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» We start out uncertain where x is
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BAYES’ LAW

» Combine info by multiplying p(x)p(y | x)
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POSTERIOR

» Renormalize to get the ‘posterior’ distribution p(x | y)
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ASSIMILATING INFORMATION

» Notice: We have reduced our uncertainty!
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» We start out uncertain where x is

» Assume x has a Gaussian distribution, x ~ NV(x~, 6?)

_(x—x7)2
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» Now we observe y = x + v, where v is noise

» Assume v has a Gaussian distribution, v ~ N(0, r?)

2

e 2;/2
p(v) =

Vorr?

_ =02
2r2

Varr?

» p(y | x) is called a likelihood function for x

» Since y = x + v, we have p(y | x) = £
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» Combine with Bayes’ Law: p(x | y) o p(x)p(y | x)

_ex P (y=x? B
(x1y) )Py | %) e 202 g 22 = ){(y—;)z
p(x|y) x p(x)p(y | x) = x e 2 o
V2ro? V2mr?
» Complete the square: — (515 + 555 ) X2 + (’;—; + r%) xX+c
. 1
> Variance: 02 = (5 + %)
» Mean: x* = 02 (’;—; + ry—2>
(x=xt)?
. . . B 262
» After assimilation: p(x |y) = £




Assimilating Information
0000000 0e0000000

Kalman Filter

0000000000000 0

Nonlinear Kalman Filtering
00000000000

Generalizations
0000

ASSIMILATING INFORMATION: EXAMPLE

» Prior: x— = —1,0%2 =1

e—(X‘H)Z/2
X) =
p(x) NeES
» Likelihood: y = 1,5% = 1

e~ (x—1)?/2
p(y | x) =

Var
> Posterior: 02 = (4 +4) ' = 4, x* =02 (’;—; + r%) =0
7X2
px|y) =
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ASSIMILATING INFORMATION: EXAMPLE
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ASSIMILATING INFORMATION: THE ‘UPDATE’

> Variance: 02 = (5 + 1)*1 — 02(12 4 02) 112

I’2
» Mean:
+_ 2 (X Y\ _ o2 (X X y
X —0'+<O_2+r2)—0'+<0_ +r2_+r2>
1 1 y—x"
_ 2
—O'+< 02+r2>x + 2 )
o2
=X+ +(y x7)

» Define the Kalman gain: K = 02172 = 62(r? 4 ¢2)~"

» Variance update: 02 = K(r? + 02) — Ko? = 0% — Ko?
» Mean update: x* =x~ + K(y — x7)
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» Kalman gain: K = 02(r? + 02)~"

» Variance update: 02 = (1 — K)o?

» Mean update: x* = x~ + K(y — x7)
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MULTIVARIABLE UPDATE

» Prior: Mean vector x—, covariance matrix P~

p(x) o exp(—(x = x7) ' (P) 7 (x = x7))

» Observation Noise: Mean vector 0, covariance matrix R
p(y | x) o exp(—(x —y) 'R~ (x — y))

» Kalman gain: K = P~(R+ P~)~!

» Variance update: P™ = (I — K)P~

» Mean update: x* = x~ + K(y — x7)
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LINEAR OBSERVATIONS

v

Instead of observing x directly, we observe y = Hx + v

p(y | x) o exp(—(Hx —y) "R~ (Hx — y))
Distribution of Hx ~ N (Hx—, HP~HT)

v

v

Kalman gain: K = P~H"(R+ HP~HT)™!

v

Variance update: P+ = (I — KH)P~

v

Mean update: x™ = x~ + K(y — Hx™)
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SUMMARY SO FAR...

v

We start with Gaussian information about x ~ NV (x—, P™)

v

We make a noisy observation y = Hx + v, v ~ N (0, R)

v

Assimilate y to form the posterior p(x | y) ~ N (x+, PT)

v

Kalman gain: K = P~H"(R+ HP~H")™!

v

Variance update: P+ = (I — KH)P~

v

Mean update: x™ = x~ + K(y — Hx™)



Assimilating Information Kalman Filter Nonlinear Kalman Filtering Generalizations

0000000000000 00e 0000000000000 0 00000000000 0000
'

WHY DOES IT WORK...

