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» Consider the standard filtering problem,

X = f(Xi—1) + wi1
Yi = h(x;) + n
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» Consider the standard filtering problem,
Xi = f(Xi—1) + wi—1
Yi = h(x;) +
» Filtering: Given yq, ..., v, estimate xx or P(xk | Y1, .-, Yk)

» Forecast: From P(xk | y1, ..., ¥k) find prior P(Xx1 | Y1, -, Yk)
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» Consider the standard filtering problem,
Xi = f(Xi—1) + wi—1
Yi = h(x;) +
» Filtering: Given yq, ..., v, estimate xx or P(xk | Y1, .-, Yk)

» Forecast: From P(xk | y1, ..., ¥k) find prior P(Xx1 | Y1, -, Yk)
» Assimilate: Combine prior with likelihood P(yx 1 | Xk+1)
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» Consider the standard filtering problem,
Xi = f(Xi—1) + wi—1
Yi = h(x;) +
» Filtering: Given yq, ..., v, estimate xx or P(xk | Y1, .-, Yk)

» Forecast: From P(xk | y1, ..., ¥k) find prior P(Xx1 | Y1, -, Yk)
» Assimilate: Combine prior with likelihood P(yx 1 | Xk+1)
» Kalman-based Filtering:
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FILTERING OVERVIEW

» Consider the standard filtering problem,

Xj = f(Xj—1) + wi—1
Yi = h(x;) + n
» Filtering: Given yq, ..., v, estimate xx or P(xk | Y1, .-, Yk)

» Forecast: From P(xk | y1, ..., ¥k) find prior P(Xx1 | Y1, -, Yk)
» Assimilate: Combine prior with likelihood P(yx 1 | Xk+1)

» Kalman-based Filtering:

» Forecast: Local Linear (EKF) or Ensemble (EnKF)
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FILTERING OVERVIEW

» Consider the standard filtering problem,

Xj = f(Xj—1) + wi—1
Yi = h(x;) + n
» Filtering: Given yq, ..., v, estimate xx or P(xk | Y1, .-, Yk)

» Forecast: From P(xk | y1, ..., ¥k) find prior P(Xx1 | Y1, -, Yk)
» Assimilate: Combine prior with likelihood P(yx 1 | Xk+1)

» Kalman-based Filtering:

» Forecast: Local Linear (EKF) or Ensemble (EnKF)
» Assimilate: Gaussian assumption + Bayesian posterior
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» Consider the standard filtering problem,
Xi = f(Xi—1) + wi_

Yi = h(x;) +n;

» Model error: Specify variables, unknown dynamics

» Observation error: Specify dynamics, unknown mapping
» Both unknown: Underdetermined
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» Consider the standard filtering problem,

Xj = f(Xi—1) + wi—1
Yi = h(x;) +n;
» True observation function h(x) is unknown

» Assume we have a guess g(x) and

Yi = h(x;) +ni = g(xi) + b; +n;
» Bias: b; = h(x;) — g(x;)
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» Consider the standard filtering problem,

Xj = f(Xi—1) + wi—1
Yi = h(x;, n;)
» True observation function h is unknown

» Assume we have a guess g and

Yi = h(xi,mi) = g(Xi, ni) + bi
» Stochastic Bias: b; = h(x;,n;) — 9(Xi,mi)
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» 40-dimensions:

Xj = Xj—1(Xj11 — Xj—2) — X; + 8

» Observe 20 variables, 7 are ‘cloudy’

. Xk & >0.8
h(x) = { Bixx — 8 else
5k ~ N(0.5,1/50).
Z/l(O 1)
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EXAMPLE 1: LORENZ-96

» The result is a bimodal distribution, “cloudy/clear”

» Obs Model Error = True Obs - g(True State)

Observation
Obs Model Error

10 15 20

0 5
Observation

o F = = £ DA
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» Our goal is to find p(b; | y;)
» We can then correct our observation function

h(x)) = g(x) + b;
» Where b; = Eyp, |, [bi]

» Since b; random:

» Inflate the obs noise covariance

> Use Ry, = By, yyl(bi — bi)(bi — b)) 7]
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CORRECTING THE BIAS

v

Need to find p(b; | yi)

v

From the forecast step we have a prior p(b;)

» Forecast x/ = Bias estimate: y; — g(x/)

> Prior p(b;) = N(yi — g(x[), PY)

v

Use Bayes’ p(b;| yi) = p(bi)p(i| bi)

v

Need the likelihood p(y; | b;)

Use kernel estimation of conditional distributions

v
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LEARNING THE CONDITIONAL DISTRIBUTION

» Given training data (y;, b;) our goal is to learn p(y;| b;)
lla—p1/2
» Forakernel K(a,8) = e &  we define Hilbert spaces

