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Background:

» PhD Mathematics at GMU, Advisor: Tim Sauer
» Postdoc at PSU with John Harlim
» NSF Big Data Postdoc at GMU (current)

Research Interests:

» Geometry of data and nonparametric statistics
» Data-driven and model-free forecasting

» Filtering/forecasting with model error

This is also joint work with Franz Hamilton (postdoc at NC State)
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Intro to Filtering The Filtering Problem
The Kalman Filter
Nonlinear Kalman-type Filters

What is the filtering problem?

» Consider a discrete time dynamical system:
Xk = f(Xk—1,wk)
Yk o = hi(x Vi)

» Where x, is the state variable, wy is stochastic forcing, and
the maps fx define the dynamics

» The maps hy are called the observation functions, vy is
observation noise, and yi is a noisy observation
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What is the filtering problem?

» Consider a discrete time dynamical system:
Xk = fr(Xk—1,wk)
Yk o = hw(xi,vi)
» Given the observations y1, ..., yx we define three problems:
» Filtering: Estimate the current state p(xx | y1, ..., Yk)
» Forecasting: Estimate a future state p(xx4¢|y1, .-, Yk)
» Smoothing: Estimate a past state p(xk—¢ | y1, .-, Yk)
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What is the filtering problem?
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Two Step Filtering to Find p(xk | y1, -, Yk)

» Assume we have p(xk—1|y1, s Yk—1)
» Forecast Step: Find p(xx|y1,..., Yk—1)
» Assimilation Step: Perform a Bayesian update,

P(Xk | Y1y e Yi) 0 pP(Xic | Y1y o5 Yi—1) PV | Xk, Y15 -vs Yi—1)

Posterior Prior X Likelihood
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Kalman Filter

» Assume linear dynamics/obs and additive Gaussian noise

xk = Froixe—1 + wi wi ~ N (0, Q)
Vi = Hixe+ vk vk ~N(0,R)

» For linear systems, easy observability condition:

Hy
Hyy1Fx

Hito41Frqe- - Fi

Must be full rank for some ¢
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Kalman Filter

» Assume linear dynamics/obs and additive Gaussian noise

Xk = Fro1xe—1 + wk wi ~ N(0, Q)
Vi = Hixe+ vk Vg NN(O,R)

» Assume current estimate is Gaussian:

P(kal U/b ---,kal) = N(f(lfq; Plifl)
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Kalman Filter: Forecast Step

v

At time k — 1 we have mean X/ _; and covariance P;_,

v

Linear combinations of Gaussians are still Gaussian so:

> p(Fie1Xk—1 | Y1, s Yoe1) = N(Fic182_y, FeeaPi1 P )
> POk [ Y1 s Yh—1) = N(F1R2_q, FeerPear L+ Q)

v

Define the Forecast mean: )A(]: = FraXi_4

v

Define the Forecast covariance: Pf = F,_1P7 F| ; + Q
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Kalman Filter: Defining the Likelihood function

v

Recall that yx = Hixk + vk where v, ~ N(0, R) is Gaussian

v

The forecast distribution: p(xk | y1, .., yk—1) = N'(Xf, Pf)

v

Likelihood: p(yk | Xk, y1, -, yk—1) = N(HkXf, HkPLH, + R)

v

Define the Observation mean: y,f = kagf

v

Define the Observation covariance: P] = HyP{H] + R
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Kalman Filter: Assimilation Step

» Gaussian prior x Gaussian likelihood = Gaussian posterior

oy )p(x )mp{_(y Hx)T(PY) Xy — Hx)

l\)\l—l

(= )7 (P M- 20}
1
o exp {—2XT((Py)1 + H(PH)7THT)x
+xT(HT(P) Yy = (P))71%1)}
» Posterior Covariance: P? = ((P")~1 + HT(PY)_lH)f1
» Posterior Mean: x? = P? (HT(PY)~ty — (PF)~1&")
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Kalman Filter: Assimilation Step

» Kalman Equations: (after some linear algebra...)

» Kalman Gain: Kx = PfH, (P])~!
> Innovation: €x = yx — y[
> Posterior Mean: £7 = £f + Kyex

> Posterior Covariance: P? = (I — KyHi)Pf

> X7 is the least squares/minimum variance estimator of xj
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Kalman Filter Summary

f a
X = Froixgg

Pi = FaPi iRl + Qe
P! = HkP{H! + Rc1

Ke = PLHO(P)™
P = (I — KkHy)Pf

f f
€k = Yk — Yk = Yk — Hixg
le = X}: + Kkek
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What about nonlinear systems?