Linear combinations of Gaussians are Gaussian

v

v

Bayesian combinations of Gaussians are Gaussian

» Now we can continue to assimilate more observations

v

Each observation improves our estimate!

v

Next step: What if x evolves before we make the next
observation?
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KALMAN FILTER

» Assume linear dynamics/obs and additive Gaussian noise
Xk = FXp_q 4wk wkx ~N(0,Q)
Yo = Hxc+uvg vk ~N(0,R)

» Just like before, except now x is changing
> X = Fx
>

P, =FP} .FT+Q

v

Notice that Q increases the uncertainty of x
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KALMAN FILTERING: AN INTUITIVE IDEA

Filter tracks two things
1. Estimate of state x over time
2. Uncertainty of state estimate, covariance matrix P

This is accomplished using a predictor-corrector methodology
at each observation time k

1. Predict an estimate of state (x, ) and covariance (P, )
2. Observe data yj
3. Correct state estimate (x,") and covariance (P;)
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Initialize!

Nonlinear Kalman Filtering
KALMAN FILTERING: AN INTUITIVE IDEA
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P+

Predict!




Assimilating Information
000000000000 0000

Kalman Filter

0000080000000 0

Nonlinear Kalman Filtering
KALMAN FILTERING: AN INTUITIVE IDEA

Generalizations
0000
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Predict!
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Observe!
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Correct!
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Predict!
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Correct!

+ +
Xk Pria

Vi+
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Lt
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Nonlinear Kalman Filtering
KALMAN FILTERING: AN INTUITIVE IDEA

+
Pk+1

Tt
And so on, and so on, and so on...
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KALMAN FILTER SUMMARY

X = X,
Forecast Step { P, = FPf FT+Q
P/ = HP H" +R

Ke = P HT(P)™
Assimilation Step { Pr = (I- KcH)P,
X5 = X+ Kelyk — Hx)
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Fr—1Xk—1 + wk
Yk =

» Assume linear dynamics/obs and additive Gaussian noise
Xk =

wi ~ N(0, Q)
Hi x, + vk

Vk NN(O, R)

» Just like before, except now F, H are changing
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NON-AUTONOMOUS KALMAN FILTER

X = Faxy
Forecast Step { P, = F1P Fl,+Q
P/ = HkP Hl +R

Ki = P Hi (PO
Assimilation Step { P,j = (I—=KkHk)P,
X = x4+ Ky — Hiex)

u]
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NONLINEAR KALMAN FILTERING

v

Consider a discrete time dynamical system:

Xk = F(Xk—1,wk)
Yk = h(xk,vk)

v

We will convert this to a linear non-autonomous system

Two methods:
Extended Kalman Filter (EKF)
Ensemble Kalman Filter (EnKF)

v

v

v
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EXTENDED KALMAN FILTER (LINEARIZE DYNAMICS)

v

Consider a system of the form:

X1 = F(Xk) + w1 wi+1 ~N(0,Q)
Yot = h(Xkp1) + Vi vi+1 ~ N (0, R)

v

Extended Kalman Filter (EKF):

» Linearize Fx_1 = Df(x," ;) and Hx = Dh(x, )

v

Problem: State estimate x,_, may not be well localized

v

Solution: Ensemble Kalman Filter (EnKF)
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ENSEMBLE KALMAN FILTER (ENKF)

P Pxx
XX
F
i ; i
Xt Xt
i
F(x)

Generate an ensemble with the current statistics (use matrix square root):

X, = “sigma points” on semimajor axes
_ 1 i
X = 5 > ()
_ 1 j - - _
Pc = mZ(f(X/()—Xk )(f(x) —x )T+ Q

] = =
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+ P
Pxx XX
F
F(X)
Calculate y; = H(F(x})). Set y,j =3y (note: t = k)
Pl = 5—1 Z Yk -y )" +R
Pl = 2n—12f(xk
Kk

De—y)"
PY(P)~"and P{ = P, — KP/K'
= X + Ky —¥i)

+
Xk-+1

[m]

=
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» When the model has parameters p,

Xk41 = F(Xk, P) + Wi
» Can augment the state Xx = [x, Pk]

» Introduce trivial dynamics for p

X1 = (X, Pr) + Wit
Pk+1 = Pk + wf+1
» Need to tune the covariance of wﬁ+1
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EXAMPLE OF PARAMETER ESTIMATION

Consider the Hodgkin-Huxley neuron model, expanded to a
network of n equations

Vi = —gnamPh(V; — Eng) — gkn*(Vi — Ex) — gu(V; — EL)
n
H 4 Tun(V)VY,
7

m; = am(Vi)(1 —m;) — by(V;)m,

hi = an(Vi)(1 — hy) — ba(Vi)h;

ni = ap(Vi)(1 — ) — ba(Vi)n
Faa(V) = Bj/(1 + e 100it40))

