let us first consider the case with A = 4. This gives us the system
((A=XIZ = 0)

2—i 5 ]._ =
l 1 _2_i]x—0. (13.13)

Here we will use elementary operations on the rows to simplify the problem.
2—1 5
-1 —2—4 |

[0 (2—i)(—2—i)+5] [(2 —14) x ROW2 4+ ROW1]
~1 —2—

Y

0 0
[ 1 9 ] (13.14)
This represents the single equation —x; + (—2 — i)xs = 0. Therefore, we have as a solution

T =ay l _(21+ ?) ] : (13.15)

where a; is an arbitrary, but nonzero, complex constant. This is the eigenvector #; corre-
sponding to the eigenvalue A\; = i. Let us next consider the case with A = —i. This gives us
the system ((A — AI)Z = 0)

2+i 5 |, =
l_l _2“]1;_0. (13.16)
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Here we will use elementary operations on the rows to simplify the problem.

2+i 5

-1 =244’
lo (2+2’)(—2+i)+5] [(244) x ROW2 + ROW1]
—1 —2 4+ ’

[ N ] (13.17)

This represents the single equation —x; + (—2 + @)z = 0. Therefore, we have as a solution

(13.18)

—2+1
1 ’

flzazl

where as is an arbitrary, but nonzero, complex constant. This is the eigenvector &y corre-
sponding to the eigenvalue Ay = 7. You may notice that the two eigenvalues are complex
conjugates of each other and that the two eigenvectors are complex conjugates of each other
as well. So actually, once we found the first eigenvector, we could have just written down
the other eigenvector without further calculations.

As was mentioned earlier, there are many different scenarios that can play out in eigen-
value problems. The above examples describe only two such situations. See Boyce and
DiPrima? for further discussion of eigenvalues and eigenvectors.
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