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Linear Analysis Preliminary Exam, August 2010

This exam consists of four questions.

State any theorem that you use.

Let A and B be disjoint closed subsets of a metric space (X,d). Give
a direct proof for the cxistencc of disjoint open subsets Ua and [Jn of
X such that A C Ua and B c UB (do not use a reference on normality
of a metric space).

Let X : C[0,1] be the space of real-valued continuous function on

[0,1], with the norm ll/ll : D&Xs<1<1 l/(t)1. For any "f € X, define

1L7:(l): I rf (r)dr.
JO

Prove that 7 is a bounded linear operator on X and find its norm.

Given a Banach space .8, let

Bo^Q): {r € E : llr - z"ll ! pn}, zn € E, pn} 0, n : I,2,...,

be a sequence of closed balls in E such that BorQr) > BorQ) ) .. ..
Provc that |Bo"Q) I z. (Hint: if a ball B5(r) lies in a ball BoQ),

then d ( p and ll"- "ll< p- d. It is not assumedthat p, tends to 0
as n -+ oo.)

Let {r1, r2t...} be an orthonormal basis for a Hilbert space f/, and
let {21, zz, . . .) be an orthonormal set in 11 such that

a"- ,,n

Lll*"-rnll"11.

Prove that {21, 22,.. .} is an orthonormal basis for ,F1.
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