» Consider a system of the form:

X1 = F(X) + wier wi+1 ~ N (0, Q)
Y+l = h(xk+1) + vit1 vikt1 ~ N(0, R)
» More complicated observability condition (Lie derivatives)
» Extended Kalman Filter (EKF):
» Linearize Fy, = Df(%7) and Hx = Dh(%])
» Problem: State estimate X7 may not be well localized
» Solution: Ensemble Kalman Filter (EnKF)
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Ensemble Kalman Filter (EnKF)

P:x Pxx
F
i > <i
Xt XI
i
F(x)

Generate an ensemble with the current statistics (use matrix square root):

i

x; = ‘“sigma points” on semimajor axes
1 .
f _ i
Xt = °n § F(xt)
1 i i
Po = 57 D (FO) —x)(F() —x)" +Q
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Ensemble Kalman Filter (EnKF)

>
~

X1
~L

F(x)
Calculate y/ = H(F(x{)). Set y{ = £ 3" yi.
Py = (2n-1)" Z(t )’t —}’:)T‘FR
Py = (2n-1)" Z(F(Xt —x)vi—y)’
K = PyP,' and P} =Pl — KP,,K'
X = X+ Kye—y)
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Parameter Estimation

» When the model has parameters p,
Xi41 = F(xk, p) + Wit
» Can augment the state X, = [xk, pk|
» Introduce trivial dynamics for p
X1 = f(Xk, p) + Wit
Pk+1 = Pk + w£+1
>

Need to tune the covariance of w,’(’H
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Example of Parameter Estimation

Consider the Hodgkin-Huxley neuron model, expanded to a
network of n equations

Vi = —gnam®h(Vi — Ena) — gxn*(Vi — Ex) — gi(V; — EL)
+H A+ Tar(V)VY
J#i
I’i‘l,’ — am(Vl)(l - mi) - bm( I)

hi = an(Vi)(1 — h;) — bu(Vi)h
= an(Vi)(1— my) — ba(Vi)n;
rHH(\/j) _ ﬁﬁ/(1+eflo(v+4o)

Only observe the voltages V;, recover the hidden variables and the
connection parameters (3
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Example of Parameter Estimation

Can even turn connections on and off (grey dashes)
Variance estimate = statistical test (black dashes)
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Nonlinear Kalman-type Filter: Influence of Q and R

» Simple example with full
observation and diagonal
noise covariances

» Red indicates RMSE of O
unfiltered observations Variance used in R,
3.2]
» Black is RMSE of ‘optimal’ 18
filter (true covariances Hos
known) N T
0.2 ---mrmmm e g
0.1

10 10° 10° 10" 10° 10’

Variance used in Qk
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Nonlinear Kalman-type Filter: Influence of Q and R

Standard Kalman Update:

Pi = FaPioiFly+ Qo
P! = HkP{H! + Rc_1

10° 10% 10" 10° 10" 10
— Variance used in
Kk — PfHT(P}/) 1 Rk
k" Tk k

3.2
a __ f
'Dk - (I - Kka)Pk 1.6
(LlfJ)aa
f f P
€k = Yk— Yk =Yk — Hixp x4
0.2 ----mm oo e -
XI? = X;+Kk6k
0.1

10 10° 10° 10" 10° 10’

Variance used in Qk

Tyrus Berry Adaptive ensemble Kalman filtering of nonlinear systems



Adaptive Filtering

Adaptive Filter: Estimating Q and R

» Innovations contain information about @ and R

€k = Yk— )//f

= h(xk)+ vk — h(x,f)

= h(f(x—1) + wic) = h(F(x7_1)) + vk

~ Hka_]_(Xk_l — lefl) =+ kak —+ vy
» IDEA: Use innovations to produce samples of Q and R :

Elexel] ~ HP'HT +R

Elexs1el] ~ HFPHT — HFKE[e e[ ]
P¢ ~ FPFT +Q
> In the linear case this is rigorous and was first solved by
Mehra in 1970



Adaptive Filtering

Adaptive Filter: Estimating Q and R

» To find @ and R we estimate H, and Fy_; from the ensemble
and invert the equations:

Elexel] ~ HPTHT +R
Elexs1€]] ~ HFP*HT — HFKE[e e[ ]

> This gives the following empirical estimates of Qx and Rj:

PE = (Hk+le)71(6k+1€IZ— + Hk+1FkKk6k6IZ—)Hk_T
Qf = Pf—F1Pi_ Fl 4
Rf = exe] — HkPLH!

> Note: P is an empirical estimate of the background
covariance
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An Adaptive Kalman-Type Filter for Nonlinear Problems

We combine the estimates of @ and R with a moving average

Original Kalman Egs. Our Additional Update

P/f = Fe-1Pi4 FkT—l + Q-1 PRy = F[leEIEkezT_lHI_T:l

P! = HyPLH! + R4 + Ki_rex—164_1H |

Ke = 'D/fHkT('D/{)_l 05—1 = Pf—l - Fk72P/f—2FkT—2

P = (I — KcH)Pf RE | = ex_1ef 1 —Hea P H
&k = Yk—yi Qe = Qo1+ (Qf_1— Qu—1)/7
X,f = X}: + Kiex Ry = Ri_1+ (le—l — Rk_l)/T
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Adaptive Filtering

How does this compare to inflation?

>

We extend Kalman's equations to estimate @ and R

v

Estimates converge for linear models with Gaussian noise

v

When applied to nonlinear, non-Gaussian problems
» We interpret @ as an additive inflation

» @ can have complex structure, possibly more effective than
multiplicative inflation?