N

Hy = {ZaiK(y/‘, ) 5€RN}
p
N

Hp = {Za,-K(b,-,-) : éERN}
i—1

» Eigenvectors ¢, of K = K(y;, ;) are a basis for 1.
Similarly ¢ are a basis for H,.

v
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» We assume that p(y | b) can be approximated in H, @ Hy,
> Let CJ° = (¢, ;) and CEP =

{1, ;) then define

cvlb — o (cbb + AI) -

» We can then define a consistent estimator of p(y | b)

N
ply|b) =" ClPi(y)e(b)

aw)
ij=1
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» Below plots have y; ~ —4

» Leftis clear, right is cloudy

Obs Model Error

» Notice bimodal likelihood
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OVERVIEW

» Learning Phase: Given training data set (x;, y;)
» Compute the biases b; = y; — g(x;)
» Learn the conditional distribution p(y | b)
» Filtering: Forecast x/ = Bias estimate: y; — g(x/)
> Prior p(b) = N'(yi — g(x{), P/)
» Likelihood p(y; | b) from learning phase
> Apply Bayes: p(b|yi) = p(b)p(y; | b)

» Estimate bias B,- and correct the observation
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Prior Y > Posterior
p(x;) p(x; | yi)
Error Prior
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p(b)

sError Posterior
p(b|yi)
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RKHS+Training Data
Yi

\

Likelihood
p(yi| b)




RESULTS

WITHOUT TRAINING DATA

000000

WITH TRAINING DATA

CORRECTING BIAS
00 0000080

BIASED OBS
0000

0000000000

LORENZ-96 RESULTS

sleiIs enil  4Mu3

e

SHMY

Time



BIASED OBS
0000

CORRECTING BIAS
[e]e]

WITH TRAINING DATA
000000e

WITHOUT TRAINING DATA
000000

RESULTS
0000000000

LORENZ-96 RESULTS

» Works well with small measurement noise

» Observations need to be precise, but not accurate

5 5
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BIAS IN OBSERVATION MODELS

» Consider the standard filtering problem,

Xj = f(Xi_1) + wi_1
yi = h(x;) + n;

v

True observation function h(x) is unknown

v

Guess g(x) and bias: b; = h(x;) — g(x;)

v

Previously: Given training data, {(x;, i)}

v

Now: Only have observations, {y;}.

v

Idea: Iteratively estimate the bias
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ITERATIVE BIAS ESTIMATION
» Get the filter running with the bad obs g (inflate R)

O 30 (47)

» Takens’ embedding to identify similar states:

Zk = [Yks Yk=1+- -+ Yk—d)

» Smooth the bias with local linear interpolation:
0 Uzl o o)
bOx)=> e & b
i

» Update the observation function:
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» 3-dimensional chaotic ODE
» True Obs:

» Guess:

0000000000
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WITHOUT TRAINING DATA
PUTTING THE TWO METHODS TOGETHER
» Step 1: lterative Estimation

» Using historical observations, offline

» Step 2: Conditional Estimation

» Use data from step 1 to train RKHS, online
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EXAMPLE 4: MULTI-CLOUD “SATELLITE-LIKE” OBS

» Consider a 7-dim’l model for a column of atmosphere
» Baroclinic anomaly potential temperatures, 61 and 6.
» Boundary layer anomaly potential temperature, 0¢p
» Vertically averaged water vapor content, g
» Cloud fractions: congestus f., deep fy, and stratiform f,

» Extrapolate anomaly potential temperature at height z

2
T(z) = 61 sin(%) + 26, sin(zi:), z€0,16]

Khouider, B., J. Biello, and A. J. Majda, 2010: A stochastic multicloud model for tropical convection.
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EXAMPLE 4: MULTI-CLOUD “SATELLITE-LIKE” OBS
» Extrapolate anomaly potential temperature at height z

+20,8in(22T). 2z [0.16)

T(z) = 04 sin( Z: ),

zT)

» Brightness temperature-like quantity at wavenumber-v

ho(x, ) = (1 —fd—fs)[m — £)(0ep T (O / T(z

ST T+ [ T@5 @]

oT,

Hlg+ 6T (@) Tza) + [ T

» Setting f = 0 is the clear sky model
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EXAMPLE 4: MULTI-CLOUD “SATELLITE-LIKE” OBS

» Weighting functions define RTM at different wavenumbers

height (z)

weighting function (%{7’)

u]
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I
u
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<
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EXAMPLE 4: MULTI-CLOUD “SATELLITE-LIKE” OBS

» Biases at the 16 observed wavenumbers
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EXAMPLE 4: MULTI-CLOUD “SATELLITE-LIKE” OBS

» Multimodal likelihood functions
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EXAMPLE 4: “SATELLITE-LIKE” OBS (ITERATIVE)
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EXAMPLE 4: “SATELLITE-LIKE” OBS (RKHS)
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