Only observe the voltages V;, recover the hidden variables and
the connection parameters 3



Assimilating Information Kalman Filter

Nonlinear Kalman Filtering Generalizations
000000000000 0000 0000000000000 0

00000000800 0000
'

EXAMPLE OF PARAMETER ESTIMATION

Can even turn connections on and off (grey dashes)
Variance estimate = statistical test (black dashes)

2

-
T

o

B Parameter Strength
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NONLINEAR KALMAN-TYPE FILTER: INFLUENCE OF Q
AND R

3.2
» Simple example with full '
observation and diagonal % °°
noise covariances o 04
0.2
» Red indicates RMSE of T BT I e
unfiltered observations Variance used in R,
3.2
» Black is RMSE of 16
‘optimal’ filter (true Yos
covariances known) Y R N e
0.2f-----e - et -
0.1

10 10° 10% 10" 10° 10’
Variance used in C)k
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FURTHER TOPICS

» Inflation: Improving stability by artificially increasing P—, Q
Jeff Anderson, An adaptive covariance inflation error correction algorithm for ensemble filters. Tellus A.

» Adaptive Filtering: Automatically learning/tuning Q, R
R. Mehra, On the identification of variances and adaptive Kalman filtering. IEEE Trans. Auto. Cont.
T. Berry, T. Sauer, Adaptive ensemble Kalman filtering of nonlinear systems. Tellus A.

» Localization: High-dimensional problems (eg. LETKF)

B. Hunt, E. Kostelich, I. Szunyogh, 2007: Efficient data assimilation for spatiotemporal chaos: A local
ensemble transform Kalman filter. Physica D.

E. Ott, et al. 2004: A local ensemble Kalman filter for atmospheric data assimilation. Tellus A.

» Efficiency: Avoiding large matrix inverses (EAKF)

Jeff Anderson, An Ensemble Adjustment Kalman Filter for Data Assimilation. Monthly Weather Review.
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WHAT IS THE FILTERING PROBLEM?

v

Consider a discrete time dynamical system:

Xk = fe(Xk—1,wk)
Yo = hi(Xk, k)

v

Given the observations yy, ..., yx we define three problems:

v

Filtering: Estimate the current state p(xx | y1, ..., ¥x)

v

Forecasting: Estimate a future state p(xx.¢ | ¥1, .-, Yk)

v

Smoothing: Estimate a past state p(xx_¢ | ¥1, .-, Yk)
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TwO STEP FILTERING TO FIND p(Xk | Y1, -+, Yk)

» Assume we have p(Xkx_1 | Y1,y Yk—1)
» Forecast Step: Find p(xx | y1, .-, Yk_1)
» Assimilation Step: Perform a Bayesian update,

PXk | Y15 s Vi) X P(Xic | Y1, -y Yi—1)P(YVi | Xis YA -y Yi—1)

Posterior « Prior X Likelihood
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ALTERNATIVE: VARIATIONAL FILTERING

» Given observations yj, ..., yx write an error function:

X17 7 ZHXI-H_fXI ‘|Q+2Hyl

» When noise is Gaussian —J is the log-likelihood function

» When dynamics/obs are linear, Kalman filter provably
minimizes J (maximal likelihood)

» Variational filtering explicitly minimizes J, often with
Newton-type methods
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Papers with Franz Hamilton and Tim Sauer
http://math.gmu.edu/ berry/

P Ensemble Kalman filtering without a model. Phys. Rev. X (2016).
P Adaptive ensemble Kalman filtering of nonlinear systems. Tellus A (2013).

P Real-time tracking of neuronal network structure using data assimilation. Phys. Rev. E (2013).

Related/Background Material

P R. Mehra, 1970: On the identification of variances and adaptive Kalman filtering.

» P R. Bélanger, 1974: Estimation of noise covariance matrices for a linear time-varying stochastic process.
P J. Anderson, 2007: An adaptive covariance inflation error correction algorithm for ensemble filters.

P H. Li, E. Kalnay, T. Miyoshi, 2009: Simultaneous estimation of covariance inflation and observation errors
within an ensemble Kalman filter.

P B. Hunt, E. Kostelich, |. Szunyogh, 2007: Efficient data assimilation for spatiotemporal chaos: A local
ensemble transform Kalman filter.

P> E.Ott, et al. 2004: A local ensemble Kalman filter for atmospheric data assimilation.
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