» Downside: many more parameters than multiplicative inflation

v

Somewhat less ad hoc than other inflation techniques?
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Observability and Parameterization of Q

Recall:

1yl I H-T T -T
Py = F H exee 1H )+ Kirek—ie 1H

Qi1 = Pia— Fk72pf<’72FkT72
Together these equations imply that:

HeFro1QEH_y = exef_1 + HiFro1Ki—1€x—164_1
—HiFi—1P 1 Fl o H

Set Ci equal to the right hand side (we simply compute Cg).
Parameterize Qf = > 1 qiQi where g; are scalar parameters and
Q; are ‘shape’ matrices.
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Observability and Parameterization of Q

We now need to solve:
S
Ck = Z qiHkF1QiH 4
i=1
We vectorize the equation as
vec(Cy) = Zq,veC(Hka 1QiHL) = Adlar, - as]”
i=1

where Ay is an m?-by-/ matrix where the i-th row is given by
VeC(Hka,;[ Q,’HZ_l).
We can the solve for the parameters [q1, ..., gs] " by least squares.
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Adaptive Filter: Application to Lorenz-96

» We will apply the adaptive EnKF to the 40-dimensional
Lorenz96 model integrated over a time step At = 0.05
dx’

dt

R I S SRRV S B AS NV S
» We augment the model with Gaussian white noise

X = f(xk—1)+ wk wr =N (0, Q)
Yk = h(Xk)+Vk Vg :N(O,R

v

We will consider full and sparse observations
The Adaptive EnKF uses F =8
We will consider model error where the true F' = A/(8,16)
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Application to Lorenz-96

Recovering @ and R, Full Observability

True Covariance Initial Guess Final Estimate Difference

RMSE of Q-Q,
N s o o

10" 10° 10° 10" 10°
Filter Step k

0.6/
m
0.4

10°

10° 10"
Filter Steps

RMSE shown for the initial guess covariances (red) the true Q and

R (black) and the adaptive filter (blue)
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Recovering @ and R, Sparse Observability

Observing 10 sites results in divergence with the true @ and R

True Covariance Initial Guess Final Estimate Difference

| u 0.02

u
4
] 0.01 w
Q 0 Zo
ol -0.01 1
] w Boo2

-~

B i s g
Filter Steps x10*
u u
| ]

RMSE
o s e s g o N

o
o

89 05

RMSE shown for the initial guess covariances (red) the trluere pQ and
R (black) and the adaptive filter (blue)
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Compensating for Model Error

The adaptive filter compensates for errors in the forcing F'

True Covariance Initial Guess Final Estimate Difference

S o
Nos
g

Relative Change
8 8

)
N
8

Q)

g

2
8

8
F' Model Error (%)

S o
Y

10 20 30
Site Number

&

A

o5 i (5
Filter Steps

RMSE shown for the initial guess covariances (red) an Oracle

EnKF (black) and the adaptive filter (blue)

Tyrus Berry

x 10"

Adaptive ensemble Kalman filtering of nonlinear systems



Application to Lorenz-96

Integration with the LETKF

Simply find a local @ and R for each region

True Covariance Initial Guess Final Estimate Difference
, 0.5
s Bog
-y §
H"\-\. ., S 08
Q o 2.
k]
H\-\. &o2
8
- = 70 %0 30 a
- - 0.5 Site Number
‘ma s 0.5 og
e "
0.6
R % e d

15 5 25
Filter Steps x 108

RMSE shown for the initial guess covariances (red) the true Q and
R (black) and the adaptive filter (blue)
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Application to Lorenz-96

Kalman-Takens Filter: Throwing out the model...

» Starting with historical observations {yo, ..., yn}

» Form Takens delay-embedding state vectors
xi = (Yi, Yi-1, "‘7_yl'7d)T

» Build an EnKF:
» Apply analog forecast to each ensemble member
» Use the observation function Hx; = y;

» Crucial to estimate @ and R
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Kalman-Takens applied to L96
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Papers with Franz Hamilton and Tim Sauer

http://math.gmu.edu/~berry/

P Ensemble Kalman filtering without a model. Phys. Rev. X (2016).
P Adaptive ensemble Kalman filtering of nonlinear systems. Tellus A (2013).

P Real-time tracking of neuronal network structure using data assimilation. Phys. Rev. E (2013).

Related /Background Material

P R. Mehra, 1970: On the identification of variances and adaptive Kalman filtering.

> P.R Bélanger, 1974: Estimation of noise covariance matrices for a linear time-varying stochastic process.
P J. Anderson, 2007: An adaptive covariance inflation error correction algorithm for ensemble filters.

> H. Li, E. Kalnay, T. Miyoshi, 2009: Simultaneous estimation of covariance inflation and observation errors

within an ensemble Kalman filter.

P B. Hunt, E. Kostelich, 1. Szunyogh, 2007: Efficient data assimilation for spatiotemporal chaos: A local
ensemble transform Kalman filter.

> E. Ott, et al. 2004: A local ensemble Kalman filter for atmospheric data assimilation.
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